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We report a measurement workflow free of systematic errors consisting of a reconfigurable photon-

number-resolving detector, custom electronic circuitry, and faithful data-processing algorithm. We achieve

an unprecedented accurate measurement of various photon-number distributions going beyond the number

of detection channels with an average fidelity of 0.998, where the error is primarily caused by the sources

themselves. Mean numbers of photons cover values up to 20 and faithful autocorrelation measurements

range from g(2> =6x 1073 t02. We successfully detect chaotic, classical, nonclassical, non-Gaussian, and

negative-Wigner-function light. Our results open new paths for optical technologies by providing full

access to the photon-number information without the necessity of detector tomography.
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The probability distribution of the number of photons in
an optical mode carries a great deal of information about
physical processes that generate or transform the optical
signal. Along with modal structure and coherence, the
statistics provides a full description of light. Precise
characterization of photon statistics is a crucial requirement
for many applications in the field of photonic quantum
technology [1], such as quantum metrology [2,3], non-
classical light preparation [4,5], quantum secure commu-
nication [6], and photonic quantum simulations [7,8].
Measurement of statistical properties and nonclassical
features of light also represents enabling technology for
many emerging biomedical imaging and particle-tracking
techniques [9-11]. Statistical correlations are routinely
applied to quantify the nonclassicality of light [12,13].
Obtaining photon statistics requires repeated measurements
using a photon-number-resolving detector (PNRD). The
important parameters of PNRDs are dynamic range, speed,
and accuracy.

The main result of our Letter is a photon-statistics
retrieval method based on expectation-maximization
entropy and implemented in a PNRD design that is virtually
free of systematic errors. Our results show unprecedented
accuracy across dozens of tested optical signals, ranging
from a highly sub-Poissonian single-photon state to super-
Poissonian thermal light with non-negligible multiphoton
content up to n = 30. The accuracy is achieved despite
leaving all systematic errors uncorrected and operating with
raw data. The proposed method also provides faithful g(z)
values [14] for states, where the commonly used Hanbury
Brown—Twiss measurement would fail due to high multi-
photon content [15].

We demonstrate the accuracy of the reported PNRD by
performing photon-statistics measurements for many dif-
ferent states of light, from which 25 states are shown in
Fig. 1, covering various mean photon numbers and ¢
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values. Furthermore, the reconfigurability of the presented
PNRD also allows for direct measurement of correlation
functions and nonclassicality witnesses [5,16].
Contemporary PNRD technologies all rely on multi-
plexing with the exception of transition-edge detectors
[4,17] that require temperatures below 100 mK, offer rates
of 10-100 kHz, and suffer from range-versus-cross-
talk compromise. Photon-number resolution using a single
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FIG. 1. The autocorrelation ¢(® evaluated from the measured
photon statistics (solid marker) and the corresponding ideal
statistics (empty marker) of various optical signals with mean
photon number (n) [14]. Shown are the coherent states with
¢® =1 (blue triangle up), thermal states (also termed chaotic
light) with ¢@ =2 (red circle), My,-mode thermal states with
My, = 1,2,4,10 (violet triangle down), and m-photon-subtracted
thermal states for m = 0, 1, 2, 3 (black circle). The cases of
M, = 1 and m = 0 coincide with the thermal state. Furthermore,
the emission from a cluster of N, single-photon emitters is shown

for N, = 1,....9 with ¢® =1 - 1/N,.
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(a) Experimental setup of the PNRD based on a discrete optical network with full reconfigurability and continuous tunability

of splitting ratios, pulse-height spectrum of the analog output of the detector, and scheme of photon-statistics retrieval. Measured (blue
bars) and the corresponding theoretical photon statistics (green dots) for (b) thermal state with (n) = 4.93(4), (c) two-photon-subtracted
thermal state, (d) single-photon, and (e) heralded nine-photon state that emulates emission from a cluster of single-photon emitters.
(Inset) Wigner function evaluated from the measured statistics. Note that the data agree with theory even beyond the number of channels

of the PNRD (ten).

superconducting nanowire single-photon detector is also
possible, but suffers from significant cross talk [18].

