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Quantum chaotic interacting N-particle systems are assumed to show fast and irreversible spreading of
quantum information on short (Ehrenfest) time scales ∼ logN. Here, we show that, near criticality, certain
many-body systems exhibit fast initial scrambling, followed subsequently by oscillatory behavior between
reentrant localization and delocalization of information in Hilbert space. We consider both integrable and
nonintegrable quantum critical bosonic systems with attractive contact interaction that exhibit locally
unstable dynamics in the corresponding many-body phase space of the large-N limit. Semiclassical
quantization of the latter accounts for many-body correlations in excellent agreement with simulations.
Most notably, it predicts an asymptotically constant local level spacing ℏ=τ, again given by τ ∼ logN. This
unique timescale governs the long-time behavior of out-of-time-order correlators that feature quasiperiodic
recurrences indicating reversibility.
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The dynamics of quantum information in complex
many-body (MB) systems presently attracts a lot of
attention [1,2] ranging from atomic and condensed quan-
tum matter to high energy physics. The evolution of an
(excited) quantum MB system towards a state of thermal
equilibrium usually goes along with the scrambling of
quantum correlations, encoded in the initial state, across the
system’s many degrees of freedom (d.o.f.). Such dynamics
requires an improved understanding of MB quantum chaos
and the link with thermalization [3–6] and its suppression
[1,7,8].
Echo protocols, measuring how a perturbation affects

successive forward and backward propagations in time,
sensitively probe the stability of complex quantum dynam-
ics. Here, out-of-time-order correlators (OTOCs) [9–11]

CðtÞ ¼ h½ŴðtÞ; V̂�†½ŴðtÞ; V̂�i ð1Þ

play a central role, with first experimental implementations
[12–14], allowing us to distinguish various classes of MB
systems by their operator growth. On the one side, there are
slow scramblers, such as systems in the MB localized phase
exhibiting logarithmically slow operator spreading [15–18]
or, e.g., Luttinger liquids [19] showing only quadratic
increase. On the other side, an exponentially fast initial
growth of OTOCs is commonly viewed as a quantum
signature of MB chaos. Examples comprise systems with
holographic duals to black holes [10,20], the Sachdev-Ye-
Kitaev model [11,21–23], and condensed matter systems
close to a quantum phase transition (QPT) [24–27] or
exhibiting chaos in the classical limit of large particle
numberN. In such large-N systems, the exponential growth
rate for OTOCs is given by the Lyapunov exponent of their
classical counterpart [10,27–34] and prevails up to the

Ehrenfest logN time where MB quantum interference sets
in [32,35]. Subsequent OTOC time evolution toward an
ergodic limit is then often governed by slow classical
modes [36].
Here, we show that exponentially fast scrambling need

not necessarily lead to quantum information loss: There
exist systems exhibiting initial growth of complexity with-
out saturation; i.e., after a quench to an interacting system
close to criticality, the OTOCs do not show monotonic
saturation; instead, the correlations imprinted initially can
be periodically retrieved.
Quantum critical large-N systems are particularly suited

for considering the inter-relation between the spreading of
correlations, quantified through OTOCs, and correspond-
ing nonlinear classical mean-field (MF) dynamics. There,
critical phenomena are often viewed as quantum manifes-
tations of structural changes in classical phase space,
associated with unstable MF motion close to separatrices.
While corresponding studies [37–43] commonly invoke a
classical MF analysis, we will show that MB semiclassical
quantization beyond MF allows for a precise characteri-
zation of the locally unstable quantum dynamics.
Therefore, in the language of renormalization group analy-
sis, we expect our results to be valid for any dimension
within lower and upper critical dimension as long as a MF
(classical) limit exists [44].
While in generic quantum chaotic systems the Ehrenfest

