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From detailed spectroscopy of 110Cd and 112Cd following the βþ/electron-capture decay of 110;112In and
the β− decay of 112Ag, very weak decay branches from nonyrast states are observed. The transition rates
determined from the measured branching ratios and level lifetimes obtained with the Doppler-shift
attenuation method following inelastic neutron scattering reveal collective enhancements that are
suggestive of a series of rotational bands. In 110Cd, a γ band built on the shape-coexisting intruder
configuration is suggested. For 112Cd, the 2þ and 3þ intruder γ-band members are suggested, the 0þ3 band is
extended to spin 4þ, and the 0þ4 band is identified. The results are interpreted using beyond-mean-field
calculations employing the symmetry conserving configuration mixing method with the Gogny D1S
energy density functional and with the suggestion that the Cd isotopes exhibit multiple shape coexistence.
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The shape of a nucleus is one of its most fundamental
properties, and its exploration across the nuclear landscape
provides insight into the mechanisms underlying how
protons and neutrons are organized. Unlike atomic systems,
which are exclusively spherical due to the 1=r potential
generated by the pointlike nucleus, nuclear shapes can be
complicated because the potential is generated by the
nucleons themselves. Minima in the total energy can be
found for shapes that include spherical, axially symmetric
prolate- or oblate-deformed ellipsoids, axially nonsymmet-
ric (triaxial) ellipsoids, etc. Unlike other finite-bodied
quantum-mechanical systems, a nucleus can exhibit differ-
ent shapes for individual states, i.e., shape coexistence.
Shape coexistence, for which the most common form is

the appearance of two distinct shapes, was long viewed as a
rare and exotic phenomenon but has now been discovered
spanning the nuclear chart (see, e.g., Ref. [1] for a recent
review). Typically, the coexisting shapes are associated
with a weakly deformed, and often spherical, ground state
and a more deformed excited state upon which rotational
states can be built. The reason that this form of shape

coexistence is the most prevalent is related to the fact that it
is usually easier to identify a rotational band in a region of
low level density of excited states (built on a spherical
ground state) than vice versa. Since the driving mechanism
behind the development of deformation is the strong
proton-neutron quadrupole-quadrupole interaction at (or
near) closed major shells, where the number of valence
particles is zero (or small), the ground states have spherical
(or weakly deformed) shapes, and the mechanism behind
shape coexistence is often described as involving the
promotion of pairs of particles across the large energy
gap to orbitals above the shell closure. While the energy
required to promote a pair of particles can be high, this may
be offset by the gain in energy that arises from correlations,
especially those associated with pairing, the neutron-proton
interactions, and quadrupole deformation.
It is in the vicinity of closed major shells where the

greatest abundance of shape-coexisting states have been
sought and observed; an example of this occurs in the Sn
region with its Z ¼ 50 closed proton shell [1,2]. The first
nuclei in this region to be considered as candidates for
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shape coexistence were the midshell Cd nuclei; the
presence of a deformed band was experimentally esta-
blished in 110Cd in Ref. [3]. The shape-coexisting states
were labeled as intruder excitations, and they reach a
minimum in excitation energy at the neutron midshell at
N ¼ 66 (114Cd). Systematic studies of the even-even Cd
isotopes focused largely on the vibrational aspects and the
shape-coexisting intruder bands (see Refs. [1,2,4] for
reviews).
Examples of multiple shape coexistence, where three or

more distinct shapes occur, are rare, with the best examples
to date in the Pb isotopes [1]; with 186Pb [5] as its epicenter,
they are believed to possess prolate, oblate, and spherical
states at low excitation energy. In the present Letter and the
accompanying article [6], we suggest the possibility of
multiple shape coexistence occurring in the Cd isotopes.
This novel view of the structures of the Cd nuclei arises from
detailed spectroscopy of highly nonyrast states combined
with state-of-the-art beyond-mean-field (BMF) calcula-
tions. Unlike the Hg-Pb region, where the suggested triple
shape coexistence occurs far from stability and presents
extreme challenges to experimental study, detailed studies
can be made of shape coexistence in the stable Cd isotopes.
To study the excited states in 110;112Cd, we employed both

β decay and the ðn; n0γÞ reaction. The βþ/electron-capture
decays of 110;112In and β−-decay of 112Agwere studied at the
TRIUMF-ISAC facility, where mass-separated beams of
spallation products were deposited at the center of the 8π
spectrometer [7], which consisted of 20 high-purity Ge
detectors with bismuth germanate Compton-suppression
shields. Cycling of the beam deposition and tape movement
was used to emphasize the decays of interest. For the
mass 110 decay experiment, the beam delivered to the 8π
spectrometer consisted of 1.2 × 107 s−1 of 110Ing (Iπ ¼ 7þ,
t1=2 ¼ 4.9 h) and 1.7×106 s−1 of 110Inm (Iπ ¼ 2þ

t1=2 ¼ 1.15 h). The results presented herein represent an
extension of thework reported in Ref. [8], which focused on
the decays of the lower-lying states. For the mass
112 decay measurement, an earlier experiment [9] was
repeated and, while the ion beam rates were the
same [7.5 × 106 s−1 of 112Inm (t1=2 ¼ 20.6 min, Iπ ¼ 7þ),
2.3 × 106 s−1 of 112Ings (t1=2 ¼ 15 min, Iπ ¼ 1þ), and
4.8 × 105 s−1 of 112Ag (t1=2 ¼ 3.1 h, Iπ ¼ 2ð−Þ], the beam
collection and decay times were altered in order to enhance
the Ag decay in the data and minimize the background,
resulting in a significant increase in sensitivity to 112Ag
decay γ rays. Additional details can be found in Refs. [6,8].
Figure 1 displays selected results from the two decay

