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We study the thermoelectric properties of a Kramers pair of helical edge states of the quantum spin Hall
effect coupled to a nanomagnet with a component of the magnetization perpendicular to the direction of the
spin-orbit interaction of the host. We show that the transmission function of this structure has the desired
qualities for optimal thermoelectric performance in the quantum coherent regime. For a single magnetic
domain, there is a power generation close to the optimal bound. In a configuration with two magnetic
domains with different orientations, pronounced peaks in the transmission functions and resonances lead to
a high figure of merit. We provide estimates for the fabrication of this device with HgTe quantum-well
topological insulators.
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Introduction.—Thermoelectricity in the quantum regime
has attracted great interest for some years now [1,2].
Systems hosting edge states, like the quantum Hall and
quantum spin Hall states, are paradigmatic realizations of
quantum coherent transport. Several theoretical and exper-
imental results on heat transport and thermoelectricity in
these systems have recently been reported [3–31].
Unlike the quantum Hall state, which is generated by a

strong magnetic field, the quantum spin Hall (QSH) state,
taking place in two-dimensional (2D) topological insulators
(TIs), preserves time-reversal invariance. Therefore, the
edge states appear in helical Kramers pairs [32–37] with
opposite spin orientations determined by the spin orbit of
the TI. Several heat engines and refrigerators have recently
been proposed, taking advantage of the fundamental chiral
nature of the quantum Hall edge states, which manifests
itself in multiple-terminal structures [19] and in quantum
interference [20,21]. Recently, the property of charge
fractionalization was also pointed out as a mechanism to
enhance thermoelectricity [23]. All of these setups rely on
the existence of quantum point contacts and quantum dots
in the structure, tunnel coupled to the edge states, which are
generated by recourse to constrictions. The fabrication of
these elements is now normal in the context of the quantum
Hall effect [38–40]. However, their realization in the
context of the QSH effect has remained an experimental
challenge so far [41], although they have been widely
investigated theoretically [42–51].
In the quantum coherent regime, the electronic transport

properties take place without inelastic scattering and are
fully characterized by a transmission function. Particle-hole
symmetry breaking is a necessary condition for steady-state
heat to work conversion. Having transmission functions
rapidly changing in energy within the relevant transport

window is the key to achieving optimal thermoelectricity
[2,52–55]. The optimal performance is usually quantified
by the figure of merit ZT, with the Carnot limit achieved for
ZT → ∞. This ideal limit can be realized for transmission
functions containing δ-function-like peaks [52]. In this
sense, structures with resonant levels like quantum dots are
particularly promising [56–62]. On the other hand, elec-
trical power generation out of heat is the aim of thermo-
electric heat engines. This is optimized by transmission
functions behaving like Heaviside-θ functions within the
relevant transport window [54,55]. In the case of quantum
Hall edge states, configurations with several quantum point
contacts and quantum capacitors have recently been pro-
posed to engineer the transmission function for optimal
thermoelectricity by recourse to quantum interference [20].
In this Letter, we analyze a very different mechanism for

edge-state thermoelectricity in a QSH structure. It is based
on the coupling of a Kramers pair of helical edge states of
the QSH to a magnetic domain. The structure we analyze is
sketched in Fig. 1, where an edge-state pair of a 2D TI is

FIG. 1. Sketch of the setup scheme. 2D TIs contacted to Ohmic
contacts at which a bias voltage eV ¼ μ1 − μ2 and temperature
difference ΔT ¼ T2 − T1 are applied. Two nanomagnets with
magnetic moments m1 and m2 and lengths L1 and L2 are
contacted to a helical Kramers pair of edge states.
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contacted by nanomagnets. We consider two configura-
tions, a single magnetic island with a given magnetic
orientation, as well as two attached islands with different
orientations of the magnetic moments. In both configura-
tions, the key ingredient is a finite component of the
magnetic moments perpendicular to the direction of the
spin-orbit interaction of the TI. A similar structure was
previously considered in Refs. [63–65], focusing on the
interplay between spin-torque induced current and
the consequent pumping induced by the precession of
the magnetic moment. In combination to superconducting
contacts, this structure has been investigated as a platform
to realize topological superconductivity [66–68]. Here, we
show that the simple two-terminal setup of Fig. 1, under the
effect of simultaneous voltage and temperature biases, has
the desired properties for optimal heat to electrical work dc
conversion. We analyze the transmission function for this
structure and the impact of its different features on the
thermoelectric response. Remarkably, this function takes
the best of the two worlds regarding power generation and
large figure of merit, since it has features like a θ function
and δ-function-type resonances due to bound states in the
gap, as well as peaks like quantum dots. We provide
estimates for the different components of the device, and
we argue that it is within the state of the art of fabrication of
2D TI structures [35–37].
Thermoelectric performance in the quantum coherent

regime.—We briefly review the linear-response thermo-
electric approach assuming small differences of chemical
potential eV ¼ μ1 − μ2 (with μ1 ¼ μ), and temperature
ΔT ¼ T2 − T1 (with T1 ¼ T), applied at the contacts of
the edge states, as indicated in Fig. 1 [2]. The induced
charge and heat currents are

