
 

Quantum Entropic Self-Localization with Ultracold Fermions

Mikhail Mamaev,1,2,3,* Itamar Kimchi,1,2,3 Michael A. Perlin,1,2,3 Rahul M. Nandkishore,2,3 and Ana Maria Rey1,2,3
1JILA and NIST, University of Colorado, Boulder, Colorado 80309, USA

2Department of Physics, University of Colorado, Boulder, Colorado 80309, USA
3Center for Theory of Quantum Matter, University of Colorado, Boulder, Colorado 80309, USA

(Received 1 July 2019; published 27 September 2019)

We study a driven, spin-orbit coupled fermionic system in a lattice at the resonant regime where the
drive frequency equals the Hubbard repulsion, for which nontrivial constrained dynamics emerge at fast
timescales. An effective density-dependent tunneling model is derived, and it is examined in the sparse
filling regime in one dimension. The system exhibits entropic self-localization, where while even numbers
of atoms propagate ballistically, odd numbers form localized bound states induced by an effective attraction
from a higher configurational entropy. These phenomena occur in the strong coupling limit where
interactions impose only a constraint with no explicit Hamiltonian term. We show how the constrained
dynamics lead to quantum few-body scars and map to an Anderson impurity model with an additional
intriguing feature of nonreciprocal scattering. Connections to many-body scars and localization are also
discussed.
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Introduction.—Ultracold atomic systems loaded into
optical lattices are among the most powerful quantum
simulation platforms accessible today, especially when
augmented with emerging capabilities for individual-
particle manipulation. Dynamical control over internal
and external degrees of freedom, lack of disorder, long
coherence times, and tunable interactions allow these
systems to capture many of the ingredients at the heart
of modern quantum science [1]. These include gauge fields
[2], superconductivity [3], and even phenomena relevant to
high-energy physics such as confinement [4]. However,
optical lattice systems are often limited by slow effective
cross-site interaction timescales such as superexchange in
the Mott insulating regime.
In this Letter, we look at a resonance-assisted model

operating in the strongly interacting regime. This model
gives rise to constrained physics where atomic motion is
strongly correlated and species dependent, while evolving
at timescales set by the lattice tunneling rate. Our model
employs a driving laser that interrogates internal pseudo-
spin states, and imposes a relative phase between every
lattice site which generates spin-orbit coupling (SOC)
[5–8]. The competition between the SOC-inducing drive
and interactions makes one tunneling process resonant and
inhibits the other processes, yielding an effective density-
dependent tunneling. This setup is connected to prior
experiments using tilted [9–13] and shaken lattices
[14–20] to study gauge fields [21–26], transport [27,28],
Mott-metal transitions [29], and many other phenomena
[30]. Our Letter avoids the issue of heating effects caused
by Floquet engineering, has a straightforward implemen-
tation, and explores subjects of scattering and localization

that have not been considered as often in this context
[31,32]. This Letter is also related to the prior proposal
of generating cluster states [33] but now explores the
nonperturbative regime where conventional superexhange
breaks down.
The density-dependent model we derive exhibits multi-

body self-localization, where particles localize themselves
without additional external potentials. The effect is akin to a
quantum entropic self-confinement, caused by the emer-
gence of bound states induced by the minimization of
kinetic energy in Fock states with higher connectivity. The
bound states feature different physics than other mobile
scattering states, a behavior that is reinforced by mapping
the dynamics to an Anderson impurity model [34–36],
allowing us to derive analytic results on bound populations
and scattering coefficients. This mapping is also supple-
mented by a particular type of asymmetric behavior similar
to those found in nonreciprocal systems [37], manifesting
as a scattering process where transmission moves a
scatterer while reflection keeps it in place. These con-
strained dynamics are connected to the study of quantum
scars [38–40] as closed trajectories arise depending on the
boundaries, drastically changing the longtime density
profiles. Our results are also similar to those seen in
Efimov physics [41–43] since our system exhibits a
three-body bound state and free-propagating two-body
pairs. While the physics described here is at the level of
a 1D system for which a hard-core boson description would
yield equivalent results, the experimental implementation
poses no significant restriction on dimension. This opens a
wealth of prospects for further studies of even richer
phenomena in higher dimensions, where Fermi statistics
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will matter and the features of quantum scars and non-
reciprocity become qualitatively distinct.
The system can be realized experimentally in a number

of platforms. The most promising one is 3D optical lattices
using ultracold alkaline-earth atoms, for which the long
lifetimes and magnetic field insensitivity permit a clean
study. Having faster timescales also permits implementa-
tion in systems with access to modern tools that allow for
single-atom addressability, such as quantum gas micro-
scopes [44–49] and optical tweezers [50–53], which would
facilitate easier observation of the dynamics.
Model.—Our starting point is a cubic optical lattice of L

sites populated by N fermionic atoms with two internal
pseudospin states g, e in the lowest Bloch band. The system
is 3D in principle, although in this Letter we restrict to 1D
by making the lattice confinement stronger along transverse
directions. A resonant interrogating laser drives transitions
between the internal states. The Hamiltonian is Ĥ ¼
Ĥ0 þ ĤΩ, where Ĥ0=ℏ ¼ −J

