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The hallmark of symmetry-protected topological phases is the existence of anomalous boundary states,
which can only be realized with the corresponding bulk system. In this work, we show that for every
Hermitian anomalous boundary mode of the ten Altland-Zirnbauer classes, a non-Hermitian counterpart
can be constructed, whose long-time dynamics provides a realization of the anomalous boundary state.
We prove that the non-Hermitian counterpart is characterized by a point-gap topological invariant, and
furthermore, that the invariant exactly matches that of the corresponding Hermitian anomalous boundary
mode. We thus establish a correspondence between the topological classifications of (d + 1)-dimensional
gapped Hermitian systems and d-dimensional point-gapped non-Hermitian systems. We illustrate this
general result with a number of examples in different dimensions. This work provides a new perspective on
point-gap topological invariants in non-Hermitian systems.
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Introduction.—In the last few decades, topology has
emerged as a central theme in the study of condensed
matter physics. The interplay of symmetry and topology
has led to a wide variety of interesting phenomena, most
notably that of symmetry-protected topological phases
(SPTs) [1-4]. One of the key physical signatures of
SPTs are their anomalous boundary states, which can only
be realized as d-dimensional boundary states of a (d + 1)-
dimensional topological bulk, and cannot appear in a
d-dimensional bulk model.

Recently, the study of topological phenomena has also
been extended to non-Hermitian systems [5—52], which are
naturally realized in classical optical systems with gain and
loss [34,53-58], superconducting vortices [6], ring neural
networks [59], bosonic superconducting systems [15,60],
or magnon band structures [61,62], and has also been
proposed to be relevant to electronic systems with a finite
quasiparticle lifetime [13,23,63,64]. In particular, with a
suitable generalization of the gap condition [14], SPTs
can be generalized to the non-Hermitian setting and the
well-known tenfold way classification for noninteracting
fermionic topological phases under the Altland-Zirnbauer
(AZ) symmetry classes [1,65,66] can be extended to the 38
non-Hermitian Bernard-LeClair symmetry classes [15,
67-70]. Interestingly, the classification of non-Hermitian
SPTs also exhibits a periodic structure similar to Hermitian
systems [14,69,70], both in symmetry class and spatial
dimension, and certain characteristics of the 1D non-
Hermitian models studied are reminiscent of boundary
states of 2D Hermitian models with related symmetries
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[69,71]. As an example, the boundary of a 2D quantum
Hall system hosts anomalous chiral edge states, which
bears some resemblance to the 1D non-Hermitian chiral
hopping model, as shown in Fig. 1(c). This raises the
question of whether there exists a more general correspon-
dence between the anomalous boundary states of a
Hermitian system, and the dynamics of a corresponding
non-Hermitian system with one dimension lower.

In this Letter, we establish a correspondence between
the tenfold-way topological classification of noninteracting
Hermitian systems in d + 1 dimensions and the point-gap
topology of certain non-Hermitian systems in d dimensions,
and describe how this gives a possible interpretation to the
long-time dynamics of non-Hermitian models as a dynamical
anomaly, in direct relation to the anomalous boundary physics
of Hermitian systems. We motivate this by introducing a 1D
chiral hopping non-Hermitian model and examining the
relation between non-Hermitian band topology and anoma-
lous chiral modes in the long-time limit. We then generalize
this to other symmetry classes, and prove the above corre-
spondence in both the topological classification as well as the
explicit realization of anomalous dynamics.

Emergence of chiral fermions in a 1D non-Hermitian
system.—We start by considering an example to motivate
and illustrate the main idea of the correspondence.
Consider the following single-band non-Hermitian
Hamiltonian in one dimension [6,14]:

H = Z(thtchrl + tRci+1Cr)’ (1)

© 2019 American Physical Society
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FIG. 1. (a) Dispersion for the 1D chiral hopping model in the
complex plane. The topological invariant w is defined with
respect to Ep as in Eq. (3). Depending on the value of Ep and
other parameters, w can differ. In this case, w = 1. (b) Dispersion
for the 2D model in Eq. (19) that resembles the surface of a 3D
chiral topological insulator. Here, y;, =2 cos k, + cos k,,
biy = sin ky, by = sin ky, and b3, = 0. Each white dot rep-
resents a Dirac cone with = chirality. In this case, depending on
Ep, the topological invariant can be 1,0,-1. (c) The 1D system
characterized by w € Z in the chiral hopping model corresponds
to the edge of a 2D system characterized by an integer quantum
Hall state with Chern number n =w € Z.

