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Inspired by electromagnetic waveguide cloaks with gradient index metamaterials, we fabricated a
broadband cloak with simply a gradient depth profile on the bottom and without any other structures on the
top to confine water waves in a certain area for cloaking regions. The new physics of mode conversion for
water waves is first found. The experimental and numerical simulation results are in good agreement and
show that the presented device has a nice performance for various situations and is feasible over a
broadband of working frequencies. Being easy to construct, this design is potentially of significance for

port applications.
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Introduction.—QOceans are important places for human
activities including offshore drilling, offshore wind power,
aquaculture, etc. As these activities are subject to the harsh
marine environment [1-10], research topics such as how to
control water wave propagation at will and to reduce water
wave actions play a key role in the wave motion community
[11-17]. Conventional methods such as salt marshes [14]
and breakwaters [7] have been demonstrated, but only for
the purpose of dissipating or attenuating the wave energy.

The past decade has witnessed the development of
electromagnetic (EM) metamaterials that have opened up
a wide range of opportunities for manipulating the flow of
EM waves or light in an unprecedented way [18,19].
Metamaterials are artificial materials comprised of sub-
wavelength engineered blocks (or artificial atoms). With
them, numerous amazing phenomena and optical devices
have been proposed in theory and well demonstrated in
experiments, such as negative refraction [20-22], superlens
[23], etc. In particular, with the advent of transformation
optics (TO) [24,25], metamaterials exercise significant
influence on designing novel optical devices [26]. The
most striking example is the invisibility cloak [27-29],
which is able to make the light propagating around an
obstacle of arbitrary shape or size without any scatterings,
as if disappeared. This concept of invisibility cloak is surely
tempting in water wave, which may enable some important
applications to protect offshore facilities from water wave
damages. In fact, because of the similar wave dynamic
characteristics, the metamaterial concept can also be
extended to other subjects, such as elastic waves [30,31],
acoustic waves [32-35], as well as water waves of interest
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here [11-13,15]. However, the invisibility cloaks based on
TO cannot be applied directly to water waves for the
required structures are extremely complex and nearly
impossible to implement for a perfect one for a broadband
of frequencies [11]. Therefore, finding a simple, perfect,
and broadband structure is the turning point.

Recently, planar gradient metamaterials [36] have been
proposed and well known by their exceptional abilities for
controlling light flow and enabling physical phenomena
that differ from those observed in their 3D counterparts
(i.e., metamaterials). In particular, by integrating the
gradient index metamaterials (GIMs) into waveguide sys-
tems, the dynamic characteristics of a guided mode can be
effectively tailored, based on the mode evolutions. Such a
feature leads to devices including mode conversion [36]
and asymmetric transmission [37]. It was demonstrated that
one can design a waveguide cloak based on mode con-
version, by which the propagating modes can be converted
into waveguide trapped modes. In this way, one can have a
cloak region. Notably, such waveguide cloaks can work in a
broadband of frequencies without limitation of polariza-
tion, and are easy to fabricate with any complex structures,
thus providing a new approach to manipulate the wave.

Inspired by these new approaches, in this work, we
design theoretically and demonstrate experimentally a
waveguide cloak for water waves by using GIMs. The
required GIMs are obtained by only controlling gradient
water depth at different positions [38—40]. Both theoretical
and experimental results confirm that the designed devices
have good cloak performance for a broadband of working
frequencies. This work is important in two aspects. For the
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physics aspect, it is demonstrated that only a gradient
depth profile on the bottom can help to induce broadband
confinements of water waves, thereby with cloaking
phenomena. It would be possible to confine water waves
with structures on the top, such as the field concentrators
[15]. We find here that the mechanism of waveguide mode
conversion is also valid for water waves, which make the
design much simpler. For the engineering aspect, the cloak
is verified to be able to work in a large water tank; hence it
should be possible to lead to real port applications.
Construction of a waveguide cloak for water waves.—
Based on mode conversion of electromagnetic (EM) waves
in Ref. [41], here a waveguide cloak for water waves with a
broadband of working frequencies is designed in a parallel-
plate waveguide. Such a parallel-plated waveguide can be
regarded as the harbor channels in practice. Figure 1(a)
shows the schematic plot of the proposed broadband cloak
device, a 1D parallel-plate waveguide with two identical
GIMs attached to its boundaries (the two black horizontal
lines) that mimic the perfect electric conductor (PEC) walls
in EM fields. Each GIM, as shown in Fig. 1(b), contains
three regions that consist of two symmetric curved-shape
parts and one flat-shape part. The GIMs are designed based
on the gradient depth profiles for reducing the scattering
[38,39].The flat-shape region is composed of a cuboid with
the length of L, and the height of d. The background water
depth is &; thus the water depth over the flat-shape region is
a constant value. In the curved-shape regions, the length is
L and the height varies from O to d gradually, resulting to a
position-dependent water depth A(x) changing from the
maximal value % to the minimal value A-d, hence with an
effective gradient index profile for water waves.
Following the concept of the broadband cloak for EM
waves, the water waves propagating through the GIMs
regions undergo an effective refractive index profile n(x)
that alters gradually due to the changing water depth A(x)
[38-40]. As we take a shallow water case, for instance, the
water wave has the following nondispersive relationship,
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FIG. 1. The concept of a broadband cloak for water waves:
(a) The schematic plot of the top view of the cloak device and
three-dimensional sketch of GIMs. (b) The side view of the
waveguide cloak with GIMs. (c) The experimental photographs
of the real cloak device with two GIMs in the water tank.

