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Beryllium has recently been discovered to harbor a Dirac nodal line (DNL) in its bulk phase and the DNL-
induced nontrivial surface states (DNSSs) on its (0001) surface, rationalizing several already-existing
historic puzzles [Phys. Rev. Lett. 117,096401 (2016)]. However, to date the underlying mechanism as to why
its (0001) surface exhibits an anomalously large electron-phonon coupling effect (1; ;, ~ 1.0) remains
unresolved. Here, by means of first-principles calculations, we show that the coupling of the DNSSs with the
phononic states mainly contributes to its novel surface e-ph enhancement. Besides the fact that the
experimentally observed 4; ,, and the main Eliashberg coupling function (ECF) peaks are reproduced well in
our current calculations, we decompose the ECF a? F(k, ¢; v) and the e-ph coupling strength A(k, q; v) as a
function of each electron momentum (k), each phonon momentum (g), and each phonon mode (v),
evidencing the robust connection between the DNSSs and both *F (k,q; v) and A(k, g; v). The results reveal
the strong e-ph coupling between the DNSSs and the phonon modes, which contributes over 80% of the /Ij_ph
coefficient on the Be (0001) surface. It highlights that the anomalously large e-ph coefficient on the Be (0001)
surface can be attributed to the presence of its DNL-induced DNSSs, clarifying the long-debated mechanism.
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The class of topological Dirac nodal line semimetals
(DNLs) [1-59] exhibits fully closed lines around the Fermi
level due to the continuously linear crossings of the bulk
energy bands. If a DNL is enforced by the inversion (P) and
time-reversal (7)) symmetry without the spin-orbit coupling
(SOCQ), in the region inside of the DNL in k-lattice momenta,
the occupied bands exhibit a z Berry phase along the normal
direction of the DNL. The projection of the DNLs onto a
certain surface would result in a closed ring, in which the
topologically protected DNL-induced nontrivial surface
states (DNSSs) occur. Usually, the DNSSs are not strictly
flat drumheadlike states, with some certain dispersions upon
interaction energies and details of specified surfaces of real
DNL materials [38,41]. Although topological protection of
the drumhead surface states is not necessarily guaranteed, the
bound surface charge per unit momentum squared is always
present within the projected interior of the DNL, even in the
strongly particle-hole broken limit [38,41,44] due to the
quantized polarization in bulk states. These kinds of exotic
band structures render various novel properties. In addition
to the common DNSSs-induced high electronic density
around the Fermi energy, there are still giant surface
Friedel oscillations [5], flat Landau levels [58], long-range
Coulomb interaction [59], special collective modes [23], flat
optical conductivity [27-30], giant magnetoresistance and
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mobility [26], and an unconventional enhancement of
effective mass [31], as well as a potential route to achieve
high-temperature superconductivity [20-22] and catalytic
candidates [49], and so on.

Recently, we have found that bulk Be metal, crystallizing
in the hexagonal P6;/mmec space group, hosts the DNL at
its k, = O plane of the BZ surrounding the centered I" point
due to the band inversion between Be s- and p.-like orbits
[5]. The DNL in Be is protected by the PT symmetries with
extremely weak SOC, leading to a topological nontrivial z
Berry phase of the occupied bands in the region inside the
DNL along its normal direction [38,41] and the zero
monopole charge [39-41] (see Supplemental Material
text I and Fig. S1 [60]). Using the weak spin-orbit coupling
Fu-Kane topological invariant method [41], its Z, index has
been analyzed to be (1;0,0,0). Interestingly, this DNL-
induced DNSSs rationalize three already-existing historic
puzzles [61-68] of (i) the surface states observed by the
angle-resolved photoemission spectroscopy (ARPES)
experiments, (ii) the severe deviations of its surface
electronic structures from the description of the nearly
free electron picture, and (iii) the giant Friedel oscillations.
Although these three puzzles have been resolved, the origin
of its anomalously large electron-phonon (e-ph) coupling
strength on the (0001) surface still remains open.
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As early as 1998, the e-ph coupling strength on the Be
(0001) surface /Ig_ph was measured to be 1.15+0.1 or
1.18 £ 0.07 by the ARPES experiment [69,70], being
about 5 times the bulk Be value ﬂf_ph =0.24 [71,72].
On the basis of these measurements, the surface super-
conductivity was suggested to exist [69]. Subsequent
ARPES experiments reported that the /I‘Z_ph was in the
range from 0.6 to 1.18 [69,70,73-77], mainly because of
the anisotropic e-ph interaction on the Be (0001) " surface
states [78]. Furthermore, the reported low i‘;_ph = 0.6 [73]
was experimentally caused by surface oxygen contamina-
tion [78]. The known ab initio calculations for the e-ph
coupling on the Be (0001) surface did not reproduce the
measurements [78,79]. The early density-functional theory
(DFT)-derived Az—ph was 0.90 [75,80], which was thought to
be wrong [78] due to a programming error. The latest
ARPES experiments [79] even claimed that none of the
main experimental Eliashberg coupling function (ECF)
peaks in the low-frequency range was captured by the
previous calculations [75,80]. Therefore, these discrepan-
cies between experimental and theoretical findings would
also need to be urgently clarified.