The multiplexing approach is based on dividing an input
optical signal into multiple on-off detectors [19,20]. Many
schemes of temporal and spatial multiplexing have been
reported using bulk on-off detectors [21-25], integrated on-
off pixels [26-31], or even a few photon-number-resolving
detectors [4,32]. Though being economical in respect to the
number of on-off detectors employed, the temporal multi-
plexed scheme trades off a decrease of the detector speed
for an increase in a number of the detection channels.
Decreasing the losses and the balancing of temporal
multiplexors require a great deal of optimization [33] or
even active signal switching [25]. On the other hand,
multiple-pixel PNRDs typically suffer from strong cross
talk effects, which demands an extensive characterization
of the detector [34] and advanced numerical postprocessing
to correct for the imperfections [28,30]. Also, the multi-
pixel detectors offer very limited reconfigurability and
complicate channel balancing. Recent on-chip integration
of independent on-off cryogenic detectors represents a
promising direction [29,31,35], which has yet to be tested
for various classical and, particularly, nonclassical sources.

The reported photon-number-resolving detector is based
on spatial multiplexing of the input photonic signal by a
reconfigurable optical network as depicted in Fig. 2(a). The
multiport network consists of cascaded tunable beam
splitters composed of a half-wave plate (HWP) and a
polarizing beam splitter (PBS), which allow for accurate
balancing of the output ports or, if needed, changing their
number so there is no need to physically add or remove
detectors. The whole network works as a one-to-M splitter
balanced with the absolute error below 0.3%. To measure
the multiplexed signal, we use single-photon avalanche

photodiodes (SPADs) with efficiency close to 70%, 250 ps
timing jitter, and 25 ns recovery time. The electronic outputs
of the SPADs are summed by a custom coincidence logic
while keeping the individual channels synchronized.
Alternatively, the output can be visualized using an oscillo-
scope, see Fig. 2(a). Each of the resulting M + 1 distinct
voltage levels corresponds to the particular number of m-fold
coincidences. Repeated measurements give rise to click
statistics. Full technical details are given in the
Supplemental Material [36], including a discussion of
processing electronic signals from single-photon detectors.

It is important to stress here that the PNRD operates in
real time and yields a result for every single input pulse
with a latency (input-output delay) lower than 30 ns,
including the response of the SPADs, which also allows its
application as a communication receiver, quantum dis-
crimination device, or for a feedback operation. The use of
independent detectors and well-balanced coincidence cir-
cuitry completely removes any cross talk between the
histogram channels, see Fig. 2(a). The effects of dark
counts and afterpulses are virtually eliminated by operat-
ing the detector in the pulse regime with the repetition rate
below 5 MHz. The period between individual measure-
ment runs can be ultimately decreased to be only slightly
longer than the recovery time of the constituent single-
photon detectors, provided that afterpulsing is low enough.
Furthermore, differences in SPAD efficiencies and other
optical imperfections or imbalances of the PNRD can be
arbitrarily compensated by adjusting the splitting ratios of
the optical network. The result is a balanced multiplex with
an overall efficiency 7. This means that all systematic
errors are eliminated either by design or by a sufficiently
precise adjustment, independent of constituent detectors
employed.
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For a balanced M-channel PNRD with efficiency #, the
probability of m channels clicking upon the arrival of n
photons is

AR (™ (m — j)m\"
G = () (") (= 200"
m ; Jj M
(1)
is then determined by the photon

The click statistics ¢,
statistics p,, [19,20,23],

Cm = Zcmnpn' (2)

Finding the photon statistics p,, n=0,..., 00, that
satisfies the system of equations (2) for a measured click
statistics ¢,,, m = 0, ..., M, represents the core problem of
photon-statistics retrieval. This generally ill-posed problem
suffers from underdetermination and sampling error.
Fortunately, we have additional constraints facilitating
the retrieval; i.e., the photon-number probabilities are
non-negative, normalized, and typically non-negligible
only within a finite range.