time ∼ logN is distinctly shorter than the Heisenberg time
(associated with the inverse mean level spacing), we will
show that these two scales, indeed, coincide for certain
quantum critical systems where an adiabatic separation
allows for an effective 1D description. Quantization of their
locally hyperbolic MB dynamics implies two inter-related
features: Even though the dynamics may be separable,
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OTOCs still grow exponentially with a rate given by the
local MF instability exponent λs up to times ð1=λsÞ logN.
Second, the inverse mean level spacing in the relevant
spectral region also scales as logN. Hence, the quantum
critical dynamics is governed by logN as the sole time
scale.
Remarkably, this level spacing turns out to be asymp-

totically constant, approaching a harmonic oscillator spec-
trum, although the underlying hyperbolic dynamics is
unstable and rather corresponds to an inverted oscillator
[46]. This equidistant level spacing implies strong, periodic
quantum recurrences on short logN scales that dominate
OTOCs and, hence, reflect unscrambling of information
in quantum critical MB systems. After showing this
behavior in a prototypical integrable model, we consider
a nonintegrable extension and confirm the robustness of
this feature, indicating that it is not linked to integrability
but is characteristic for QPTs driven dominantly by a single
d.o.f. On the contrary, in generic chaotic MB systems,
randomlike evolution is expected for enormously long
(Heisenberg) times beyond which the spectral discreteness
eventually enforces recurrences [48].
Quantum critical atomic Bose gas.—As a generic

example of critical behavior, we consider the 1D attractive
Bose gas with periodic boundary conditions (attractive
Lieb-Liniger model) [50–52]. While its Hamiltonian

Ĥ ¼
Z

2π

0

dθΨ̂†ðθÞð−∂2
θÞΨ̂ðθÞ −

πα̃

2
½Ψ̂†ðθÞ�2½Ψ̂ðθÞ�2; ð2Þ

with bosonic field operators Ψ̂ and Ψ̂†, describes quasi-1D
ultracold atomic gases with interactions parametrized by α̃
[53–55], its MF dynamics is governed by the Gross-
Pitaevskii equation. It exhibits a QPT at a critical coupling
α̃N ¼ 1 [51,56,57], where the homogeneous condensate
starts forming a bright soliton. Although for finite N,
eigenvalues of the quantum integrable Hamiltonian (2) can
be, in principle, found through Bethe ansatz [52,58], this
does not allow for systematically treating the N → ∞ limit,
except for special states [59,60]. Instead, first, we truncate
[61] Ψ̂ðθÞ to the lowest three momentum modes,

Ψ̂ðθÞ ¼ ðâ0 þ â−1e−iθ þ â1eiθÞ=
ffiffiffiffiffiffi
2π

p
; ð3Þ

as commonly done for exact diagonalization [56,71,72]—a
good approximation for α̃N < 1 that also contains all the
physics relevant for understanding the QPT and its pre-
cursors for α̃N ≥ 1 [51,52,57,71]. The generalization to the
nonintegrable five-mode model will be discussed later. The
model (2), (3) near the QPT mimics black holes as graviton
condensates [71–73], can be essentially realized using
ultracold spin-1 atoms [74] and has attracted considerable
attention [75–77] for time crystals [78].
Classical MF limit.—Besides the energy, the particle

number and total (angular) momentum are also conserved:

N̂ ¼
X
k

â†kâk; K̂ ¼
X
k

kâ†kâk: ð4Þ

Hence, the truncation to three modes, in contrast to five or
more modes [79], renders the system integrable in that its
large-N MF limit, formally representing a classical limit, is
integrable. This allows for devising a MB version of
semiclassical torus quantization [80,81] to analytically find
the spectrum and wave functions being asymptotically
exact for N → ∞. To this end, we write the operators in
symmetric order and replace âk ↦

ffiffiffiffiffi
nk

p
eiϑk for k ¼ −1, 0,

1, where ðnk; ϑkÞ are continuous classical conjugate var-
iables. Using

Ñ ≡ n−1 þ n0 þ n1; K ≡ n1 − n−1; ð5Þ
and considering K ¼ 0, the classical energy per particle is,
defining α ¼ α̃ Ñ, [61]

E

Ñ
¼ ωðz;φÞ þ α

�
−
1

4
þ 3

2Ñ
−

9

8Ñ2

�
−

1

Ñ
; ð6Þ

where the classical dynamics is completely determined by

ωðz;φÞ ¼ ð1 − zÞf1 − α½ð1 − zÞ=8þ z cos2 φ�g; ð7Þ
with phase space coordinates

z ¼ n0
Ñ

; φ ¼ ϑ0 −
1

2
ðϑ1 þ ϑ−1Þ; fz;φg ¼ 1

Ñ
: ð8Þ

Note that 1=Ñ only enters as an effective quantum of action
in the Poisson brackets [82].