Returning to the fact that bulk Be exhibits the DNL and
the DNL-induced DNSSs on its (0001) surface [5], we have
strongly suspected whether or not the DNSSs result in the
anomalously large e-ph coupling strength, because the
DNL perhaps facilitates new physical effects in the pres-
ence of interactions or strong correlations [41]. Here,
through first-principles calculations within the framework
of DFT [81,82], by employing the QUANTUM ESPRESSO
[83] code with the norm-conserving pseudopotential [84]
(Supplemental Material [60]), we have revisited the prob-
lem of the e-ph coupling strength of the Be (0001) surface
by establishing the connection of both the ECF o?F (k, q; v)
and the e-ph coupling strength A(k, ¢; v) with the DNSSs.
Remarkably, we have evidenced the strong e-ph coupling
of the DNSSs with the phonon modes, contributing over
80% of the 4;_,, of the Be (0001) surface. These results
confirm that the anomalously large e-ph coupling strength
on the Be (0001) surface is substantially ascribed to the
topologically protected DNSSs.

The DNL projection onto the Be (0001) surface forms a
closed ring surrounding I" in which the DNSSs appear, as
discussed in our previously published results [5]. Along the
K-I'-M paths in the surface BZ, these DNSSs [see SF-
bandl in Fig. 1(a)] disperse parabolically around the
centered I point, in nice agreement with the experimental
findings [61,63]. In addition, we have derived the surface
phonon dispersions [Figs. 1(b) and 1(d)] in nice agreement
with the experimental dispersions [61,62,64,73,74,78] and
the previous calculations [75,85]. Particularly, the highly
localized surface phonon mode [Rayleigh wave (RW)
mode [77]] in Fig. 2(b), dominated by the vibration of
the topmost atom along the surface normal, is soft and very
sensitive to the interplanar spacing between the first and
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FIG. 1. DFT-derived electronic band structure (a),(c) and
phonon dispersion (b),(d) of the Be (0001) surface. (a) The
surface electronic structures along the high-symmetric lines as
compared with available ARPES experimental data. (b) The
surface phonon dispersion along the high-symmetric lines as
compared with available experimentally observed surface phonon
dispersions. (c),(d) The surface (c) electronic and (d) phononic
densities of states (DOSs) in comparison with the total DOSs of
its bulk phase.

second topmost atomic layers. In comparison with its bulk
phase, the Be (0001) surface shows two apparent
differences: (i) the surface electronic DOS at the Fermi
level is much larger than that of the bulk phase due to the
DNSSs [Fig. 1(c)], and (ii) the two extra peaks at 10 and
11 THz occur in the surface phonon DOS, and the apparent
large peak is shifted to a higher frequency of 12.5 THz with
respect to that of its bulk phase [Fig. 1(d)].

We have derived the ECF o> F(w) and the e-ph coupling
strength A for both the bulk phase and the (0001) surface.
The obtained /If_ph = 0.254 for the bulk phase (see
Supplemental Material Fig. S2 [60]) and ﬂj_ph = 0.947
for the Be (0001) surface [Fig. 2(a)], in nice agreement with
the experimental data [0.24 for the bulk phase [71,72],
1.15£0.1 [69] and 1.18 £0.07 [70] for the (0001) sur-
face]. The previous calculations [75,80] did not correctly
reproduce the frequency ranges of the experimental ECF
peaks [78,79] in the low-frequency region along the I'-M
direction [Fig. 2(e)]. The conspicuous difference in the
ECF was the large peak in the previous calculation [75,80]
at about 10 THz, in which the experimental data exhibited a
valley [79]. Our current calculations reproduced well these
experimentally observed positions of ECF peaks in
Fig. 2(e). In order to elucidate whether the electronic
DNSSs have effects on the e-ph coupling strength on
the Be (0001) surface, we need to derive the ECF o’ F (w) at
the kK momenta where the DNSSs exist in the surface BZ.
Hence, we have decomposed the total ECF a?F(w) [86]
into the function of each electron momentum (k), each
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FIG. 2. DFT-derived ECF o?F(w) and the coupling strength 1
of the Be (0001) surface. (a) The total ECF and the total e-ph
coupling strength. (b) Forty-eight mode-resolved e-ph coupling
strengths A. The A values of Nos. 1-6, 16, and 29 modes are
highlighted, and the other 40 modes are plotted on a gray
background. (c),(d) The mode-resolved ECFs for eight selected
phonon modes [Nos. 1 (RW mode), 3, 5, and 29 modes in (c).
Nos. 2, 4, 6, and 16 modes in (d)]. (e) The derived ECF along the
I-M direction as compared with the ARPES-extracted data
multiplied with a factor of 3 for easy comparison [79] and
previous calculated data [80].

