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We propose a realization of the lattice-symmetry-assisted second-order topological superconductors
with corner Majorana zero modes (MZM) based on two-dimensional topological insulators (2DTI). The
lattice symmetry can naturally lead to the anisotropic coupling of edge states along different directions to
the in-plane magnetic field and conventional s-wave pairings, thus leading to a single MZM located at the
corners for various lattice patterns. In particular, we focus on the 2DTI with D3, lattice symmetry and found
different types of gap opening for the edge states along the armchair and zigzag edges in a broad range of

parameters. As a consequence, a single MZM exists at the corner between the zigzag and armchair edges,
and is robust against weakly broken lattice symmetry. We propose to realize such corner MZMs in a variety
of polygon patterns, such as triangles and quadrilaterals. We further show their potentials in building the
Majorana network through constructing the Majorana Y junction under an in-plane magnetic field.
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Introduction.—Majorana zero modes (MZMs) in topo-
logical superconductors (TSCs) have been extensively
studied recently [1-21] because of their non-Abelian
braiding statistics [1,22,23] and the potential application
in topological quantum computation (TQC). Although the
great experimental progress in several condensed matter
platforms have lead to the observance of a zero bias
conductance peak [5,6,18-20] and 4z Josephson effect
[7,16,17,24,25], the deterministic evidence of the non-
Abelian braiding statistics is still lacking for MZMs, which
is essential for TQC. As the experimentally measurable
braiding requires at least four MZMs, it is worthwhile to
search for new platforms that allow for the appearance of
multiple MZMs. The recent studies of the second-order
topological states [26—60] have brought new insights in
realizing MZMs. In contrast to conventional n-dimensional
topological insulators (TIs), the second-order TIs are
characterized by topological protected gapless states in
n-2 dimensions. Particular for the two-dimensional second
order TSCs [38,44,50-52,56,58], the current proposals
[50,52,58] are based on s-, 5. -, or d-wave superconductors
and, at each corner, they support a pair of MZMs protected
by additional time-reversal or mirror symmetry. Since it is
difficult to reveal non-Abelian statistics when MZMs are
paired, it is thus more desirable to look for second-order
TSC with a single MZM at each corner. As there is no need
of additional symmetry to protect a local single MZM, such
a system is also more robust against the environmental
perturbation.

In this Letter, we demonstrate the realization of a single
MZM at certain corners of the 2DTIs within a honeycomb
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lattice in proximity to the conventional s-wave super-
conductor under an in-plane magnetic field. These
2DTIs include the bismuthene and silicene, whose topo-
logical bands around a Fermi surface are dominated by
{p. py} and p, orbitals, respectively. Even in the quite
general case for these different 2DTI models, we found that
the helical edge states at the armchair edge still remain
almost gapless while those at the zigzag edge are fully
gapped. The anisotropic coupling of the edge states to the
uniform in-plane magnetic field is due to the fact that the
mirror symmetry at the degenerate point of the edge states
is preserved along the armchair edge but broken along the
zigzag edge. With further applying the uniform s-wave
superconducting pairing term, a superconducting gap is
opened at the armchair edge while a magnetic gap occurs at
the zigzag edge in a large parameter regime. As a result, we
demonstrate a single MZM existing at the corner between
the armchair and zigzag edges. We further identify two
types of triangular patterns in the honeycomb lattices
[Figs. 1(a) and 1(b)], each of which supports two MZMs
located separately at two corners of the triangle and is thus
equivalent to a Majorana nanowire [1-4]. We thus refer to
these patterns as Majorana triangles. More importantly,
as the existence of MZMs in these patterns is independent
of the in-plane magnetic field directions, we show that the
Majorana triangles can have six orientations [Figs. 1(a) and
1(b)] and thus can construct a more complex Majorana
network such as a Y junction under an uniform in-plane
magnetic field [Fig. 1(c)]. Note that no additional sym-
metry other than the intrinsic particle-hole symmetry is
required, and these MZMs are robust against the terms that
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FIG. 1. (a) The Majorana isosceles triangle in six orientations.
(b) The Majorana right triangles in six orientations. Each
Majorana triangle is equivalent with a Majorana nanowire along
the six orientations. (c) Y junction made from three Majorana
isosceles triangles.

weakly break the mirror symmetries, such as the Rashba
SOC, weak disorders, and the rotation of the various
Majorana patterns by a small angle. Next, we discuss
the possible experimental realization.