P
hi;ji;σðĉ†i;σ ĉj;σ þ H:c:Þ þ

U
P

j n̂j;en̂j;g is the Fermi-Hubbard model (nearest-

neighbor tunneling), and ĤΩ=ℏ ¼ ðΩ=2ÞPjð−1Þj
ðĉ†j;eĉj;g þ H:c:Þ is the laser drive. Here, ĉj;σ annihilates

an atom of spin σ ∈ fg; eg on site j, and n̂j;σ ¼ ĉ†j;σ ĉj;σ . The
lattice tunneling rate is J, and the on-site repulsion is U.
The laser drive has Rabi frequency Ω and a site-dependent
phase eijπ ¼ ð−1Þj arising from a mismatch between the
driving and confining laser wavelengths, generating SOC
[5–7]. Every adjacent pair of sites has a relative phase of π,
resulting in a relative minus sign between their laser
couplings. Figure 1(a) depicts the setup.
We define two new species of fermion, âj;↑ ¼ ½ĉj;e þ

ð−1Þjĉj;g�=
ffiffiffi
2

p
and âj;↓ ¼ ½ĉj;e − ð−1Þjĉj;g�=

ffiffiffi
2

p
, for which

the Hamiltonian becomes

Ĥ=ℏ ¼ −J
X

hi;ji
ðâ†i;↑âj;↓ þ H:c:Þ þ U

X

j

n̂j;↑n̂j;↓

þ Ω
2

X

j

ðn̂j;↑ − n̂j;↓Þ; ð1Þ

with number operators n̂j;σ0 ¼ â†j;σ0 âj;σ0 for new pseudospin
states σ0 ∈ f↑;↓g. The laser drive in this frame acts as an
effective magnetic field. Tunneling is accompanied by a
spin flip due to the SOC. Direct tunneling into empty sites
must cross an energy gap �Ω and is inhibited for strong
driving Ω=J ≫ 1.
However, if we tune the drive strength to match the

repulsion U ¼ Ω, an ↑ atom can tunnel into a site already
holding an ↑ atom by flipping its spin and creating a
doublon (two atoms of opposite spin). The energy loss −Ω
is resonantly compensated for by an energy gain U from
repulsion, with total cost −ΩþU ¼ 0 allowing the process
to occur freely at rate J. A ↓ atom tunneling into a site with

another ↓ atom would instead cost þΩþ U ¼ 2U and
would still be inhibited. Since tunneling into an already-
occupied state is Pauli blocked, the process described is
the only one that can occur. In the limit U=J ¼ Ω=J → ∞,
we thus reduce the Hamiltonian to a density-dependent
tunneling model (up to J=U corrections),

Ĥ∞=ℏ ¼ −J
X

hi;ji
n̂j;↑ð1 − n̂i;↓Þðâ†j;↓âi;↑ þ H:c:Þ; ð2Þ

where the number terms ensure that the spin-flip tunneling
has an ↑ atom on the destination and no ↓ atom on the
origin. This model is valid for timescales tJ ≲U=J; see
Sec. E of the Supplemental Material [54] for benchmarking.
The constrained motion is depicted in Fig. 1(b), and it can

be understood as a leapfrog mechanism alternating bet-
ween doublons and neighboring ↑ singlons (single atoms).
Assuming a sparse lattice with N=L ≪ 1, we categorize the
behavior of few-atom configurations in Fig. 1(c). An ↑
singlon is an orphan which cannot move on its own but will
interact with other atoms. A ↓ singlon can neither move nor
permit motion through itself, acting as a wall. A 2-tuplet
(two adjacent ↑ singlons) moves freely via the leapfrog
mechanism. A 3-tuplet (three adjacent ↑ singlons) can also
move by shooting off a 2-tuplet but exhibits nontrivial three-
body dynamics that we discuss below.
In Fig. 2, we compare the density hn̂ji ¼ hn̂j;↑i þ hn̂j;↓i

profiles of a 2-tuplet propagating freely [Fig. 2(a)], collid-
ing with a wall [Fig. 2(b)], and with an orphan [Fig. 2(c)].
The 2-tuplet acts as a quasiparticle that spreads ballistically,
with wave fronts rising from an underlying quantum walk.