o = \/ghk, (1)

where w, g, and k are the angular frequency, the accel-
eration of gravity, and the wave number, respectively. In the
background region (|x| > L/2) of the maximum water
depth, the refractive index is 1, while in the flat-shape
region (|x| < L,/2) of the shallowest water depth, the

refractive index is Ny = \/h/(h — d).

The refractive index profile in the curve-shape regions is

h

W=\ 2sklsL2). @)

Finally, Egs. (3) and (4) can be acquired (See
Supplemental Material 1 for detailed formula deriva-
tion [42]),

o) = 2RI <)
(3)
d(x) = h(2x — L)(Ni — 1) (L,/2 < |x| < L/2).

2x(N3 —1)+ (L, — LN?)’

(4)

It is noticed that the relationship between frequency and
wave number is usually dispersive, and the maximum
effective refractive index in the middle part of the GIMs
is small and the wave confinement is thereby not strong
enough for the cloaking design. Currently we need to
implement a large one to reduce this effect. In addition, the
nondispersive approximation of Eq. (1) will ease our design
on the required depth profiles (for a dispersive one, the
profiles cannot be obtained analytically). Figure 1(c) shows
the real cloak device and experimental setup, where the
1D parallel-plate waveguide is a water tank with 60 m X
1.2 m x 2 m (length x width x height), and the GIMs are
made of iron sheets which are painted to the walls to
prevent oxidization. In experiments, the water is injected
into such a tank, with its depth A varying from 0.15 to
0.18 m for various explorations. In addition, a wave maker
acting as a wave source is installed at one side of the water
tank, which can generate water waves with various ampli-
tudes and the frequency varies from 0.2 to 2 Hz. A wave
dissipating device is arranged at the other end of the tank.

For the GIMs, their length and thickness are L = 6 m
and ¢ = 0.15 m, respectively, which means the distance
between the two GIMs is w = 0.9 m. Usually, these slender
structures in the tank will influence the gross flow over the
whole width. Nevertheless, the waves we generate here are
with small flow and amplitude. In addition, the whole
width is about 8 times of the thickness of each GIM,
which reduces this effect substantially. The length of the
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flat-shape region is L, =244 m and the height
d =0.133 m. In the curved-shape regions, the length is
L, = 1.78 m and the height varies from 0 to d = 0.133 m.
Given the water depth of %, the shape of the curved-shape
regions is given by Eq. (4).

Numerical and experimental water wave analysis.—
First, several numerical calculations are carried out to
check the cloaking performance of the designed device
based on the finite element method. The water waves are
incident from the left, as seen in Fig. 1(a). For demonstrat-
ing the broadband response and the flexible feature of
choosing refractive index, in simulations the working
frequency and water depth are considered to be f =
0.6-0.9 Hz and h = 0.15-0.18 m. We set all parameters
in the simulations, such as the size of the GIMs, the wave
tank, the initial water depth £, and the refractive index n on
the commercial solver. The walls of the wave tank are
hard boundaries and the two ends of the waveguide are
perfectly matched layer absorbing boundaries. We used the
PDE interface of coMsoL MULTIPHYSICS for simulating
the wave patterns by solving the equation Ve (hVp)+
(w?/g)n = 0. Figures 2(a) and 2(b) illustrate the corre-
sponding numerically simulated field patterns of water
waves, which clearly show the mode evolution process of
the water waves. For example, as shown in Fig. 2(b), as the
incident plane wave (PW) propagates from the left and goes
through the region of x = —L/2 to —L,/2, it will be
converted gradually into two waveguide trapped waves
(WTWs) confined in the GIM regions, where the water
depth decreases slowly from maximum to minimum. Note
that a raised rectangular profile and submerged rectangular
plates also support these modes, which are also called
“trapped waves” [43]. However, such designs cannot be
used to manipulate the modes. In the current version, a
continual profile is required for mode conversion and
cloaking effect. Earlier works with different models for
approximating water wave motion, e.g., mild-slope equa-
tions, are recommended as well [44,45]. Note that we do
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FIG. 2. Field patterns of water waves: (a) The numerically
simulated results for f = 0.7 Hzand 4 = 0.15 m. (b) The numeri-
cally simulated results for f = 0.7 Hz and 4 = 0.16 m. (c) The
measured results at the condition of f = 0.7 Hz and 4 = 0.16 m.