experiments, with partial level schemes displayed in Figs. 2
and 3. The top panel of Fig. 1 shows a partial spectrum of γ
rays in coincidence with the 1630 keV γ ray, corresponding
to the 2þ4 → 2þ1 transition in 110Cd where the presence of a
418 keV γ ray can clearly be seen. This γ ray is assigned
as the 2706 keV (4þ5 ) → 2287 keV (2þ4 ) transition. The

branching for this transition, 0.56(4)%, is determined using
the gating from the below method [6,8]. The 4þ assignment
is confirmed from the observed decay of the 2706 keV state
and its feeding from the 3240 keV 6þ level. Lifetimes for
levels in 110Cd are generally taken from Ref. [8] or
Ref. [10]. Those for the 2287 keV 2þ, 2706 keV 4þ,
and 2927 keV 5þ states were determined via the Doppler-
shift attenuation method following inelastic neutron scat-
tering using the methods and procedures of Ref. [11], with
the Doppler-shift data displayed in Ref. [6]. The reanalysis
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FIG. 1. Selected results from the present Letter for 110Cd (top)
and 112Cd (bottom). (Top) Portions of the γ-ray spectrum in
coincidence with the 1630 keV γ ray (the 2þ4 → 2þ1 transition) in
110Cd. The 418 keV γ ray is assigned to the decay of the 2706 keV
level (the 4þ5 → 2þ4 ) transition. (bottom) Portion of the spectrum
in coincidence with the 1253 keV γ ray (the 0þ4 → 2þ1 transition)
in 112Cd. The weak 285 keV γ ray assigned to the decay of the
2156 keV level (2þ5 → 0þ4 transition) is shown in the inset.
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55� 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059�0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77�30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
Upper limits result from lower limits for the level lifetimes, or
unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
extracted for protons (π) and neutrons (ν) for the 0þ states are
indicated.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51� 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81� 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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These results can be placed in the context of very recent
Monte Carlo shell model (MCSM) calculations performed
for the Sn isotope chain [21]. The Sn isotopes were long
considered to be spherical and their structure described in
the generalized seniority scheme [22,23]. However, the
generalized seniority scheme does not reproduce the
observed bump in the BðE2; 2þ1 → 0þ1 Þ values between
N ¼ 52 and N ¼ 64, nor did conventional shell model
calculations [see, e.g., Fig. 2(a) of Ref. [21] ]. By employ-
ing the MCSM, and keeping the full sdg shell, as well as the
1h11=2, 2f7=2, and 3p3=2 orbits, the trend in the BðE2Þ
values was reproduced accurately. It was shown that the
breaking of the Z ¼ 50 core is significant, especially for the
1g9=2 → 2d5=2 excitation, and this gives an enhancement to
the E2matrix element. Further, when the ground state wave
functions were analyzed using the so-called T plots, already
at 104Sn significant deformation had emerged until N ¼ 66
was reached, at which point the seniority-zero states begin
to dominate, and nearly spherical shapes are predicted due
to a gradual widening of the Z ¼ 50 shell gap as the
neutron number increases [21]. At N ¼ 62, the average
number of proton holes is ≈0.5 in the π1g9=2 orbit [21]. In
110;112Cd, the BMF calculations predict an average proton
ground state occupancy to be πð0.9p2.9hÞ, rather than the
πð0p2hÞ that would result from a spherical Hartree-Fock
calculation. The intruder band based on the 0þ2 state, which
is strongly populated in the Pdð3He; nÞ two-proton transfer
reaction [24], is calculated to have average occupancies of
πð3.8p5.8hÞ in 110Cd and πð3.2p5.2hÞ in 112Cd, suggesting
that the ground states of the Pd isotopes possess a structure
more complicated that the πð4hÞ assumed for a spherical
configuration. Extensive Coulomb excitation experiments
[25] on the Pd isotopes yield ground state shape parameters
of β ¼ 0.24ð2Þ, and β ¼ 0.26ð1Þ for 108Pd and 110Pd,
consistent with a complicated πðphÞ structure.
The suggested presence of multiple shape coexistence

for the low-lying states in 110;112Cd provides an alternative
interpretation of the structures observed and opens a new
pathway for investigation of multiple shape coexistence in
nuclei. For example, they can be explored by using highly
sensitive Coulomb excitation and multinucleon transfer
reactions. Within the broader context, if further experi-
mental investigations confirm the multiple shape coexist-
ence hypothesis proposed herein, it would provide further
evidence that our view of the evolution of structure may
need to be fundamentally altered. Rather than proceeding
from spherical, closed-shell nuclei through a region of
spherical vibrators before encountering deformation, defor-
mation and shape coexistence may be confronted immedi-
ately, even at the closed shell. This is in-line with the recent
MCSM results for the Sn isotopes [21] and also in the Ni
isotopes (see, e.g., Refs. [26–28]), where indications of
shape coexistence from experiment have been known for
some time, and both the Monte Carlo and large-scale

phenomenological shell model calculations predict a sim-
ilar scenario of excitation from the closed shells.
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