where 1tz #1t;,. Under the Fourier transformation
¢, =Y i cpe*, the k-space Hamiltonian is given by
H, = (t; + tg)cos k+ i(t; — tg) sin k. Thus, the energy
dispersion E;, forms an ellipse in the complex energy plane
[Fig. 1(a)]. For a positive (negative) ¢; — fg, the band winds
around the origin in the counterclockwise (clockwise)
direction. The group velocity v, of a wave packet centered
at k is given by [14]

E
vy = Re——= = —(f + tg) sin k, (2)

since the imaginary part of O.E, does not affect the
propagation velocity of the wave packet.

On top of this, there is an additional ingredient that
influences the dynamics of a non-Hermitian system, the
imaginary part of the energy which causes certain eigen-
states to grow or decay with ImE), = (7, — tg) sin k. If we
inspect the dynamics at real energy near zero, then there
may exist two modes: left and right propagating modes
with k = +x/2. While the left-propagating mode has a
positive Im E, the right-propagating mode has a negative
Im E,. Therefore, if we excite the system with a frequency
o ~ 0, generically both counterpropagating modes will
be excited, but the right-propagating mode will die out
after a timescale 7, > A/ImE,. At long times, we will
thus observe chiral dynamics in the system with only a

left-propagating mode, a scenario which cannot be realized
in any 1D Hermitian system.

Non-Hermitian topology with complex point gap.—The
above chiral dynamics can be directly connected to the
topological properties of the non-Hermitian band structure.
Here, band topology is defined by the complex point
energy gap constraint: for a given complex base energy
Eg, two band structures are topologically equivalent if and
only if one can be deformed to the other without crossing
Eg during the deformation [14,69,70]. In this context, Re
Eg and Im Ej are the real energy window and overall loss
or gain level we are referenced to, respectively. Note that
the choice of point-gap non-Hermitian topology here,
instead of line gaps [70] or band separation [13], plays
an important role in establishing the correspondence.

For the above model, the explicit topological invariant
w € Z is given by

which is nothing but the winding number of E; around the
base point Ep [Figs. 1(a) and 1(b)]. As a consequence, a
nontrivial winding number w implies the existence of
modes at Re Ep, some with imaginary part above Im Ejp
and others below Im Eg. For the base point choice in
Fig. 1(a), w=1 for t; >t and w=—1 for t; < t;.
Examining the expressions for the group velocity and
imaginary part in the preceding section, we see that w
directly corresponds to the number of left-propagating
modes minus the number of right-propagating modes, with
the imaginary part above Im Eg, which in turn characterizes
the total chirality of long-time dynamics. Therefore, the
non-Hermitian topological invariant w indeed captures the
anomalous dynamics of this model.

Hermitian-non-Hermitian correspondence.—The pre-
ceding 1D chiral hopping model hints at a nontrivial
connection between non-Hermitian band topology and
anomalous dynamics. In particular, the model is reminis-
cent of the anomalous edge states in a two-dimensional
integer quantum Hall state, where the topological invariant
n € Z characterizes the number of chiral edge modes
[Fig. 1(c)]. A similar correspondence has also been pointed
out by some of the authors [69] in higher dimensions.
Below, we will make this correspondence more rigorous,
proving the following general statement:

Proposition: For a given d-dimensional anomalous
boundary state of a (d + 1)-dimensional Hermitian system
in a symmetry class s, characterized by a topological
invariant n, there exists a corresponding d-dimensional
non-Hermitian topological system on a closed manifold in
the class s (and s — 2) that realizes the same anomalous
physics as its long-time dynamics, characterized by a non-
Hermitian topological invariant n defined with respect to a
certain Ep.
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TABLE 1. Classifying spaces M for Hermitian and non-
Hermitian Altland-Zirnbauer classes in O-dimensional systems.
The symmetry classes are defined in Fig. 2. For a general d-
dimensional system, the classifying space shifts as R, — R,_,.
Thus, the classification of d-dimensional Hermitian class s is
equivalent to that of (d + 1)-dimensional NH s* and NH (s — 2)
classes. The numbers in parentheses show the label used in
Refs. [69,72].