phonon momentum (g), and each phonon mode (v) in the
(0001) surface BZ as

PF(k.q:v) =Y |gg.(k.i. f)Po(es — € F wg,). (1)
if

where the term of g, , (k. i, f) is the so-called e-ph matrix
element, which represents the probability of electron
scattering from an initial electron state i with momentum
k to a final electron state f, interacted by a phonon with
momentum ¢ and a mode index ». This term can be derived
as follows:

gq,v(k’ iv f) = <¢i,k|6v‘slc’;|¢f,kiq>’ (2)

2Mw,

q.v

where M is the atom mass and 6V, is the gradient of the
self-consistent potential of the atomic displacements
induced by the phonon mode v with momentum ¢ [86].
In addition, the total e-ph coupling strength can be
decomposed into A(g; v) of each phonon momentum (g)
and each phonon mode (v) over all electron £ momenta in
the (0001) surface BZ as

dk &?F(k,q;v)
Mg;v) = 2/—7”, 3
(q ) QBZ N(ep)ha)q‘,, ( )

where N(ey) is the electronic DOS at the Fermi level and
Qg7 is the area of the surface BZ. In terms of Eq. (3), we
have first calculated mode-resolved A over all electron k and
phonon ¢ momenta in Fig. 2(b) to elucidate the effects of
phonon modes on 4} .. It can be seen that the six modes
(Nos. 1-6) in the low-frequency region and the two modes
(Nos. 16 and 29) in the high-frequency region substantially
contribute to the e-ph coupling strength [see Figs. 2(a)-2(c)
and Supplemental Material text IT [60] ]. The No. 1 soft RW
mode and No. 2 mode contribute the largest value to A.
Interestingly, we have even recognized that these eight
modes exhibit highly localized surface phonon states
[Fig. 1(b)].

In order to understand the e-ph coupling between the
DNSSs and the ECF (and thus /Ij_ph), we have further
derived the (g; v)-resolved A(q; v) values at each phonon
vibration v mode and at each phonon ¢ momentum through
Egs. (1) and (3) [see Fig. 3(a), Supplemental Material
Tables S1 and S2, and Fig. S3 [60] ]. The calculated ECFs
[see No. 1 mode in Fig. 3(b)] at the 2D closed circular &
momenta around the centered I" are anisotropic, and we
thus d_eri_ved il‘;_ph [Fig. 3(c)] along the directions rotating
from I'-M to I'-K (see Supplemental Material Fig. S3 [60]),
also evidencing the apparent anisotropy in nice agreement
with previous experimental findings [78,79].

Strikingly, the DNSSs exhibit the strong e-ph coupling
with the phonon modes. In particular, at the phonon
momentum ¢ = (1/3,1/3,0) [87] [Fig. 3(a)], their e-ph
couplings are much stronger than those at all the other 34
phonon ¢ momenta (corresponding to six symmetry-
inequivalent ¢ momenta in Supplemental Material
Table S1 and Fig. S4 [60]). In order to clearly visualize
how the DNSSs couple with these vibration modes, we
have plotted the mode-resolved ECFs for nine selected
vibration modes in the k momenta of the Be (0001) BZ at
q = (1/3,1/3,0) [87] in Fig. 3, including the aforemen-
tioned eight dominating Nos. 1-6, 16, and 29 modes
[Figs. 3(d)-3(k)] and the lowest contributed No. 31 mode
[Fig. 3(1)]. For the sake of convenient comparison, the
electronic Fermi surface is further plotted in Fig. 3(d) with
the aim of showing the exact k momenta where the DNSSs
appear. On the one hand, a closed circle surrounding the
centered " point exactly corresponds to the DNSSs, as
marked by the SF-band1 in Fig. 1(a) and, on the other hand,
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The (g; v)-resolved A and ECFs at the phonon K momentum ¢ = (1/3, 1/3,0) [87] on the Be (0001) surface. (a) The (g; v)-

resolved 4 and the number denotes the corresponding vibration mode (the dashed lines are just a guide to the eye). (b) The 3D plot of the
ECF of the No. 1 mode shows a strong anisotropic k-dependent feature. (¢) Anisotropic 4 along the directions rotating from I'-M to I'-K
by varying the angle relative to the I'-M direction. (d) The derived electronic Fermi surface of the Be (0001) surface. (e)-(m) The (g; v)-

resolved ECFs of Nos. 1-6, 16, 29, and 31 modes.