FIG. 1. (a) Schematic of Fermi-Hubbard optical lattice setup,
confined to 1D, driven by a SOC-inducing laser with relative
phase π between sites. (b) Resonance-assisted atomic motion in
the gauged frame. An ↑ atom can tunnel into a neighboring
site already holding an ↑ atom, flipping its spin, and creating a
doublon. All other tunneling processes are off resonant. (c) Leap-
frog motion of two ↑ atoms. (d) Few-body structures present
in a sparsely filled lattice. Orphans cannot move on their own,
but they interact with other atoms. Walls inhibit all motion and
cannot move. A 2-tuplet moves freely via the leapfrog mecha-
nism. A 3-tuplet can shoot off a 2-tuplet but exhibits nontrivial
three-body dynamics.
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Upon colliding with the orphan, we find that a nontrivial
scattering process takes place. Some atom density
hn̂transi ¼

P
j>j0hn̂ji (j0 the position of the orphan) is

transmitted by forming a new 2-tuplet with the orphan,
while some is reflected. The orphan acts as an effective
scatterer whose own position is changed only if transmission
occurs. The underlying reason for this outcome is tied to the
self-localization properties of the three-atom system.
Bound states of a 3-tuplet.—The core dynamics for three

atoms can be understood by considering a 3-tuplet.
Figure 3(a) shows the states that it can tunnel into. An
atom can either tunnel into the middle, yielding stuck states
that cannot move farther, or out from the middle to make
a 2-tuplet free to propagate. The 3-tuplet state thus has
connectivity ν ¼ 4, which counts the number of Fock states
that Ĥ couples it to. If we allow a 2-tuplet to propagate, an
immobile orphan is generated, and the resulting state is
reduced to connectivity ν ¼ 2.
This reduced connectivity lets us map the motion of the

3-tuplet to a 1D tight-binding chain with impurities. The
accessible Fock states are left- and right-side 2-tuplet states,
as shown in Fig. 3(a). We associate each of these states with
a virtual lattice coordinate m (one for the doublon con-
figuration, and one for neighboring singlons), with two
virtual sites m for every real site j. The 3-tuplet acts as a
central site coupling to the left- and right-chains of states.
In addition, it also couples to the two stuck states, acting as
extra dead-end links. This model is analogous to a non-
interacting Anderson impurity model (see Sec. A of the
Supplemental Material [54]),

Ĥð3Þ=ℏ ¼ −J
X

hm;ni
ðd̂†md̂n þ H:c:Þ − Jðd̂†0d̂L þ d̂†0d̂R þ H:c:Þ;

ð3Þ
where d̂m annihilates a fermion on virtual site m, d̂0 on the
3-tuplet, and d̂L, d̂R on the stuck states (acting as impu-
rities). The Anderson impurity model is known to host
bound states, and indeed, we observe their presence in our
system as well. Figure 3(b) shows the density dynamics for
an initial 3-tuplet. In contrast to the 2-tuplet, more than 2=3
of the atoms remain at the sites that they started in; see

Fig. 3(c), where hn̂ðNÞ
init i is the total atom number summing

over the N initially filled sites. The 3-tuplet has overlap
with exponentially localized bound eigenstates, and the
corresponding population will not decrease as the system

evolves. We find two such bound eigenstates, Ĥ∞jϕð3Þ
� i ¼

�ℏEjϕð3Þ
� i (up to exponentially small boundary correc-

tions), with energy E ¼ ffiffiffi
2

p
bJ, where b2 ¼ 1þ ffiffiffi

2
p

is the
wave function localization length in units of the real lattice
spacing (see Sec. A of the Supplemental Material [54] for
analytic forms of the eigenstates). In the limit L → ∞, the

3-tuplet j↑;↑;↑i has overlap jh↑;↑;↑jϕð3Þ
� ij2 ¼ 1=ð2 ffiffiffi

2
p Þ

with each bound eigenstate. Each of these eigenstates has

hn̂ð3Þinit;�i ¼ 2þ 1=
ffiffiffi
2

p
atoms on the initially occupied sites

[Fig. 3(c) inset]. We then find that a 3-tuplet should have

hn̂ð3Þiniti ≈ 2.2 atoms localized in the longtime limit, which
matches direct numerics in Fig. 3(c).