�
IC=e

IQ

�
¼

�
L11 L12

L21 L22

��
X1

X2

�
: ð1Þ

We have introduced the affinities X1 ¼ eV=kBT and
X2 ¼ ΔT=kBT2. In the quantum coherent regime, the
elements of the Onsager matrix are fully determined by
the transmission function T ðεÞ as follows,

Lij ¼ −T
Z

dε
h
∂fðεÞ
∂ε ðε − μÞiþj−2T ðεÞ; ð2Þ

where fðεÞ ¼ 1=ðeðε−μÞ=kBT þ 1Þ. The key for the thermo-
electric heat to work conversion is encoded in the off-
diagonal coefficient L12 ¼ L21. The quality of this con-
version is evaluated in terms of the efficiency (for the heat
engine), ηhe ¼ ðICTX1Þ=IQ, with P ¼ ICTX1 being the
generated power, or coefficient of performance (for the
refrigerator), ηfri ¼ −IQ=ICTX1, with −IQ being the heat
current extracted from the cold reservoir. In both cases, for
a given difference of temperature, the maximum values for

these coefficients can be parametrized by the figure of merit
ZT ¼ L2

21=DetL̂ as follows,

ηmax ¼ ηhe=friC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZT þ 1

p
− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ZT þ 1
p þ 1

; ð3Þ

with ηheC ¼ ½ηfriC �−1 ¼ ΔT=T being the Carnot efficiency
which is achieved for ZT → ∞, while the value ηhe=fri ∼
0.3ηC corresponds to ZT ∼ 3. As originally shown by
Mahan and Sofo, the ideal upper bound ηhe=friC is obtained
for T ðεÞ ∼ δðε − ε0Þ, while ZT attains high values when
T ðεÞ has peaks within the relevant transport window
jε − ε0j ∼ kBT. On the other hand, for the heat-engine
operational mode, the maximum achievable power for a
given ΔT and the corresponding efficiency are

Pmax ¼ ηC
L2
12X2

4L11

; ηðPmaxÞ ¼ ηC
ZT

2ðZT þ 2Þ : ð4Þ

It has been shown that the maximum power is bounded
by 0.32P0 for a transmission function of the form T ðεÞ∼
θðε − μ − ε0Þ, where P0 ¼ ðkBΔTÞ2=h [54].
Transmission function.—The structure sketched in Fig. 1

is modeled by the following Hamiltonian,

H ¼
Z

dxΨ†ðxÞ½ð−iℏvF∂xÞσ̂z þ JmðxÞ · σ̂�ΨðxÞ; ð5Þ

whereΨðxÞ ¼ (ψR;↑ðxÞ;ψL;↓ðxÞ)T , where we represent the
right- (left-) moving electrons with velocity vF and ↑ (↓)
spin orientation, where J is the magnetic exchange
interaction between the magnetic moment of the island
and the spin of the electrons, and where σ̂ ¼ ðσ̂x; σ̂y; σ̂zÞ are
the Pauli matrices. The magnetic island is described by the
following piecewise spatial distribution of the magnetic
moment within segments of lengths Lj ¼ xj − xj−1:

mðxÞ ¼
XN
j¼1

θðxj − xÞθðx − xj−1Þmj: ð6Þ

mj¼ðmj⊥cosϕj;mj⊥sinϕj;mjjjÞ is the magnetic moment
per unit length with components mjjj (parallel) and mj⊥
(perpendicular) with respect to the direction of the spin-
orbit interaction of the TI. We focus on a single island
(N ¼ 1) and two islands (N ¼ 2) of the same length, but
with different orientations of the magnetic moment.
In order to calculate the transmission function, we

proceed as in Ref. [69], starting from the evolution operator
in space for the whole scattering region. It reads
ÛðxN; x0Þ ¼

Q
N
j¼1 Ûðxj; xj−1Þ, with
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Ûðxj; xj−1Þ ¼ exp

�
i
εjjj
ℏvF

Lj

�
expf−iλj · σ̂g

¼ exp

�
i
εjjj
ℏvF

Lj

�
½σ̂0 cos λj − inj · σ̂ sin λj�;

ð7Þ

λj ¼ ðiεj⊥ sinϕj;−iεj⊥ cosϕj; εÞLj=ðℏvFÞ, with εjj;⊥ ¼
Jmjj;⊥, and nj ¼ λj=λj. The transmission function is the
inverse of the element 2,2 of the transfer matrix, which is, in
turn, the inverse of the matrix ÛðL; 0Þ. Hence, T ðεÞ ¼
jDet½ÛðxN; x0Þ�=UðxN; x0Þ1;1j2.
Single homogeneous island.—We start by discussing the

case of a homogeneous domain of length L, described by
the previous Hamiltonian with a single piece, N ¼ 1. The
resulting transmission function is