FIG. 1. Phase space portrait of energy ωðz;φÞ, Eq. (7), of the
classical dynamics for the three-mode model of attractive bosons
in 1D, for different values of interaction α. Here, z denotes the
relative occupation of the noninteracting ground state and φ the
conjugate angle. For α > 1, a global energy minimum (cross) and
a separatrix (red) connecting two hyperbolic fixed points (dots at
z ¼ 1) appear. Gray lines represent the orbits (tori) that fulfill the
quantization condition (10) for N ¼ 20. Note that the quantized
orbits change their character sequentially.
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The Hamiltonian ωðz;φÞ involves different types of
classical trajectories following lines of constant energy
in phase space with periodicity φ ↦ φþ π, see Fig. 1. For
α < 1 all trajectories are deformed horizontal lines (rota-
tions). For α > 1 an island centered around a new minimum
energy fixed point emerges with orbits vibrating in φ,
similar as for the pendulum. This goes along with the
formation of a separatrix at E ¼ Esep (ω ¼ 0) associated
with two hyperbolic fixed points at z ¼ 1 and characterized
by (in)stability exponents

λð1;2Þs ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
α − 1

p ≡ λs: ð9Þ
Semiclassical quantization.—To study genuine quantum

effects, we go beyond the classical MF picture using
semiclassical torus quantization. While related WKB
approaches, devised for one-dimensional systems, were
successfully used in two-site models [83–85], we adapt a
multidimensional generalization. In the MB context, it
yields the quantization rules

1

2π

I
dφ½1 − zðω;φÞ� ¼ mþ 1

2

Ñ
;

m ¼ 0; 1;…; bN=2c; Ñ ¼ N þ 3=2; N ¼ 0; 1;…:

ð10Þ
Equations (10) effectively quantize the phase space areas
bounded by the lines ω ¼ const (shaded areas in Fig. 1
for m ¼ 0), giving rise to energies ωm and Em, in perfect
agreement with results from exact diagonalization, see Fig. 2.
Quantum phase transition.—The QPT for N → ∞ is

associated with the ground state corresponding to the
quantized orbit enclosing the phase space area 1=ð2ÑÞ →
0 that is always vibrational for α > 1 if Ñ is large enough.
Its energy scales as ωmin ∼ −ðα − 1Þ2, in contrast to

ωmin ¼ 0 for α < 1 where the quantized orbit approaches
z ¼ 1, leading to the nonanalytic dependence on α of the
MF ground state at α ¼ 1. Precursors of such nonanaly-
ticity for finite Ñ appear for every quantized orbit changing
from rotation to vibration upon tuning α. This is reflected in
the sequence of avoided crossings in Fig. 2 building up an
excited state QPT when Ñ → ∞ [38,41]. Remarkably,
Eq. (10) even allows us [86] to analytically obtain the
scaling laws [87] governing the approach of Δαgap ∼ N−2=3

and Egap ∼ N−1=3 (see inset of Fig. 2) to their MF values, in
perfect agreement with numerical and heuristic observa-
tions [51,56,72].
Hence, MB semiclassical quantization goes beyond the

Bogoliubov picture of [51,57] where the excitation spec-
trum collapses to zero at the MF critical coupling α ¼ 1.
Instead, for finite Ñ we find huge accumulations of levels
around the separatrix. This precursor of an excited state
QPT leads to characteristic features in the spectra and to the
emergence of a local log time scale. An asymptotic N ≫ 1
analysis [61] of (10) that generally holds close to a
separatrix [61] yields the average density of states