M 7o(M) AZ class NH AZ' NH AZ
Co Z AQ3) AIITT (3) AIII (3)
C 0 Alll (4) AT (1) A (D)

Ro Z Al (14) BDI' (14) CI 21)
R, Z, BDI (22) D' (34) AT (34)
R, Z, D (16) DIII (19) BDI (16)
R, 0 DIII (27) Al (7) D (8)

R4 Z AlI (15) CIIf (15) DIII (20)
Rs 0 CII (23) C™ (35) Al (35)
Re 0 C (17) CIt (18) CII (17)
R, 0 CI (26) AI' (6) C 9

Note that since the anomalous boundary theory of the
Hermitian system in one higher dimension is defined on a
closed manifold, the corresponding non-Hermitian system
is also defined on a closed manifold, thus avoiding the non-
Hermitian skin effect [5,36-41]. The exact correspondence
1s summarized in Table I. To understand the table, we need
to introduce the following Bernard-LeClair non-Hermitian
symmetries [67], which generalize the AZ symmetry
classes:

H(k)=e¢,qH (K)g™', ¢*=1 (Qsym.), (4)
H(=K) = e,cH'(K)c™', cc* =nI (Csym), (5)
H(=K) = e,kH* (KK, kk* = (Ksym.), (6)

H(k)=-pH(k)p~™', p*=1 (Psym.), (7)

where €p, 7o € {1,—1}. These give rise to 38 symmetry
classes [69,70], containing the famous tenfold AZ classes
[two complex classes s =0, 1 and eight real classes
s=0,1,...,7, see Fig. 2(a)] as a special case. Instead of
dealing with all 38 symmetry classes, we will focus on a
subset of them, namely, the non-Hermitian (NH) AZ'
classes, defined by [70]:

kH*(k)k™' = —H(-k)  particle-hole P — K, (8)

cHT(k)c™!' = H(-k) time-reversal7 — C, (9)
where the Hermitian chiral symmetry C, given by the
composition of 7" and P, is replaced by a Q-type symmetry
with €, = —1, given by the composition of C and K. With

these basic symmetries, the complex or real NH classes s*

(a) 4 T2 (b) ACC*
CI Al BDI crf AT BDIf
s=7 s=0 s=1 st=7 st = st =
¢ 3clam [p P? ¢t 3glamrt [pt Kk
s=6 AC|A s=2 st=6 2q[Af st=2
CII AL DIII CIrf ATrf pIIrt
s=5 s=4 s=3 st=5 st=4 st=3

FIG. 2. Diagrams defining (a) Hermitian classes s and (b) non-
Hermitian real classes s* (AZ"). Hermitian AZ classes are defined
by time reversal 7, particle-hole P, and chiral C symmetries.
Similarly, non-Hermitian AZ" classes are defined by K-, C-, and
Q-type symmetries. Real (complex) classes are given by blue
(red) dots. There are two complex classes (s = 0, 1) depending on
the absence or presence of C or q.

are defined as in Fig. 2, which show the same “Bott clock”
structure as the Hermitian case [66].

To see why this is the natural extension of Hermitian AZ
classes, we examine how these non-Hermitian symmetries
affect the eigenvalue spectrum. As discussed in
Refs. [69,72], one can prove that the chosen C and K
type symmetries affect the structure of eigenvalues as
follows: (i) Hermitian systems: P guarantees that eigen-
values appear in a positive and negative pair. 7 with 72 =
—1 guarantees the Kramers degeneracy. (ii) Non-Hermitian
systems: K symmetry guarantees that eigenvalues appear in
a pair (4, €,4*). In the case of ¢, = —1, this corresponds
to a pair of complex energies with opposite real part. C
symmetry with cc* = —1 guarantees the biorthonormal
Kramers degeneracy. Thus, the spectral consequences of
the choice of symmetry in the AZ" classes are consistent
with the Hermitian case, justifying the above generaliza-
tions to non-Hermitian systems. Interestingly, this sym-
metry correspondence also naturally arises in the context of
non-Hermitian transfer matrices describing the decaying
boundary modes of one-dimensional SPTs [72].

We note that one can also define NH AZ classes by
switching the roles of complex conjugation and transpose
symmetries:

cHT(k)c™! = —H(-k) particle-hole P — C,  (10)

kH*(k)k™' = H(-k)  time-reversal 7 > K. (11)
Furthermore, a mapping between the classifications of the
NH classes s’ and s — 2 can be explicitly constructed, as
summarized in Table I. For the proof, see the Supplemental
Material [72].

