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Gapless Kitaev Spin Liquid to Classical String Gas through Tensor Networks
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We provide a framework for understanding the gapless Kitaev spin liquid (KSL) in the language of
the tensor network (TN). Without introducing a Majorana fermion, most of the features of the KSL,
including the symmetries, gauge structure, criticality, and vortex freeness, are explained in a compact TN
representation. Our construction reveals a hidden string gas structure of the KSL. With only two variational
parameters to adjust, we obtain an accurate KSL Ansatz with the bond dimension D = 8 in a compact form,
where the energy is about 0.007% higher than the exact one.

DOI: 10.1103/PhysRevLett.123.087203

Introduction.—Quantum spin liquids represent a state of
quantum matter which is not characterized by any local
order parameters even at zero temperature. These novel
states are expected to exhibit long-range entanglement
leading to topological order and fractionalized excitations
[1]. For example, nearest-neighbor resonating valence bond
(NNRVB) states [2] have been extensively studied as
variational wave functions for the ground states of frus-
trated quantum magnets [3,4]. Indeed, the NNRVB states
are topologically ordered [3—7] and support spinon exci-
tations carrying the fractionalized quantum number [4,5].
However, since they are not exact ground states of the
antiferromagnetic Heisenberg model, variational methods
with the NNRVB states have been employed to search for
true ground states [8—11]. The Haldane phase, which is also
known as the symmetry-protected topological phase, is
another fascinating phase that one can find in the S =1
quantum spin chain. The novel character that discriminates
the Haldane phase from trivial gapped states was most
clearly revealed by the discovery of the Affleck-Kennedy-
Lieb-Tasaki (AKLT) model and its exact ground state or
AKLT state [12]. The compact representation of the AKLT
state [13] provided new insight into the Haldane phase. In
addition, it was subsequently used in a variety of contexts for
variational calculations on quantum spin systems [13,14].

The Kitaev honeycomb model (KHM) is an exactly
soluble model which exhibits gapless and gapped Kitaev
spin liquid (KSL) ground states with fractionalized exci-
tations [15]. Recent successful realizations of Kitaev
materials [16-22] triggered a burst of theoretical inves-
tigations on KHM and its extensions [23-25]. In addition,
owing to the non-Abelian phase of the KSL driven by the
magnetic field [26,27] and its potential application to
quantum computation, it has been a subject of active
research for the last decade. We refer the reader to
Ref. [28] for an exhaustive list of relevant literature.
Tensor network (TN) methods have been also employed
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to represent the KSL [29,30]. However, the Majorana basis
TN requires a three-dimensional structure which makes
it impractical as a tool for numerical optimization [29].
On the other hand, the spin basis TN study, which was
done with computationally expensive optimization, suffers
from an undesirable breaking of symmetries [30]. In this
Letter, we provide a compact TN representation for the
KHM that is defined with the spin basis and retains various
symmetries.
Model —The KHM is defined as [15]

A== J,645 (1)
(ap),

where (af), stands for a pair on the y(= x,y,z) links
connecting sites @ and f, as depicted in Fig. 1(a).
As demonstrated in Kitaev’s seminal work [15], the
Hamiltonian commutes with the so-called flux operators

defined on all hexagonal plaquettes (p): [F, W »] =0, with
W, = 616565656267, where the site indices 1-6 are as
defined in Fig. 1(a). Therefore, the Hilbert space is
sectorized by each flux number {W, = £1}. Even further,
in each sector, the KHM becomes a noninteracting
Majorana fermion hopping model in the background of
static Z, gauge fields. The ground states live in the vortex-
free sector (Wp = +1 for all p), and they form a critical
KSL phase around the isotropic point (J, =J, =J, ==+1).
In this Letter, we consider only the isotropic point at
which the KHM is invariant under the following
symmetry transformations: CgU ¢, and oU,, where U c, =
®4 (80 + 6% + it% +i65) /2, Uy = ®q(6% — 82)/V/2, and
Cs, o, respectively, denote the 60° spatial rotation and
inversion as depicted in Fig. 1(a). One can easily verify that
(CsUc,. H] =0 = [60,,]. Also, the KHM is invariant
under the time-reversal and translational symmetries.