Here we present a novel approach, termed the expect-
ation-maximization-entropy (EME) method, based on an
expectation-maximization iterative algorithm weakly regu-
larized by a maximum-entropy principle. The initial zeroth
iteration is uniform; pﬁlo) = 1/(npax + 1) for sufficiently
large np,, > (n). Each subsequent iteration is

P 0 i P — SO, ()
——Cn» K = prn’ Inpy’.
m=0 Z ijpj ) n=0

(4)

Here the superscript (k) denotes the k th iteration. Each

iteration is evaluated for n =1, ..., ny,,. The Hﬁ,k) is a
function of the measured click statistics c¢,, and the
efficiency # determined by a separate measurement. S*)
is a negative von Neumann entropy. The parameter 4 scales
the entropy regularization relative to the likelihood maxi-
mization; we use a fixed value of 1073 for all the photon
statistics. The process is stopped when two subsequent
iterations are practically identical. The retrieved statistics
does not change for different initial iterations. The deriva-
tion of the algorithm is given in the Supplemental
Material [36].

To show the accuracy and the robustness of the novel
EME method, a numerical analysis was performed for 25
various photon statistics with different mean photon
numbers. We compared the EME method with other
frequently used algorithms—direct inversion and the
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FIG. 3. A numerical analysis of EME total variation distance A.

With more measurement runs R, the statistical error in the data is
lower and the EME result approaches the true photon statistics
despite the limited number of channels M = 10. Here shown are
coherent state with (n) = 10 (blue triangle up), thermal state with
(n) =S5 (red circle), N ,-photon cluster with N, =1 (green square),
and N, = 9 (green thombus) for a single value of 4 = 1073, The

gray area illustrates the observed scaling (0.25/v/R-14/+/R.)

expectation-maximization (EM) method based on likeli-
hood maximization. EME was found to be a unique
estimator that guarantees non-negativity and the absence
of numerical artifacts in the retrieved photon statistics.
Total variation distance A =5, |p, — pi*¢|/2 between
the retrieved distribution and the true one is on the order of
~1073, one order of magnitude smaller than in the case of
direct inversion and maximum-likelihood approaches.
Numerical simulations yield average fidelity values F =
0.9996 using the EME algorithm and F = 0.997 using the
maximum—likelihood approach. The fidelity, defined as

oA/ P pive)2 cannot be evaluated for direct
1nver51on due to negative values of estimated photon
statistics.

In Fig. 3, we show by numerical simulation that the
results of the EME algorithm approach the respective
theoretical expectations as more data are acquired. This
means that, despite a limited number of channels M = 10,
the chief source of error is the sampling error. We also
verified that A stays the same if both the mean number of
photons and the number of channels are doubled.
Therefore, EME scales well to high photon numbers
considering limited experimental resources. The precision
of the photon-statistics retrieval can be further increased by
optimizing over multiple parameters, such as M, A, n,,,x, or
iteration cutoff. Eventually, A becomes limited by machine
precision and computation time. The analysis of the
complex interaction of these parameters will be the subject
of further research. We also found that the EME conver-
gence is 10-1000x faster than the plain EM approach (see
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TABLE 1. The comparison of EM and EME results for the measured data. Coherent state (n) = 4.95(2), thermal state (n) = 4.93(4),
two-photon-subtracted thermal state () = 5.77(2), single-photon state N, = 1, and nine-photon cluster N, = 9. Both fidelity F and
total variation distance A are shown. Standard deviations are evaluated by repeating the measurement and data processing ten times. The
large distances observed for EM stem from overfitting the ill-posed problem. This is discussed in the Supplemental Material [36].

Coherent Thermal Two-photon-subtracted thermal Single photon Nine-photon cluster
EM EME EM EME EM EME EM EME EM EME
F 0.6(1) 0.9984(9) 0.69(2) 0.9978(5) 0.90(1) 0.9990(4) 0.99394(2) 0.999 12(1) 0.5467(2) 0.999 30(2)
A 0.50(9) 0.002(9) 0.35(1) 0.033(3) 0.21(1) 0.019(6) 0.074 24(1) 0.00088(1) 0.1752(5) 0.00407(1)

the Supplemental Material [36]), while yielding signifi-
cantly better results.