Proof part I. Dimensional ascension.—We now move on
to prove our main proposition. First, we prove the equiv-
alence of the classifications of Hermitian AZ and NH AZ"
classes, making use of the fact that the non-Hermitian
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topology of H with respect to the base point Ep is
equivalent to the Hermitian topology of the following
doubled Hamiltonian A [14] with respect to the zero
Fermi energy:
_ 0 H-Ey
H= . . (12)
H' - E} 0

Without loss of generality, we set Eg = 0 from now on. H
should satisfy the corresponding doubled symmetries and
an additional chiral symmetry:

cH*(k)c™! = H(-Kk),
kH*(k)k™' = —H(-k),
SH(K)E™! = —H(k), (13)

where k=1 Q k, c=0,Qc, X=0,Q1, I_d_c*:nkl,
cct =n.l.

Let us start with the doubled Hamiltonian A of a d-
dimensional NH Hamiltonian H in the class s'. Following
Teo and Kane [73], we can construct a (d + 1)-dimensional
Hamiltonian by introducing a new momentumlike param-
eter —z/2 <0 < x/2 [76],

Hy., = cos O H + sin 0%. (14)

One immediately sees that this (d + 1)-dimensional
Hermitian Hamiltonian belongs to class s, since

cHy, (k. 0)c™" = Hypy (k. —0),
kH}, (k,0)k™' = —H 4\ (-k, —0), (15)

with ¢ corresponding to time reversal and k corresponding
to the particle hole in the AZ' class. Note that T is not a
symmetry operator anymore. Since A and ¥ anticommute,
the gap for H,, closes if and only if the gap for H closes
and sin € = 0. Therefore, the classification problems of the
Hermitian class s in d + 1 dimensions and the NH class s
in d dimensions are equivalent. From the mapping between
NH AZ and AZ' classes, further equivalence with the NH
class s — 2 follows.

Proof part Il. Dynamical anomaly.—Now that we have
established an exact correspondence between Hermitian
and non-Hermitian classifications (Table I), we turn to
investigate the anomalous behavior, and show how a non-
Hermitian topological system realizes in its long-time
dynamics the anomalous boundary physics of a corre-
sponding Hermitian system. Since anomalous boundary
states of Hermitian systems appear as Dirac or Weyl
fermions [77], let us consider a boundary state of a
topological band structure characterized by a (positive)
unit topological invariant, which is given by the following
Dirac (or Weyl) Hamiltonian

Hpire(K) = ki Ty + -+ + kgL, (16)
where I',_; , are Hermitian matrices that satisfy the
Clifford algebra {I';,I";} = 26;;. Suppose that Hpy,, is
in the Hermitian AZ class s. Correspondingly, we can
construct a NH Hamiltonian in the class s':

H(k) = iy(k) + h(k),
h(k) = sin k,T') + - - - + sin k[,
y(k) =cos ky + -+ 4 cos k; —m, (17)

with d —2 < m < d, so that y(k) is positive at k = 0 and
negative at all other time-reversal invariant momenta
(TRIM). Here, type K and C symmetries would imply
kKIT + Tk =0 ([K.I;]=0) and cI'"=T;c=0
({C,I';} =0). This Hamiltonian has a finite complex energy
gap over the whole Brillouin zone as long as y(k) #0
at TRIMs. Since H is in class s', and type K and C
symmetries act in the same way as the usual Hermitian
symmetries on the Hermitian component i(k) of H, h(k)
is in Hermitian class s. Near a TRIM, h(k) describes a
Dirac point. Among the 2¢ Dirac points at TRIMs, only the
Dirac cone at k = 0 survives at long times because only
7(0) is positive and all other y(TRIM)s are negative. Thus,
at long times, the non-Hermitian system we have con-
structed resembles the single Dirac cone anomalous phys-
ics of the Hermitian boundary state.