© 2019 American Physical Society
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FIG. 1. Schematic figures of (a) the TPS setup on the
honeycomb lattice, (b) its building block tensor ijjk, and (c) a
building block tensor fo,'( of the loop gas TPO defined in Eq. (2).
Here, the x, y, and z links in the model [Eq. (1)] are characterized

in red, blue, and yellow, respectively.

Tensor network representation.—We employ the tensor
product state (TPS) representation [31]. Since the KSL is a
zero-flux state [32], we reasonably assume the TPS to be
translationally symmetric. Additionally, we assume that
the tensor does not depend on the sublattice, and therefore
our Ansatz is rewritten as |y) = tTr[[,|T; ; ;. ), where ¢Tr
stands for the tensor trace or contraction of all virtual
indices {iy, j,. Kk}, @ labels the site, and |[T,;)=
> sTils), with s being the local quantum number. Its
graphical illustration is presented in Fig. 1, where the
black open leg denotes the physical degrees of freedom. In
what follows, we will construct the local tensor |7';;) (we
identify T}, and |T;;) and call both “tensor” hereafter)
with consideration for the symmetries, the vortex-free
condition, and the gauge structure. In the Letter, we discuss
the ferromagnetic model (J, = 1) only since the antiferro-
magnetic one is a trivial generalization and is discussed in
the Supplemental Material (SM) [33].

Zeroth order tensor.—We begin by introducing a bond
dimension D = 2 tensor product operator (TPO) referred to
as the loop gas (LG) operator, Qg = tTrH(,ij}aka|s><s’ l,
with a building block tensor

Ol = Tal(6) (@) E) M. ()

which is depicted in Fig. 1(c). The virtual indices i, j, and k
range from O to 1 (D = 2), and nonzero elements of the 7
tensor are Tooo0 — —i and To11 = T101 = T110 = 1. To sim-
plify the notation, we define the local operator as

it =Dy ij,’(|s>(s’| One can verify at the local tensor
level that the LG operator respects the symmetries of the
KHM. For instance, applying C¢U ¢, on the Q tensor leaves
it intact, i.e.,

(Ccsi’c(,)Qijk(csffc(,)+ = Qijk-

Here, we use the facts that the U ¢, transformation rotates
the spin, i.e., Uc,6a"" UTC6 = 657, while the Cg rotation

permutes the virtual indices as follows: Cgo(ijk) = (kij).

Therefore, the resulting LG operator is invariant under the
(CsU¢,) transformation, and other symmetries of the KHM
can be shown in a similar way [33]. Note that the Q
operator satisfies the following relation,

& Qiji = Vjj Ve Qijies
6> Qijk = Vi V3 Qi jie
6zQijk = Uii’v;j/Qi’j/k’ (3)

with a matrix », of which nonzero elements are v,; = i and
v1p = 1, acting on the virtual bonds. Repeated indices
are summed over, except where explicitly stated other-

wise. Using Eq. (3), one can verify a relation W,0;6 =
OcW, :AQLG' To be more specific, the invariance of a
patch of Q;¢ under the action of W, can be shown as

follows:
n(“?'&;% x;(?}q
_ & ¢ __

where the connected green squares denote Wp, and a
physical leg is omitted for simplicity. Here, Eq. (3) and
vfo =1 are used in the first and second equalities,
respectively. This remarkable relation guarantees a quan-
tum state [y) = Q1 l@), where |¢) is an arbitrary state,
being vortex-free and thus nonmagnetic. Notice that the LG
operator is identical to the projector [ [, (1 + W »)/2uptoa
normalization factor.