T ðεÞ ¼ jε2⊥ − ε2j
jε2⊥ − ε2jcos2λþ ε2sin2λ

; ð8Þ

λ ¼ rl, with l ¼ L=L0, L0 ¼ ℏvF=ε⊥ and r ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðε=ε⊥Þ2 − 1

p
. Notice that the transmission function

depends not on the detailed orientation of the magnetic
moment but on the projection m⊥ perpendicular to the
direction of the spin-orbit interaction of the material. It is
also symmetrical to ε ¼ 0. The latter introduces an effective
coupling between the two Kramers partners that may open
a gap in the spectrum of magnitude ε⊥.
The behavior of T ðεÞ is illustrated in Fig. 2, wherewe see

its dependence on the length of the island. For short islands,
there is a sizable tunneling amplitude through the magnetic
island, while as the length of the magnet increases, the
transmission function tends to a step function close to
ε ∼ ε⊥. We get the following behavior of the transmission
function at the opening of the gap as a function of length
T ðε⊥Þ ¼ ½1þ l2�−1, with l ¼ L=L0, while the slope
behaves as dT =dεjε⊥ ¼ 2l4½1þ l2�=3½1þ l2�3, which sat-
urates at the value of 2=3 for increasing l. For energies
ε > ε⊥, T ðεÞ exhibits oscillations withmaxima T maxðεnÞ ¼
1 and minima T minðεmÞ ¼ 1 − ðε⊥=εmÞ2 at energies

satisfying ðεnðmÞÞ2 ¼ ðε⊥Þ2 þ ðπαnðmÞℏvF=LÞ2, with αnðmÞ
being an integer (half-integer) number, respectively.
The impact of the transmission function on the thermo-

electric performance of the heat engine is illustrated in
Fig. 3 for two lengths of the magnetic domain, in a range of
chemical potentials close to the edge of the energy gap,
within a temperature range scaled by the reference temper-
ature T0 ¼ ε⊥=kB. For the shortest length shown in
Figs. 3(a) and 3(b), l ¼ 10, T ðε⊥Þ < 0.01, and dT =dεjε⊥∼
0.65, i.e., close to the maximal slope (2=3), implying a
pronounced step in the transmission function at the closing
of the energy gap. The plots shown in Figs. 3(c) and 3(d)
correspond to a longer island of length l ¼ 20, for which
the step function is slightly more pronounced. For very low
temperatures, within a scale kBT smaller than the width of
the peaks of T ðεÞ, both Pmax and ZT vanish for μ ¼ εn [see
the arrows in panels Figs. 3(a) and 3(b)]. As the temper-
ature increases, the behavior of these quantities is ruled by
the effect of several peaks. At sufficiently high temper-
atures, such that several maxima of T ðεÞ are included in an
energy window of width kBT, the behavior is dominated by
the average between the envelopes for the minima and the
maxima of T ðεÞ. The resulting function is approximately a
smoothed step function, independent of the length of the
island. For this reason, Pmax shows a wide maximum
centered at ∼jε⊥ − μj ∼ kBT [20,54]. The maximum is as
high as ∼0.244P0, i.e., ∼75% of the bound 0.32P0. T ðεÞ is
symmetric with respect to ε ¼ 0 and has a well of unit

FIG. 2. Transmission function T ðεÞ defined in Eq. (8) within a
range of lengths l for an island with homogeneous magnetic
moment. Energies are expressed in units of ε⊥ ¼ Jm⊥, and
lengths are expressed in units of L0 ¼ ε⊥=ℏvF.

ZT

Pmax
P0

FIG. 3. (Upper panels) Maximum power and (lower panels)
figure of merit ZT for a single magnetic domain of (a),(b)
l ¼ 10 and (c),(d) l ¼ 20. The maximum values in (a) and (b)
are (a) PmaxðT ¼ 0.3Þ ¼ 0.240P0, (b) ZTðT ¼ 0.08Þ ¼ 60,
(c) PmaxðT ¼ 0.45Þ ¼ 0.244P0, and (d) ZTðT ¼ 0.02Þ ¼ 274.
The temperatures are expressed in units of T0 ¼ ε⊥=kB, and the
power is expressed in units of P0 ¼ ðkBΔTÞ2=h. Other details are
the same as in Fig. 2.
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depth and width ∼2ε⊥. This feature dominates the behavior
of the power and ZT at high temperatures. These properties
depend mildly on the length of the island. Details of
the effect of the different features of T ðεÞ on the thermo-
electric response as a function of T are presented in the
Supplemental Material [70].
Two domains.—We now turn to analyze the case where

we have two pieces, corresponding toN ¼ 2 in Eq. (7) with
L1 ¼ L2 ¼ L, ϕ1 ¼ 0, ϕ2 ¼ ϕ, and ε⊥;1 ¼ ε⊥;2 ¼ ε⊥. The
resulting transmission function reads