How can this anomalous physics be associated with the
nontrivial topology of a non-Hermitian Hamiltonian? To
illustrate this, it is sufficient to show that the topology of the
corresponding doubled Hamiltonian H is nontrivial:

H(k) =7, ® h(k) -7, ® }/(k)
= sin kl’l'x®r1 ++Sln kd7x®Fd

—7,(cos ky + -+ +cos k; —m), (18)
where 7, . are Pauli matrices. When d —2 < m < d, this
is the Hamiltonian of the d-dimensional topological insu-
lator in class s with an additional chiral symmetry (X = 7,).
To see that this Hamiltonian has a unit topological
invariant, we consider deformations from the phase with
m > d, where y(k) is completely negative over the whole
Brillouin zone and the system thus lies in the trivial
insulator limit. To reach the range d —2 < m < d, the
band gap goes through the gap closing at m = d at which
the system becomes a semimetal with a single Dirac cone
at k = 0. Note that this Dirac cone consists of two copies
of the symmetry-protected Dirac cone, which can only be
gapped as a pair. When the sign of the mass term is reversed
at m = d, the topological invariant changes by a single unit,
so the phase d —2 < m < d has a unit topological invari-
ant. Therefore, a non-Hermitian system carrying nontrivial
band topology is topologically equivalent to Eq. (17) that

206404-4



PHYSICAL REVIEW LETTERS 123, 206404 (2019)

exhibits anomalous dynamics. The correspondence can be
easily generalized into an anomalous boundary state with
n > 1, for example, by using multiple copies of Eq. (17).
Moreover, one can also prove conversely that a non-
Hermitian system displaying anomalous dynamics of a
corresponding Hermitian system must carry nontrivial band
topology (see the Supplemental Material [72]). Therefore,
there is indeed a rigorous connection between non-Hermitian
band topology and its anomalous dynamics. A similar
correspondence between the Hermitian class s and the
NH class s — 2 is shown in the Supplemental Material [72].
Example in two dimensions and general anomalies.—
Consider a chiral topological insulator (TI) in three dimen-
sions belonging to the Hermitian AIII class, characterized by
atopological invariant n € Z representing the net chirality of
boundary Dirac cones. The corresponding non-Hermitian
system is the NH class AIII" in two dimensions with pseudo-
Hermiticity given by gh'q™'=—h. The following NH
Hamiltonian belongs to NH class AIIl" with g = o5:
h(k) = iy + by x0y + bygos + ibs 03, (19)
where yy, b;  are real functions of k = (k,, k). In Fig. 1(b),
the 2D complex dispersion is drawn for a specific choice
of parameters. Here, white dots represent Dirac cones, and
out of the four Dirac cones, only the one with positive
chirality survives at long times in this case, showing that
the model corresponds to the boundary of the n =1 3D
chiral TI. However, the Dirac cone is not the most general
anomalous feature in the non-Hermitian setting for
dimensions higher than 1. Under non-Hermitian pertur-
bations, it is well known that Dirac cones deform into
an exotic exceptional surface structure [26-29] in d > 2.
Indeed, for bsy # 0, Dirac cones are deformed to nodal
exceptional lines. When both y; and b, are odd functions
of k, the model also belongs to the class AIl" with ¢ = 65,
which corresponds to the boundary of three-dimensional
topological insulators in class All In this case, one can
show that the number of Dirac cones above Ej is only
equivalent modulo two, which agrees with the corre-
sponding Hermitian physics. For detailed discussions with
an explicit model, see the Supplemental Material [72].
Conclusion and outlook.—In this Letter, we showed that
for a given anomalous boundary of a Hermitian tenfold
class, there is a non-Hermitian bulk system exhibiting the
same anomalous dynamics and characterized by a corre-
sponding nontrivial point-gap topology. Our work is in
contrast to recent works exploring possible bulk-boundary
correspondences in non-Hermitian systems [5,36—41],
as we focus only on the bulk physics of non-Hermitian
systems under periodic boundary conditions, a natural
choice due to the correspondence with Hermitian anoma-
lous boundary theories. In the Hermitian tenfold-way
classifications, topologically protected boundary modes
result from multiple bands with nontrivial separations.

On the other hand, nontrivial point-gap topology can be
well defined even for a single band, which cannot give rise
to a conventional topologically protected boundary mode.
Therefore, instead of point-gap topology, other classes of
topology, such as line-gap topology [70], where the topo-
logical constraint implies separation between bands, may be
a more natural setting to generalize the bulk-boundary
correspondence to non-Hermitian systems. Indeed, if this
holds, our work may also have interesting extensions to a full
correspondence between non-Hermitian point-gap topology
and boundary modes of line-gap topology.
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