not need any structure on the top to achieve this wave
confinement like original work in Ref. [15]. At the flat-
shape region from x = —L,/2 to x = L,/2, the WTWs
remain unchanged and pass through it. After the position
x=1L,/2, the WTWs are converted gradually back into
PWs with the wave front as perfect as that of incidence,
thanks to the symmetric GIM structures. Therefore, the
PWs-WTWs-PWs conversion is found for surface water
waves. Because of the evanescent features of the WTWs in
the flat-shape region, one can find a specific region in the
middle of the tank where the amplitudes of the water waves
are very small. A sizable object placed in the specific region
in the middle of the tank, called the cloak region, has almost
no movement as the water waves traveling in the GIM
regions. Such a water wave manipulation (confinement and
cloaking) has not been reported before. Note that the sizes
of the cloak regions in these two cases of Fig. 2 are
different, which are dependent on parameters including the
size of the waveguide, the size of GIMs, the working
frequencies, and the value of N;. Thus one can further
optimize our proposal to obtain a maximized cloak region.

In order to verify the actual stealth characteristics of the
waveguide structure, we carried out the water wave experi-
ment at various frequencies and water amplitudes. Wave
amplitudes are measured by placing water wave sensors at
different positions in the tank. Wave field diagrams are
generated from the measured data of the wave amplitudes
(See Supplemental Material II for detailed test method
[42]). Figure 2(c) shows the experimental results for the
case of f = 0.7 Hz and & = 0.16 m, which are consistent
with the simulation results in Fig. 2(b). In fact, kh, the wave
steepness (kA), and the Ursell number in the background
region are 0.83, 0.0017, and 0.7, respectively. While kh, the
wave steepness (kA), and the Ursell number in the GIM
parts are 0.17, 0.0046, and 233, respectively. Hence, the
background region is approximately in the linear domain of
the water wave. While for the GIM parts, the nonlinear
effect and viscosity should be carefully considered.
Currently, because of the cumulative effect of nonlinearity
and viscosity, there is some tiny wavelength mismatching
in these two patterns of Figs. 2(b) and 2(c). We solve the
model analytically to design the raised beds along the
waveguide walls. This design is a kind of inverse problem
with difficulty, and the simplified model is operational
based on Eq. (1). Some sophisticated numerical methods
are necessary to improve the simulation and optimize the
design of GIMs in the future. The mode evolution process
of PWs-WTWs-PWs conversion can also be seen clearly.
While the transmission of output water wave is less than
unity, which results from the loss of water wave, especially
the viscosity in the GIM parts. In particular, in the middle
(—L,/2 < x < L,/2) most of water waves are confined in
GIM regions with field amplitudes much larger than that of
incidence, and one can see a cloak region with a weak field
distribution compared to that of incidence. The related
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dynamic wave patterns can also be visualized in videos in
the Supplemental Material II [42]. We can reduce the length
of the raised sections to reduce the effect of viscous losses,
yet the cloaking area is also reduced.