Regarding the (C4U .) symmetry, let us apply Qi ona
product state |¢g) =®,, |(111)),, where |[(111)) denotes a
spin aligned along the (1,1,1) direction: ((111)|a|(111)) =
(1,1,1)/+/3. Note that the Ansatz |¢b) is a classical ground
state respecting the (CqU¢ .) symmetry. Now, we define a

quantum state [yo) = Oy g|¢) Which consists of a building
block tensor

T0:) = Qi (111)). (4)

We refer to this as the zeroth order tensor. By virtue of the 7
tensor in Q; jk» one can visualize the Ansatz |y ) as follows:

o - |@ 00082 + 00} +

(5)

Here, the empty site stands for the |(111)) state, while the
red loops denote the product of the 6*|(111)), 6*|(111)),
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and 6%|(111)) states, depending on the direction of loop on
each site.

By computing the norm of the LG Ansatz, we can show
its criticality. To this end, we first note that the LG operator
is Hermitian as well as idempotent [33]: QEGQLG =
NFQL(;, where Nt is the total number of the loop
configuration in the system. Using such properties and a
simple identity ((111)[67|(111)) = 1/+/3, it is straightfor-
ward to show that the norm of |y,) reads

(wolyo) = NZ%) "= Nex 2o (). ©)

where I' denotes the set of all possible loop configurations
and /s is the total length of loops in a configuration G.
Also, Zy(1)(x) stands for the partition function of the
classical O(1) loop gas model with the fugacity x, which is
exactly solvable and critical at x, = 1/+/3 [34]. It indicates
that the norm of |y) is exactly mapped onto the partition
function of the critical classical model, which guarantees
the criticality of |y) [35]. In addition, the Ising conformal
field theory (CFT) with the central charge ¢ =1/2 is
known to characterize the critical LG model [34], which is
consistent with the KSL of the KHM [36-38].

The LG structure encoded in the 7 tensor is useful in
describing the vortex excitation of the KSL. To see this, we
first note that the z tensor is invariant under a gauge
transformation g = 6°, i.e., ;1 g, JuwTi k¥ = Tijk> and thus

gii’gjj’gkk’|T?’j’k’> = |T?ik>'

With the trivial gauge transformation /, being a two-
dimensional identity matrix, g forms a Z, invariant
gauge group (IGG). The stringlike action of g on the links
would twist the gauge fields [15] along the string and hence
create two vortices W » = —1 atboth ends, as demonstrated
below:

where 1 in the hexagon denotes Wp. One can explicitly
show [33] such a creation and move of fluxes using Eq. (3).

Finally, we measure the KHM energy (per bond) of |y)
and obtain £ = —0.16349, which is rather higher than the
exact one Eg;pey =~ —0.19682 [15]. Details on numerics will
be discussed later. By construction, the LG Ansatz |y)
made of the zeroth order tensor satisfies most of the
physical constraints respected in the KSL (see the SM
[33] for the time-reversal and o-f],, symmetries) but is
energetically far away from the exact solution. In what

follows, we present a simple but effective TPO (D = 2)
applied to the LG Ansatz which reduces the energy greatly
without violating the constraints. We refer to it as the dimer
gas (DG) operator.

Higher order tensors.—The DG operator is defined by
Rpg = (Tt [,R; 1, with

Rije = Ciyn(87)1(87) (67" (7)

Here, nonzero elements of the ¢ tensor are {yy = 1 and
5:1()0 = COIO = COOI = z with i, Js k=0, 1, and z is a real
(or pure imaginary) variational parameter fixing the fugac-
ity of a dimer. In this context, the dimer denotes the
operator 7:[2[, Then, the DG operator can be interpreted as

the sum of all possible dimer configurations, i.e., Rpg(z) =
ZGEFDRG(Z)’ where R;(z) = ®(a/3>yeG(ZHZ:[)’) is defined
for each dimer configuration G, and I'j, is the set of all
dimer configurations:

R @ BB

Because [ﬂzﬂ W,,] =0, it is obvious that f?G commutes
with W,, for any G, and hence Rpg does: [Rpg. W,,] =0.In
fact, we can easily prove that [Rpg. Q1] = 0 and that the
DG operator respects all symmetries of the KSL [33].
Therefore, its multiplication to |y,) does not contaminate
the features of the KSL, regardless of z. Moreover, it can
be expressed as the polynomial function of the KHM
Hamiltonian, which may be the reason why it improves the
energy of the Ansatz quite efficiently. The first key
observation is that we can graphically represent Eq. (1)
raised to the nth power as the linear combination of

elements of I'j, as
95| o] Gt -

+ﬂ[@++..w

Here, the number of sites in the system is assumed to be
2N. The terms grouped with a coefficient o are the fully
packed configurations, while the second ones are the
configuration with N — 2 dimers. The terms on the second

HN:QO

+a

line have g-mers longer than a dimer, e.g., trimer ﬂéﬁﬂzy
All of those terms with g-mers are canceled by the
anticommutativity of the Pauli matrices, and thus g = 0.
Note that the configurations with the same number of
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|v0) [41) [1h2) [too)
dE/E = 0.17 0.002 0.00007 0
0.505(8) 0.5

c= 0.5 (exact)

Exact
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FIG. 2. Overview of the nth order Ansatz |y,) obtained by
LG and DG operators, where SG denotes the string gas, dE =
E — Ex;uev denotes the energy deviation, and ¢ stands for the
central charge.

dimers share the coefficient which resembles the Rpg.

Then, one can recast it as Rpg = ZMhMﬂN_ZM with
proper coefficients h,,. Note that our approach is not a
perturbative one [39].

Now, we define the nth order Ansatz as |y,({z;})) =
[T, Rog(zi)|wo) having n complex variational parame-
ters. Owing to the application of the DG operator, the
Ansatz |y,) can be interpreted as a string gas state which is
a linear superposition of string configurations. The string
configuration consists of open and closed strings, con-
nected loops, and string-connected loops, as depicted in
Fig. 2. The building block tensor of |y, ), referred to as the
nth order tensor, is obtained by applying the R; jk Operator n
times on the zeroth order tensor in Eq. (4). The bond
dimension scales as D = 2"*!. Note that the LG feature or
the 7 tensor in the zeroth tensor is inherited by all higher
order tensors. Furthermore, the R, jk operator is invariant
only under the trivial gauge transformation, and thus its
action does not enlarge the Z, IGG, of which the nontrivial
element is simply g, = I,» ® 6°. In contrast to the zeroth
order case, the norm of |y,) does not map onto the LG
model. However, by employing the loop TN renormaliza-
tion [40], we numerically prove that the nth order Ansditze
are also critical and are characterized by the Ising CFT
as summarized in Fig. 2. We also present the best
variational energies at each order in Fig. 2, and the details
are given below.

Variational Ansatz.—Now, we turn on and tune varia-
tional parameters to obtain a better Ansatz than the zeroth
one. We parametrize the { tensor as follows: {09 = cos @,
{100 = So10 = Coo1 = sing, and hence kijk(z) - Rijk(ﬁb)'
For measuring the energy, we employ the corner transfer
matrix renormalization group method (CTMRG) [41-43],
whose accuracy is controlled by the dimension y of the
CTM. The parallel c++ library MPTENSOR [44] is utilized to
perform the CTMRG.

Let us begin with the first order Ansatz |y (¢)) and its
building block tensor

-0.16 L5
Ao~ 14, (9) (@) (b)
-0.17  |—Exact - -
1
| -0.18 0
0.5 e
-0.19 Az
e A3
02 TGTT0 05 0d os % 0.1 02
ol ol
FIG. 3. (a) Energy of |y (¢)), whose building block tensor is

defined in Eq. (9), and (b) the central charge ¢ and scaling
dimensions (A;) as a function of ¢. The black solid lines in
(b) denote the exact ¢ and A; from the Ising universality class.