Anisotropic edge states gap.—To demonstrate the exper-
imental accessibility of our proposal, we start from the
Zhang-Li-Wu (ZLW) model [61] for a single layer bismuth
grown on SiC substrate, which has been experimentally
reported to have large quantum spin Hall gap around
0.435 eV [62] and one-dimensional edge states [63].
However our results are also applied to other 2DTI such
as the Kane-Mele model for graphene [64,65] and the Liu-
Jiang-Yao model [66] for silicene with p,. The ZLW model
with {p,, p,} orbitals forming the 2DTI bands takes the
form [61,67]

1 ) st
H= 1"pl4 Piay+ 15 Pla Pla,
(ij)
2 2
+ Zt‘(’ )p;r»bijpj’bij + t’(T )pgbijp;,sz
(@
- Zi)“sopj,xszpi,y +H.c. (1)
is
where t;w, ti(n), Ay are the usual o(x) bond strengths

between nearest neighbor sites, next-nearest neighbor sites,
the intrinsic SOC strengths, respectively, Pia,; (Pib,) and
p;-’a[j (pi',b,-,) are the projections of {p,, p,} orbitals parallel
and perpendicular to the bond direction a;; (b;;) for the first
(second) nearest hopping, respectively [68], s, = *refersto
spin-up and spin-down, (...) and {...)) are the summations
for the nearest and next-nearest neighbors, respectively. In
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FIG. 2. (a) The electronic band structures along armchair (left
panel) and zigzag (right panel) edges. The solid and dashed
curves represent the edge state dispersions with and without in-
plane magnetic field. (b) The relative energies of Dirac points
AEpp = Epp(0) — Epp(7/2) (the black dashed curve) and the
edge state gap (the blue curve) as a function of the edge cut
directions with the magnetic field along the x direction (black
arrow). (c) The gap at the zigzag (blue curves) and armchair edges
(red curves) as a function of the in-plane magnetic field directions
with different amplitudes. (d) The wave function plot with its
eigenvalue closest to zero. The black arrow indicates the
magnetic field direction.

12 = —0.15 eV, 1¥) = —0.05 eV, A, = 0.435 eV accord-
ing to Ref. [62]. The system has time-reversal symmetry
protected by gapless helical edge states [black dashed curves
in Fig. 2(a)]. As the second nearest neighbor hopping
breaks the “particle-hole” symmetry (the symmetric band
dispersion between conduction and valence bands), the
energies of Dirac points, Epp, at armchair and zigzag edges
are different, which is normally the case for the real situation
[62]. The Epp shows a C; rotational symmetry [black dashed
curves in Fig. 2(b)].

We now consider applying a uniform in-plane magnetic
field into the system. The Zeeman splitting under an in-
plane magnetic field in both bismuthene and silicene
systems takes the form Ms) [68], which in general is
expected to open a gap, referred to as a Zeeman gap, for the
helical edge states along any edge directions because it
breaks time-reversal symmetry and couples the states with
opposite spin along the z direction. Here s implies the spin
along the in-plane magnetic field direction. We find that the
helical edge states at the zigzag edge acquires a finite gap
A, with the amplitude approximately equal to the Zeeman
splitting energy. On the other hand, the Zeeman gap at
armchair edge, A,, is very small, the ratio A,/M < 1072
which are similar with the previous study in either silicene
[74] or bismuthene [75] without breaking “particle-hole”
symmetry. Remarkably, we find that the quasimetallic state
at armchair edge is also robust against breaking the
“particle-hole” symmetry. The Zeeman gap and its gap
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center are plotted in terms of the edge direction given the
magnetic field along the x direction and show high
anisotropy with a periodicity of z/3 [Fig. 2(b)], which
reflects the C; symmetry of the Hamiltonian [Eq. (1)]. We
further explore whether the magnetic field direction affects
our results. In Fig. 2(c), we plot the Zeeman gaps of the
zigzag (armchair) edge in the blue (red) curves as a function
of the magnetic field direction. For all directions, the
Zeeman gap at the zigzag edge takes the value around
the Zeeman splitting energy while the armchair edge
remains almost gapless. Thus when the zigzag edges are
insulating, the armchair edges always behave like a one-
dimensional (1D) single channel metallic wire [Fig. 2(d)]
regardless of the in-plane magnetic field direction.