(a) (b)

(c) (d)

FIG. 2. (a) Dynamics of an initial 2-tuplet [using Eq. (2)]. We
plot atomic density hn̂ji (color scaled to emphasize features).
(b) Reflection of a propagating 2-tuplet off a wall (↓ singlon).
(c) Collision of a propagating 2-tuplet with an orphan (↑ singlon).
Three-body dynamics cause nonreciprocal transmission and
reflection. (d) Number of atoms transmitted past the orphan
during the collision in panel (c). The orange line is direct Fermi-
Hubbard numerics. The blue line uses a Kronecker-delta potential
single-particle scattering of strength Uδ ¼ 2J, which has an
asymptotic value of hn̂transi ¼ 1 − 1=

ffiffiffi
2

p
indicated in gray (see

the discussion of scattering in the text).

(a) (b)

(c)

(d)

(e)

FIG. 3. (a) Schematic for a 3-tuplet’s motion. Red and blue
circles are ↑, ↓ atoms respectively. The 3-tuplet can tunnel into
four states: two stuck states, and two mobile (scattering) states
that shoot off a 2-tuplet. The dots under the boxes indicate the
center of the 3-tuplet. (b) Density dynamics for an initial 3-
tuplet. (c) Number of atoms that stay in the initial three sites.

The gray dashed line marks the analytic prediction of hn̂ð3Þiniti ≈
2.2 (see Sec. A of the Supplemental Material [54]). (Inset)

Density profile for the 3-tuplet bound eigenstates jϕð3Þ
� i (equal

for both). (d),(e) Density dynamics of a 3-tuplet for long times
tJ ≫ 1 (coarse grained in time), for a small lattice using
(d) open and (e) periodic boundaries. The periodic boundaries
eventually dissolve the localization by wrapping 2-tuplets
around to pull the orphan away.
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This self-localization shows a stark difference between
open and periodic boundary conditions, as evident from
the density of an initial 3-tuplet over longer timescales
[Figs. 3(d) and 3(e)]. For periodic boundaries, the 3-tuplet
position eventually dissolves, as a 2-tuplet can wrap around
the lattice and collide with the orphan from the opposite
side. If another 2-tuplet then shoots off, now involving the
old orphan, the new orphan will have moved outside the
initial three sites. The timescale for this dissolving process
grows with system size since 2-tuplets must cross the entire
lattice. For open boundaries, the 2-tuplets can only rebound
off the wall and come back, allowing localization to persist.
This is indicative of the presence of quantum few-body
scars [62], as the system exhibits closed trajectories with
reduced dimension of accessible Hilbert space size chang-
ing the longtime behavior.
The multibody self-localization shown in Fig. 3 can be

interpreted as a coherent quantum version of entropic
confinement, where the system tends to stay in states with
higher connectivity ν to reduce its kinetic energy. This is
analogous to the three-body bound states described by
Efimov physics, although the system itself is quite differ-
ent. While the higher energy scales in the system (U ¼ Ω)
are not present in the effective Hamiltonian, they manifest
indirectly by energetically enforcing restrictions on the
motion. Localization is also present in higher-order N-
tuplet structures (N neighboring ↑ singlons), as seen in
Fig. 4. We find that even-N configurations will smear out
quickly, while odd-N configurations exhibit longtime
localization for similar reasons (see Sec. B of the
Supplemental Material [54]).
Scattering.—We can use the intuitions developed

above to understand the 2-tuplet and orphan scattering in
Figs. 2(c) and 2(d). As discussed in the previous section
and Sec. A of the Supplemental Material [54], the
Hamiltonian for 3-tuplets can be reduced to a tight-binding
chain with a single impurity state shifted in energy (though
there are two stuck states, one linear combination
decouples). We can further remodel the scattering as a
single-particle problem, with a quasiparticle (correspond-
ing to a 2-tuplet) moving though a Kronecker-delta
potential formed by the impurity (corresponding to an
orphan). Under this picture, Eq. (3) can be rewritten as

Ĥð3Þ
eff =ℏ ¼ −J

P
hm;ni ðd̂†md̂n þ H:c:Þ − Uδd̂

†
0d̂0 for a poten-

tial depth Uδ. We estimate the transmission by initializing a
particle at minit < 0 and evaluating its density at all m > 0
for times tJ ≳ jminitj, rescaling the time and amplitude by 2
(since a 2-tuplet takes two steps to move one real lattice
site, and has two atoms).
Figure 2(d) compares this estimated transmission ampli-

tude with direct three-atom numerics. With a potential
depth of Uδ ¼ 2J, corresponding to the same bound-state
localization length b in the single- and three-particle
problems, we find good agreement. This simplification
also lets us find an analytic expression for the transmission,