T ðεÞ ¼
��

cos2λþ sin2λ
r2

�
cosϕ −

ε2

ε2⊥

��
2

þ
�
−

ε

ε⊥
sin 2λ
r

þ sinϕ
sin2λ
r2

�
2
�−1

: ð9Þ

The new feature in the present case, in comparison to the
case of a single magnetic moment, is the existence of
resonances within the gap, jεj < ε⊥, for ϕ ≠ 0. The position
of the resonant state depends on the phase difference ϕ. For
ϕ ¼ π, Eq. (5) coincides in that case with the model
introduced by Jackiw and Rebbi [71,72], which has a
topological zero mode localized at the domain wall
boundary. In the Supplemental Material [70], we analyze
the impact of the length of the domains on the width of the
resonant state. We also show that this feature is robust
under weak disorder in the length of the domains and the
orientation of the magnetization along each domain.
The behavior of the transmission function for two

domains is illustrated in Fig. 4 for a set of orientations.
The upper and lower panels show the transmission function
for l ¼ 10 and l ¼ 4 for each domain, respectively. Note
that the width of the resonance decreases for increasing l.
The corresponding thermoelectric response is shown in
Fig. 5. Close to the edge of the gap, the minima of T ðεÞ for
ϕ ¼ π are deeper than the ones for a single domain [see
Eq. (6) of the Supplemental Material [70] ]. Notice that the

latter corresponds to a single domain with total length 2L.
On the other hand, for ϕ ¼ π, the energy difference
between the peaks is twice the one for ϕ ¼ 0. Hence,
for two domains with ϕ ¼ π, the first peak after the closing
of the gap is expected to generate a thermoelectric response
with a high figure of merit, similar to that of a Lorenzian
function within a range of temperatures larger than in the
case of a single ferromagnetic one. For μ ∼ kBT, the
thermoelectric response is dominated by the resonance
within the gap. This leads to high values of ZT for
kBT ⪅ 10γ, with γ being the width of the resonance, which
depends on the domain length. These details are discussed
in the Supplemental Material [70]. For higher temperatures,
the transport behavior is dominated by the Heaviside-step
function and well-shaped envelopes of the transmission
function, and the thermoelectric response is similar to the
one discussed for a single domain.
Conclusions.—We have analyzed the transmission func-

tion characterizing the coherent transport of electrons in a
structure consistent for a pair of helical edge states of a 2DTI
coupled to a magnetic island with a magnetic moment
having a component perpendicular to the direction of the
spin orbit of the TI. We have shown that this setup has the
necessary conditions to achieve high performance thermo-
electricity. The key is the opening of a gap in the spectrum of
the helical edges with a steep increase of the transmission
function at the opening of the propagating modes in the
spectrum. Depending on the energy range and the configu-
ration of the magnetic domains, the transmission function
has features akin to a θ function, aswell as with features akin
to a δ function, which are known to be optimal for high-
power production and figure ofmerit, respectively. Owing to
the resonant states in the gap for twomagnetic domains, very
large values of the figure ofmerit,ZT > 100, are attained for
the heat-engine and refrigeration modes. Our calculations
focus on a single pair of edge states, but the currents simply
scale in a factor 2 when the pair at the opposite edge is also
considered. The range of operation is set by themagnetic gap

= 10l

= 4l

FIG. 4. Transmission function T ðεÞ defined in Eq. (8) for
two magnetic domains of equal size (l ¼ 4; 10), with the
perpendicular component of the magnetic moments oriented
with a relative tilt ϕ.

FIG. 5. Figure of merit ZT for two magnetic domains of length
l ¼ 4; 10, with the perpendicular component of the magnetic
moments tilted in ϕ ¼ π. Other details are similar to previous
figures.
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ε⊥. For a single domain generating an effective magnetic
field of ∼1.8–4 T [73], we estimate ε⊥ ∼ 1–2 × 10−4 eV,
corresponding to reference temperatures T0 ∼ 1.2–2.4 K.
According to our work, a device with a length of the
magnetic island of ∼10L0, L0 ¼ ε⊥=ℏvF, operates as a
heat engine at high performance (∼75% of the optimal
bound) regarding power generation with a figure of merit
ZT ≫ 1 for T < 0.5T0. Taking estimates for the Fermi
velocity of the helical edge states in quantum wells of HgTe
from Ref. [35], we have ℏvF ∼ 0.9 eV=nm, leading to
L0 ∼ 10–20 μm. These parameters are the state of the art
of present experimental realizations.
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