We further apply an uniform conventional s-wave and
spin-singlet superconducting gap function with gap ampli-
tude Ay into system. For simplicity, we take u to be the
Zeeman gap center at zigzag edges. But our results
generally remain valid for varying px [68]. In Fig. 3(a),
we plot the edge state gaps, A, and A_, as a function of the
superconducting gap A,. with a fixed M. For the armchair
edge, the previous metallic edge states are gapped with
A, ~ Ag. For the zigzag edge, the edge states undergo a
phase transition, from Zeeman dominated gap states to
superconductivity dominated gap states [Fig. 3(a)], as the
gap closes and reopens. In Figs. 3(b) and 3(c), we plot the
gap of the edge states at the armchair edge and zigzag edge,
respectively, as a function of superconducting gap ampli-
tude A, and the Zeeman splitting energy M. For the
armchair edge, the gap remains finite as long as A is finite,
and thus the gap A, is dominated by superconductivity
regardless of the strength of magnetic field. For the zigzag
edge, the gap is closed approximately at A,, = M and
reopened. As the superconducting gap function and the in-
plane Zeeman term commute, the edge states at Dirac point
are the eigenfunction of the superconducting matrix z,.
There are two negative energy edge states with eigenvalues
vi =v5=—1 for A, =M >0 and v; = —15 = —1 for
A, — M < 0. Meanwhile, the gap of the armchair edge
states is always dominated by the superconductivity so that
the two negative energy edge states always have eigenval-
ues 1§ =15 =—1. We thus can define a topological
invariant v = [[2_, v%/% [68]. For v = —1, the armchair
and zigzag edges are in two topologically different phases,
which implies that a single MZM exists at the corner
between these two types of edges. When the chemical
potential varies from the Zeeman gap center at the zigzag
edge, the MZM is still robust as long as the edge gap is not
closed [68]. In the Supplemental Material [68], we also
study the Wannier bands [27] of edge states as a function of
M /A, which has a sudden jump at the topological phase
transition of v. We found that the celebrated Kitaev spinless
p-wave model also has similar behavior by calculating the
logarithm of its Wilson loop. These results clearly reflect
the topological origin of our proposal. We further plot the
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FIG. 3. (a) The gaps for the zigzag and armchair edges as a
function of the superconducting gap A, with the in-plane
magnetic field, M/i, = 0.1, along the x direction. (b) and
(c) The color plot of the gap at the armchair and zigzag edges,
respectively, under the in-plane magnetic field and superconduct-
ing amplitudes. (d) The edge state gap as a function of the in-
plane magnetic field direction with M /A, = 0.1 and A /A, =
0.04. For this plot, we choose the armchair and zigzag edges
along x and y directions, respectively.

gaps at two edges as a function of the magnetic field
direction and found that the gap amplitudes on two edges
are independent of the magnetic field directions [Fig. 3(d)].
Thus our results are insensitive to the in-plane magnetic
field direction.

Majorana patterns.—As discussed above, our theory has
indicated the existence of MZMs at the corner between the
armchair and zigzag edges. Below, we will consider the
realization of these corners in the sample patterns of
polygons, particularly triangle patterns. As the whole
system only allows for an even number of MZMs, the
triangle can only support up to two MZMs at the two of its
three corners. For the honeycomb lattice, the angles
between the armchair and zigzag edges can take the values
/6, z/2, and 5z /6, while those between the same type of
edge are 7/3 and 27/3. We hope that three edges of the
triangle are either armchair or zigzag boundary and identify
two triangle configurations for this condition. One is an
obtuse isosceles triangle with the obtuse interior angle of
27/3 [Fig. 1(a)] and the other is a right triangle with one
acute interior angle of z/6 [Fig. 1(a)]. Due to the Cj
rotational symmetry of the honeycomb lattice, there are six
orientations for each triangle configuration as shown in
Figs. 1(a) and 1(b). We then calculate the eigenvalues of the
system with these two triangle configurations and found
that in the range 0 < A, < M, each of them support two
zero modes, shown in the insets of the Figs. 4(a) and 4(b).
The density plots of these two zero modes in the two
triangular patterns [Figs. 4(a) and 4(b)] show that they
separately locate at two of the three corners with the interior

156801-3



PHYSICAL REVIEW LETTERS 123, 156801 (2019)

(@) N (d)

' L ., > §
® |

(c)
<

<
I

FIG. 4. (a) and (b) The density plot of MZMs in Majorana
isosceles and right triangles. (c) Majorana triangles with the
edges have a 5° deviation from the armchair and zigzag edges,
respectively. (d) Y junction made from three Majorana isosceles
triangles. The black arrow indicate the in-plane magnetic field
direction. The insets plot the energies of the eigenstates.