In our experimental demonstration, we used a balanced
ten-channel configuration of the detector. We analyzed
coherent states, thermal states, multimode thermal states,
single-photon and multiple-photon-subtracted thermal
states, and nonclassical multiphoton states. Furthermore,
we have varied the mean number of photons, the number of
modes, and the number of subtracted or superimposed
photons. For each retrieved photon statistics we computed
(n), g, and other quantities presented in detail in the
Supplemental Material [36].

The measurements were performed using 1-ns-long
optical pulses with the repetition rate of 2 MHz. We
prepared the initial coherent signal by using a gain-
switched laser diode at 810 nm. The resulting coherent
pulses measured by the PNRD show almost perfect
Poissonian statistics with ¢ =1 up to (n) =20 with
average fidelity F = 0.996 and total variation distance
A =24 x 1073, The thermal state is generated by temporal
intensity modulation of the initial coherent light by a
rotating ground glass. The scattered light is collected using
a single-mode optical fiber. We measured almost ideal
Bose-Einstein photon statistics depicted in Fig. 2(b) with
g® =2 up to (n) =5, (An?) =30 with F = 0.997 and
A =24 x1073. We varied the number of the collected
thermal modes, which yielded a signal governed by
Mandel-Rice statistics, going from Bose-Einstein to
Poisson distribution as the number of modes increased.
Multiple-photon subtraction from the thermal state was
implemented using a beam splitter with a 5% reflectance.
When a (multi)coincidence was detected by a multichannel
single-photon detector in the reflected port, the heralded
optical signal in the transmitted port was analyzed by the
reported PNRD. A typical result of two-photon subtraction
is shown in Fig. 2(c). Increasing the number of subtracted
photons results in a transition from super-Poissonian
chaotic light to a Poissonian signal [90,91]. Furthermore,
we generated multiphoton states by mixing incoherently
several single-photon states from spontaneous parametric
down-conversion using time multiplexing. N, successive
time windows, where a single photon was heralded, were
merged into a single temporal detection mode. This source

emulates the collective emission from identical indepen-
dent single emitters [5,9,11]. The resulting photon statistics
measured for these highly nonclassical multiphoton states
corresponds extremely well to the ideal attenuated N -
photon states, see Figs. 2(d) and 2(e) for N, = 1 and 9 with

F=0.999 and A =3x1073. Also the ¢® parameter
computed from the measured photon statistics perfectly
agrees with the theoretical model 1 —1/N, see Fig. 1.

We utilize fidelity and total variation distance to compare
the measured distribution with the ideal one. The worst
and the best fidelities £ = 0.985 and 0.9999 are reached
across all the tested sources with average fidelity being
F = 0.998. The average distance is A = 17 x 1073 for all
the tested sources. For detailed data and comparison to
plain EM, see Table I and the Supplemental Material [36].
The errors of EME are caused by slight imbalances of
splitting ratios in the PNRD, variations in PNRD efficiency
n, and imperfections of the tested sources, which renders
the actual accuracy of the PNRD even higher. Particularly,
accurate preparation and characterization of thermal and
superchaotic states are highly nontrivial tasks subject to
ongoing research [13,92-94].

To conclude, we have reported a fully reconfigurable
near-ideal photon-number-resolving detection scheme with
custom electronic processing and a novel EME photon-
statistics retrieval method. The PNRD design is free of
systematic errors, which are either negligible or can be
arbitrarily decreased by the user. We have demonstrated
exceptional accuracy of detected photon statistics that goes
beyond the conventional limit of the number of PNRD
channels. We measured dozens of various photonic sources
ranging from highly nonclassical quantum states of light to
chaotic optical signals. The results were obtained from raw
data with no other processing than EME and without any
demanding detector characterization. Despite uncorrected
systematic errors and significant variability of the input
signal, our approach shows superior fidelity across the
board with typical values exceeding 99.8% for mean
photon numbers up to 20 and the ¢'*) parameter reaching
down to a fraction of a percent. Though having been
demonstrated with common single-photon avalanche diodes,
the reported measurement workflow is independent of the
detection technology and can accommodate any on-off
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detectors. Furthermore, the multichannel scheme allows for
straightforward on-chip integration. Therefore, further
improvements in speed, efficiency, and compactness can
be expected using superconducting single-photon detectors
[26,29,31] coupled with waveguide technology [95-97].
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