ϱ̄ðEÞ ¼ −1
2πλ

log

�jE − Esepj
Ñ

�
þOð1Þ; ð11Þ

with a characteristic logarithmic divergence at E ¼ Esep

(see Fig. 3). Here, λ ¼ λs=2 ¼ ffiffiffiffiffiffiffiffiffiffiffi
α − 1

p
, Eq. (9), and the

Oð1Þ finite size correction involves a system specific
timescale related to the traversal along the separatrix [61].
Asymptotically constant level spacing and log time.—

Most notably, evaluating (10) close to Esep, one finds [61]
that a set of levels, growing in number logarithmically with
N, becomes asymptotically equidistant with level spacing
ΔE, see Fig. 4. The associated time scale [61]

FIG. 2. Excitation spectrum Em − E0 for N ¼ 300 and 0 ≤ α ≤
2 within three-mode approximation, Eq. (3). Symbols and lines
denote numerical and semiclassical results, respectively. The gray
dotted line indicates inflection points, the finite size precursor of
an excited state QPT, where quantized orbits cross the separatrix
(in Fig. 1). Inset: closeup around α ¼ 1.

(a) (b)

FIG. 3. (a) Asymptotic N ≫ 1 density of states ρ̄ðα; EÞ,
Eq. (11), showing level bunching (bright straight line) around
the precursor of the excited state QPT at E ¼ Esep in the
supercritical regime α > 1. (b) Slice of ρ̄ðα; EÞ at α ¼ 2 com-
pared with numerically calculated inverse level gaps (orange
symbols) exhibiting a characteristic logarithmic divergence.
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τ ¼ 2π

ΔE
¼ 1

λ
log Ñ þOð1Þ ð12Þ

is the Heisenberg time corresponding to the local spectral
gapΔE, but exhibits a striking similarity with the Ehrenfest
time τE ¼ ð1=λLÞ logℏ−1

eff with ℏeff ¼ ℏ and 1=Ñ in chaotic
single particle [88], respectively, MB systems [32] with
Lyapunov exponent λL. This justifies to relate (12) to a
local Ehrenfest time associated with the dynamical insta-
bility characteristic of critical behavior. Because of the
universality of (11) and (12), supported by the classical
renormalization group analysis of [89], this turns out to be a
generic behavior close to hyperbolic fixed points. The
crossover of the Heisenberg time from usually algebraic in
N to log time behavior is not shared by generic chaotic
systems.
Out-of-time-order correlator.—We address the drastic

consequences of this transition for the evolution of
quantum MB correlations: We quantify the spreading of
information through the OTOC, Eq. (1),

CðtÞ ¼ −N−4hψ j½n̂0ð0Þ; n̂0ðtÞ�2jψi; ð13Þ

for operators n̂0ðtÞ=N. In chaotic systems quasiclassical
arguments [9,10,28] confirmed by MB semiclassical theory
[32] predict a short-time behavior CðtÞ ∼ ℏ2e2λLt passing
into a saturation regime at τE. Although the system (3) is
integrable, we can use similar arguments to predict that
in the quantum critical regime the dynamical instability
close to the hyperbolic fixed points also causes such an
exponential behavior,

CðtÞ ∼ ðℏ2
eff=Ñ

2Þe2λst; ð14Þ

but with a rate given by the (in)stability exponents λs,
Eq. (9) (see [43] for a related result for chains of large
spins).
Within the present MB model we have numerical access

to huge particle numbers and, hence, can thoroughly check
the commonly assumed exponential growth of OTOCs in
the truly semiclassical large-N limit, as well as associated
log-time effects. In Fig. 5, we present numerical results for
CðtÞ computed from (13) after imposing an interaction
quench to the noninteracting ground state jψi ¼
1=

ffiffiffiffiffiffi
N!

p ðâ†0ÞN j0i. The inset displays the short time behavior

FIG. 4. Asymptotic level spacings E½k� − E½k−1� (symbols)
obtained from (11) [61], where E½k¼0� refers to the level closest
to the separatrix energy (excited state QPT), approaching the
characteristic constant spacing ΔE, Eq. (12), (dashed line) for
α ¼ 2 and N ¼ 106; 109; 1013; 1023; 1042 (the latter with rel-
evance for black hole physics) from top (blue) to bottom (yellow)
within windows with ∼ logN levels. Energies obtained from full
semiclassical quantization, (10), (solid line) for N ¼ 106 confirm
the validity of Eq. (11).