—

angles of /6 for the isosceles triangle and with the interior
angles of #/6 and z/2 for the right triangle. We thus dub
these two triangle configurations as Majorana triangles. As
these Majorana triangles host only two MZMs, they are
topologically equivalent to the Majorana nanowire [1-4].
Importantly, because the applied in-plane magnetic field
direction will not affect the gaps at armchair and zigzag
edges, all the Majorana triangles on these six orientations
can have MZMs under the same in-plane magnetic field.
Note that the local single MZM is topologically stable and
does not require additional symmetry, we rotate the
Majorana triangle by 5° and the spatially separated
MZMs are still stable even there is no symmetries at each
edge. All these features have the advantage of realizing
more complex Majorana structures. In Fig. 4(d), we
construct the Y junction, which is proposed to realize
Majorana braiding [76-80]. The density plot and the
eigenvalue calculations show that there are four MZMs
in these constructions that are well separated from each
other. The additional two modes with the eigenenergies are
closer to zero than the other excited states are from the
coupled Majorana bound states at the center of the Y
junction. The color bar with the logarithmic scale shows
that they are well separated from the four MZMs in the
energy space. Importantly, it should be noted that this Y
junction is realized under the uniform in-plane magnetic
field. Note that the MZM at each corner is protected by
topology; the slight symmetry broken by Rashba SOC does
not affect the robustness of the MZM at all.

Magnetic gap at the armchair edge.—We here analyze
the gap anisotropy based on the edge theory. At the Dirac
point with k, = 0, which only contains ¢, and o, [68], the
edge states for the semi-infinite system with y € (—o0,0)
generally take the form

LPn:l.Z(y) = NSin<ay)eﬂy)(n:1,29
n=Melo,=1. =)@l =-1). (2)

with a and f being the wave vector and the decay rate of the
edge states. Here y; and y, are time-reversal partners.
Noted that this form of the helical edge state is not by
accident, but enforced by the mirror symmetry. This is
because the nearest neighbor hopping term conserves spin
and thus can be only proportional to 6,5y and 6,s.
Meanwhile, along the armchair edge, it also respects the
mirror-x symmetry (M, = is,0,), so that the nearest hop-
ping term for the zigzag edge can be only proportional to
o.5o [68]. In addiction, the SOC term is always propor-
tional to o,s,. Thus the helical edge states at k, = 0 must
take the form of Eq. (2) [68]. We then project the 1D
Hamiltonian along y direction with finite k, [68] into the
two-dimensional basis W, e’** and get the effective edge
state Hamiltonian [68]

V3w, . 3
Hedge = _Tti(Tpkxsz - EIE})’ (3)

with § acting on the (¥,,%,)"T basis. Note that
(Vi|Moys)|¥;) =0 for all i =1, 2 and j =1, 2, the in-
plane magnetic Zeeman term completely vanishes in the
effective edge Hamiltonian. We found that for the edge
states in Eq. (2), only the antiferromagnetic term such as
o.s| can directly open a gap while the ferromagnetic term
oos)| can not. The in-plane magnetic field lead to ferro-
magneticlike Zeeman splitting [68] and thus cannot open a
gap at the armchair edge. On the other hand, the anti-
ferromagnetic term can come from the magnetic field
fluctuation. Note that this analysis holds for all the armchair
edges with the in-plane ferromagnetic or antiferromagnetic
terms in all directions. Although the antiferromagnetic term
can open a gap in both armchair and zigzag edges, the
Majorana corner states still remain robust because when the
chemical potential is inside the zigzag edge state gap, it is
away from the Epp at armchair edge so that the armchair
edge are always superconducting. Thus, the Majorana
corner states remain even in the presence of the in-plane
antiferromagnetic term [68], and thus it is robust against the
inhomogeneity of the magnetic field. We also find that the
weak spin-independent disorder will not affect the wave
function forms of y; and y,. Thus our results remain valid
against weak spin-independent disorder [68].

Conclusion and discussion.—In conclusion, we propose
to realize the second order TSC in the D class and the
corner MZMs based on 2DTI under a uniform in-plane
magnetic field and in proximity to s-wave superconductors.
Our scheme is shown with the realistic bismuthene model
but also valid for other 2DTI model such as silicene,
germanene, and stanene, and may have the advantage in
constructing Majorana networks. For the monolayer NbSe,
superconductor, the superconducting gap is about 0.5 meV
and the in-plane critical field can be as large as 27T [81].
For the in-plane magnetic field of 10T with the g factor
g = 2, the Zeeman splitting energy is about 1.2 meV. As the
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single MZM is topologically robust against the local
perturbation, we show that our results hold even in the
presence of various perturbations. So our proposal maybe
realized under the reasonable material parameters.
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