T}, (9)) = Ripe ()T 4, ©)

where i, = 2"i + i,_; and i = 0, 1. The energy of |y (¢))
is presented in Fig. 3(a) as a function of ¢, where the lowest
value, E = —0.19644, is found at ¢p = 0.24x. Here, we fix
y = 64. It is remarkable that the first order tensor (D = 4)
already attains such a small error of 0.2%. Furthermore, we
perform the loop TN renormalization to evaluate the norm
of |y (¢)) and extract the central charge and scaling
dimensions presented in Fig. 3(b) [see the SM [33] for
more details]. All of those are in excellent agreement with
the ones Ising CFT, and therefore our Ansditze are critical
and belong to the same universality class. To obtain an
Ansatz even closer to the KSL, we consider the second
order Ansatz |y,) and tensor (D = 8):

T3, (0.0)) = Rig(O)IT} ;1 (9)). (10)

Its overall energy landscape is shown in Fig. 4(a) as
functions of (¢,0) and is minimized at (¢,0) =
(0.3427,0.1767). After an additional scaling with respect
to y [33], we obtain the best variational Ansatz with
E = —-0.19681, which is only 0.007% higher than the
exact one. Also, using the environment tensors [45], the
five largest correlation lengths (&;) are extracted and shown
in Fig. 4(b), which are diverging with y. An analogous
figure is shown for y; in the SM [33]. Therefore, we

0.5 0.12
@ o7 ®
04f ' o1
-0.175 0.08
= -
= -0.18 W 0.06
0185 T o4
0.19 0.02
i -0.195 o
01 02 03 04 05 1_ 15 2
o/ 1/(x/D?)
FIG. 4. (a) Energy landscape of |y, (¢, 6)) constructed by the

tensor in Eq. (10) as functions of ¢ and 6. The energy minimum is
denoted by the black dot, at which the variational energy is E =
—0.19681 [33]. (b) The five largest correlation lengths &; of the
best Ansatz represented by the dot in (a), where y stands for the
bond dimension of CTMRG.
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reasonably conclude that the Ansdtze made of higher
order tensors form a family of gapless states which we
believe are smoothly connected to the exact KSL and, as a
series, converge to it.

Further, we found [33] that applying the (111)-direction
magnetic field drives the Ansdtze into the gapped phase
[15]. We speculate that these gapped Ansdtze host non-
Abelian anyonic excitations. The description of the non-
Abelian and Abelian topological phases under the LG and
SG schemes is an interesting problem, and now further
study is in progress [46].

Conclusion.—Based on the physical and gauge sym-
metries and the vortex-free condition, we have constructed
a compact TN representation which generates a family of
KSL-like states sharing the features of the KHM ground
state. In this sense, the Ansdrze given in this Letter are
analogous to the AKLT state as a member of the Haldane
states, or the RVB state as an Ansatz of frustrated quantum
magnets [4,12]. Under this scheme, the string gas structure
of the KSL comes into sight clearly, which offers a novel
viewpoint for the KSL and its physics. It also provides an
intuitive picture for the KSL in the spin language without
referring to the Majorana fermion, which has never been
provided before. There are many generalizations that one
can envision, as well as concrete open questions involving
the LG and SG Ansditze, e.g., general LGs having larger
internal degrees of freedom and their parent Hamiltonians.
The relation between the general LGs and the string-net
states [47] is another interesting issue to explore. We also
find that the Ansatz discussed in this Letter provides a good
initial state for a variational method for the KHM with
the magnetic field [48]. Further, for the anisotropic KHM,
one can choose an initial magnetic state which differs from
the state |(111)) and introduce a bond-dependent dimer
fugacity as additional variational parameters to optimize
the model [46]. Therefore, we expect our work could
furnish a better understanding of KSL and its neighboring
phases observed in Kitaev quantum magnets such as
a-RuCl;y [20,49] and studied theoretically in extended
KHMs [17,22,23,25,50]. Using two variational parameters,
an accuracy of 0.007% in energy is obtained, which has
never been achieved by other numerical optimizations
[51-53]. This high accuracy, together with the observed
systematic convergence, leads us to believe that the present
scheme not only correctly captures the essence of KSL
physics but also provides a new direction for quantitatively
accurate descriptions of quantum spin liquids.
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