yielding hn̂transi ¼ 1 − 1=
ffiffiffi
2

p
≈ 0.29 (see Sec. C of the

Supplemental Material [54]). The agreement in Fig. 2(d)
showcases the reduction of a three-body interacting prob-
lem to that of a single particle with tractable emergent
interactions.
The nontrivial feature not captured by this mapping is

the nonreciprocal position dependence of the scatterer.
Consider an orphan initially on the right of the three sites of
an imminent collision. If the 2-tuplet reflects, then the
orphan remains in place. If transmission occurs, then a new
2-tuplet shoots off to the right, leaving a new orphan two
sites left of the original orphan’s location. The system
exhibits nonreciprocal behavior where the scatterer is
shifted by two sites upon transmission, but not upon
reflection. In a classical description, its effective mass is
infinite for reflection but finite (and set by quantized
motion) for transmission. This behavior is evident in the
vertical stripe of atomic density two sites left of the orphan
in Fig. 2(c). Finding such nonreciprocal effects in a purely
closed system as a consequence of interaction-induced
constraints is an intriguing feature impossible to capture
with the Anderson mapping in Eq. (3).
Experimental implementations.—Realizing this system

is straightforward with a 3D optical lattice populated by
two-level atoms. A suggested implementation with, e.g.,
87Sr is to set the confinement to Vx ∼ 8ER–20ER, and Vy,
Vz ≳ 100ER (with ER being the lattice recoil energy),
such that on-site repulsion satisfies U=J ∼ 30–500 [63].
The dynamical timescale will then be set by
J ∼ 10–100 × 2πHz. To generate the desired SOC, one

(a) (b)

(c) (d)

FIG. 4. Density dynamics of an N-tuplet of ↑ atoms, for
(a) N ¼ 4, (b) N ¼ 5, and (c) N ¼ 6. Localization persists for
odd N ¼ 5, but not the even cases. (d) Total number of remaining
atoms in the initially populated sites for N ¼ 2, 3, 4, 5, 6. System
sizes are L ¼ 36, 35, 32, 25, 18. The red dashed line is the
analytic prediction for N ¼ 3 (cf. Sec. A of the Supplemental
Material [54]). The orange dashed line is a quasinumeric
prediction from a bound-state search for N ¼ 5 (see Sec. B of
the Supplemental Material [54]). The even lines are expected to
stabilize at mean density N=L in the longtime limit. Note that the
N ¼ 6 line is stopped early to avoid rebounds from the edges.
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could use an optical transition in alkaline-earth atoms, or a
Raman transition in alkali atoms. In both cases, it is
required that the laser-imparted phase along x̂ is π per
lattice site. A coherence time much longer than the one set
by J is also required. This condition is much more
favorable that the stringent condition required to observe
superexchange interactions (set by J2=U).
Measurement and preparation of the few-body atomic

structures are easiest to do with quantum gas microscopes
and optical tweezers, respectively. However, a state-of-the-
art optical lattice clock such as the 87Sr clock [64,65] can
also probe the 3-tuplet localization without single-site
resolution. A sparse configuration of many 3-tuplets can
be generated with a lattice tilt and a pulse sequence capable
of spectroscopically resolving a specific set of transitions
(see Sec. D in the Supplemental Material [54]). Allowing
the system to evolve and then undoing the pulse sequence
to detect the percentage of the atoms remaining in the initial
triply occupied sites can be used to verify localization.
Conclusions and outlook.—We have proposed a simple

and intuitive system where spin-orbit coupling and inter-
actions generate constrained dynamics. This system exhib-
its features of self-localization and nonreciprocity, and it
maps to noninteracting models while maintaining non-
trivial lattice effects. A vast number of extensions can be
considered, especially if one looks to higher densities or
higher dimensions. At higher densities, ↓ singlons will act
as bottlenecks, generically producing many-body quantum
scars. Even with no ↓ singlons, a transfer matrix calculation
analogous to Ref. [66] reveals that in the thermodynamic
limit, there will be an exponentially large subspace of 2L

product states which will be eigenstates of the dynamics
and hence will be perfect many-body quantum scars (see
Sec. F in the Supplemental Material [54]). The system is
also simple to generalize to higher dimensions, needing
only a SOC drive with a π phase along all allowed
directions. The underlying physics can be connected to
dynamical gauge fields, where atomic motion by one
species is influenced by another in a nonreciprocal manner
[21,24,26]. Higher filling fractions lead to long-range
doublon correlations, which can be relevant to studies of
superconductivity. Fermionic statistics will also play a
significant role in higher dimensions and interplay with
the scar and nonreciprocity features. The accessible imple-
mentation and the rich breadth of physics displayed
make the proposed setup an ideal playground for future
investigations.
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