three closed trianglelike electronic localized states sur-
rounding the centered K point originate from the topo-
logically trivial surface states [5] [SF-band2 and SF-band3
in Fig. 1(a)]. Importantly, for each ¢ momentum exactly on
the 2D circular K momenta of the Fermi contour where the
DNSSs appear in Fig. 3(d), we have also observed the
highest bright closed circular ECFs for all vibration modes,
as shown for nine selected modes in Figs. 3(e)-3(m). In
contrast, at the trianglelike kK momenta around K, where the
trivial surface electronic states appear, the brightness of the
ECFs is less weak than that of the centered circular ECFs
around I". Additionally, it needs to be emphasized that the
e-ph couplings are stronger for the eight surface localized
phonon modes (Nos. 1-6, 16, and 29 modes) than all other
modes. Although the contributions of the other modes to
the e-ph coupling are relatively not large, the coupling
between the DNSSs and these phonon modes still exist. As
evidenced in Fig. 3(m), we have visualized the ECFs of the
No. 31 mode that contribute the lowest 4 value to 4} _, ; the
coupled circular ECF can be clearly observed as well. All
these facts clearly evidence the strong couplings of the

DNSSs with the phonon vibration modes on the Be (0001)
surface, leading to its anomalously large surface e-ph
coupling strength.

We have thus calculated the weight of the e-ph coupling
between the DNSSs and phonon modes to the total Ai_ph.
Through Eq. (3), at each phonon mode and each phonon
momentum, we have statistically derived (i) the
A(q; v)pnsss associated with the electronic DNSSs by
counting the decomposed ECFs over all electronic k
momenta on the locations of the DNSSs, (ii) the A(g; v)
over all electron kK momenta in the surface BZ, and (iii) their
ratio of w = [A(q; v)pnsss/A(¢; v)]. Among all the vibration
v modes and the phonon ¢ momenta (see Supplemental
Material Tables S1 and S2 [60]), the lowest and highest
ratios are w = 77.6% and w = 84.5% originating from
their e-ph couplings with the No. 45 and No. 3 phonon
modes at ¢ = (1/3,1/3,0) [87] in Fig. 3(a), respectively.
Of course, the surface e-ph coupling strength Apnggs Over
all phonon momenta and all vibration modes can be
calculated by counting the ECFs at each kK momentum
where the DNSSs appear through Supplemental Material
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Egs. (S1) and (S2) [60], consistently revealing that the
DNSSs coupled Apygg, 18 80.2% of the total A7 .
Furthermore, we have calculated the 1; ; of the Be
(0001) surface by utilizing the electron-phonon Wannier
function overlap method [88,89], and a consistent con-
clusion has been drawn that the DNSSs mainly contribute
its surface e-ph coupling enhancement (see Supplemental
Material text III and Fig. S5 [60]).

Mechanically, the DNSSs-induced e-ph coupling
enhancement is substantially understandable. If we insert
the energy factor into Eq. (1) by integrating the electron
momenta within the fact that the e-ph coupling mainly
occurs at the Fermi level, the ECF can be further expressed
as (see Supplemental Material text IV [60])

@PF(q;v) = Y |9q0 (ke i f)PN(ep). (4)

kp.i.f

where ky denotes the electronic momenta where the Fermi
surface locates. This equation reveals that the e-ph coupling
strength is proportional to N(eg), at least in part. The
surfaces of the DNL semimetals generally have a very high
N(er) due to the presence of the DNSSs and, hence, their
surface e-ph coupling enhancements would be reasonably
expected. Besides Be, our current calculations at the
phononic ¢ = (0,0,0) point of the BZ also evidence the
e-ph enhancements of the given surfaces (on which the
DNSSs exist) for three other DNL semimetals (C,4 [6],
ZrSiS [16,17] and Cus;PdN [41,42]) (see Supplemental
Material text V and Figs. S6-S8 [60]).

Finally, it is still possible to predict the superconducting
T of the Be (0001) surface with 25, = 0.947 and @* F (o)
using the Dynes modified McMillan formula [90,91].
Its estimated 7', is 15.3-20.5 K using the effective screened
Coulomb repulsion constant p = 0.10-0.15. However,
even down to 12 K the ARPES experiment revealed no
gap of the superconductivity [70]. This superconducting
transition still needs to be confirmed, but it would
strictly depend on high-quality samples of the Be (0001)
surface.

In summary, our Letter demonstrates that the anomalous
surface e-ph coupling enhancement of the Be (0001)
surface is part of a topological bulk-property correspon-
dence, which highlights potential applications correlated
with the e-ph coupling interaction for various topological
materials.
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