(a)

(b)

FIG. 5. Oscillatory time evolution of the OTOC (13) after a
quench of the noninteracting condensate across the mean-field
critical point, reflecting scrambling and unscrambling (i.e.,
indicating reversibility) close to criticality for various particle
numbers N. (a) CðtÞ exhibits distinct, approximately τ-periodic
oscillations where τ, Eq. (12), is the local Ehrenfest time [three-
mode model (3) with α ¼ 2]. Inset: Initial growth of CðtÞ
approaching the exponent 2λst (dashed line) with increasing
N, thereby confirming Eq. (14). (b) Tendency towards periodicity
(suggested in gray) for the nonintegrable extended five-mode
model (jkj ≤ 2, see [61]) for α ¼ 1.05, with a period of the form
(12) with λ ≈ 0.21, consistently found in the level spacings
and the classical instability. The prefactors C0 facilitate the
comparison.
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of logCðtÞ up to the Ehrenfest time scale τE ¼ ð1=λsÞ log Ñ
for N ¼ 102 to 106, showing convergence to the slope 2λst
(dashed line) predicted in (14).
Unscrambling of correlations.—Figure 5(a) shows that

instead of monotonically approaching a plateau for t > τE,
as in generic chaotic MB systems, CðtÞ exhibits distinct
oscillations with a period given by the log time τ, (12), that
includes finite-size corrections [61] and, hence, slightly
differs from τE. Since CðtÞ is a measure of information
spreading, these oscillations reflect reversibility of quantum
information flux in Hilbert space as a result of genuine MB
interference. This is supplemented by corresponding oscil-
lations in the evolution of entanglement encoded in the
one-body entropy [61]. Close to criticality, CðtÞ is domi-
nated by an increasing (with logN) number of states close
to Esep [61] where the spectrum gets asymptotically
equidistant (Fig. 4). This induces revivals (getting more
and more pronounced with increasing N) associated with a
unique time scale, the log time τ, (12), taking the role of a
Heisenberg time close to criticality. To clear-cut show this
asymptotic periodicity, here deduced from MB separatrix
quantization, requires large-N regimes that, to the best of
our knowledge, are not accessible with present numerical
methods for chaotic MB systems.
To assess the latter and to explore the generality of our

findings, we further relax the truncation (3) to five modes
(jkj ≤ 2), implying unstable nonintegrable dynamics.
Within the bounds of numerical tractability [N¼Oð104Þ],
we verify that this quantum critical MB system, despite
being nonintegrable, exhibits the same tendency towards
periodic revivals, see Fig. 5(b). Via adiabatic separation, we
can again attribute this behavior to locally hyperbolic MF
dynamics of a single dominant d.o.f. [61]. Moreover, we
find the same interrelation between the MF instability λs,
the period τ, and the local level spacing as in the integrable
three-mode model.
In conclusion, by means of many-body semiclassical

quantization, we could explain the exponentially fast scram-
bling and buildup of correlations in quantum systems that are
critical, but not globally chaotic. We uncovered a generic
mechanism for fast dynamics near a quantum critical point.
Moreover, for large N, we demonstrated the emergence of
nearly equidistant spectra giving rise to recurrences in
OTOCs on logN time scales, resembling features of time
crystals [78]. Their observation should be in experimental
reach since, e.g., recurrences based on stable dynamics have
already been observed in a system with thousands of atoms
[90]. Our analysis of the nonintegrable five-mode model
shows that such memory effects do not require integrability
and indicates their existence in larger classes of critical
systems with a dynamical decoupling of a dominant unstable
mode from other collective degrees of freedom. Moreover,
our results shed light on generic mechanisms governing the
dynamics at (excited-state) quantum phase transitions
beyond mean field.
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