To further analyze the invisibility characteristics of the
waveguide cloak, we quantize the wave amplitudes at three
different positions that are denoted by points a, b, and ¢ in
Fig. 2. a is in the incident wave region, b is in the cloak
region, and ¢ is in the GIM region. Figures 3(a) and 3(b)
illustrate both the measured and simulated results of
amplitude ratios of point b and point ¢ vs the working
frequency for 4 = 0.15 m and & = 0.16 m, respectively.
Here the amplitude ratios are #, = A, /A, and f. = A./A,,
where A,, A, and A, are the corresponding amplitudes at
points a, b, and c, respectively. A, is about 1 mm. Both the
measured and simulated results are neatly consistent. The
results in Figs. 3(a) and 3(b) clearly show that the designed
cloak makes the amplitudes at point b decrease greatly and
that at point ¢ increase a lot, for the working frequency
from 0.6 to 0.9 Hz, which demonstrates a broadband
response. Furthermore, we examine the influence of differ-
ent water depths on the cloaking performance. Figure 3(c)
plots the results of the amplitude ratio vs water depth at a
fixed frequency of f = 0.7 Hz and A, about 1.2 mm, where
both the simulated and experimental results also coincide
very well. As & varies from 0.15 to 0.18 m, the amplitude
ratio is still quite tiny for point . However, the cloaking
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FIG. 3. Comparison between the experimental results and
simulation results for various working frequencies, water depths,
and incident amplitude: (a) working frequency response for
h =0.15 mand A, = 1 mm; (b) working frequency response for
h =0.16 m and A, = 1 mm; (c) water depth influence for f =
0.7 Hz and A, = 1.2 mm; (d) incident amplitude influence for
h=0.16 m and f = 0.7 Hz.

effect is compromised a bit. While for point ¢, it is
enhanced as well, yet the ratio drops for a deeper water
depth. This is because the deeper water depth is related to a
smaller refractive index profile, hence with a smaller
cloaking region.

In addition, from the simulations, the incident amplitude
of the wave does not affect the cloaking performance, but in
practice, it is not the case because the nonlinearity should
be considered. Figure 3(d) shows the corresponding results
for f = 0.7 Hz and 7 = 0.16 m. One can see that as the
incident amplitude A, increases, the numerical results are
almost tiny constants at point b, but the measured results
increase slowly, making the cloak performance degrade,
which should be further optimized in the future with the
nonlinearity to be considered in theory. Nevertheless, from
the above analysis, the current cloak works well for quite a
broadband of frequencies, and for various water depths and
incident amplitudes of the waves (as long as they are not too
big to avoid nonlinearity). The device could be very useful,
especially at point ¢, where it could be used to collect wave
energy, as we have also done in the concentrator experi-
ments [15], while at point b, it could be used to calm the
water waves in ports.

Potential application.—The design of this waveguide
can also be applied in practice, such as offshore wharves or
ports. Near the coast, we often need to build a number of
side-by-side wharves. The wharves are open at one side and
closed on the other. If we cut the abovementioned wave-
guide into halves and elongate the flat-shape section to
4.22 m (to show the cloak effect more clearly), by putting
the same five components in a row, we obtain the
“wharves.” The leftmost is an open boundary, and the
rightmost is the rigid reflection boundary, and between
each component there are also the rigid reflection bounda-
ries. This design is similar to the actual coastal dock.
We simulate the wave patterns of different incident waves at
h =0.16 m water depth with f = 0.9 Hz. Both the field
pattern and amplitude are plotted for a plane wave
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FIG. 4. The simulated field pattern and field amplitude of the
designed whart for the case of f = 0.9 Hz and 7 = 0.16 m for
(a) a plane wave incidence and (b) a point source.
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incidence in Fig. 4(a) and a point source in Fig. 4(b). At the
right-hand side, there are five cloaking regions where the
waves are almost diminished. Hence, the designed channels
are very robust for different incident waves, and will be of
important utility.

Conclusions.—Inspired by the concept of waveguide
cloaks in EM fields, we design theoretically and demon-
strate experimentally a cloak device for water waves, which
can be applied to wharves for controlling water waves. The
experimental results agree well with numerical simulations
and they confirm that the designed device has a desirable
cloaking performance for various situations (such as differ-
ent water depths and incident wave amplitudes) and for a
broadband of frequencies. The underlying mechanism is
based on mode conversion that the device converts the PWs
into WTWs and converts them back to PWs. The new
physics found here for water waves eases the cloaking
design by simply setting up a gradient depth profile on the
bottom without any other structures on the surface. In order
to visualize the invisibility effect, we put a small toy boat
onto the water surface, as shown in Fig. S7 in Supplemental
Material III, where we give the recorded videos of the
movement of the boat [42]. Our proposal shows easy, low-
cost, and potential applications in ports or wharves to calm
the water waves during cargo loading or unloading, etc.
Note that there are also other alternative ways to cloak
water waves, such as using resonating obstacles in the
water-wave channel and so on [45,46]. All of this should be
further tested in real world situations. Hence, it is desirable
for scientists in engineering and physics to work together
for actual practical utility. The reader could also find the
effort on sea reduction in harbors and coastal engineering in
Ref. [47]. We hope that our work can be verified in real
ports or wharves in the near future.
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