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Exceptional points are universal level degeneracies induced by non-Hermiticity. Whereas past decades
witnessed their new physics, the unified understanding has yet to be obtained. Here we present the complete
classification of generic topologically stable exceptional points according to two types of complex-energy
gaps and fundamental symmetries of charge conjugation, parity, and time reversal. This classification
reveals unique non-Hermitian gapless structures with no Hermitian analogs and systematically predicts
unknown non-Hermitian semimetals and nodal superconductors; a topological dumbbell of exceptional
points in three dimensions is constructed as an illustration. Our work paves the way toward richer
phenomena and functionalities of exceptional points and non-Hermitian topological semimetals.
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Topology plays a pivotal role in the understanding of
phases of matter [1]. In gapless systems such as semimetals
and nodal superconductors, topology guarantees stable
degeneracies accompanying distinctive excitations [2–7].
A prime example is the Weyl semimetal in three dimen-
sions, where each gapless point is topologically protected
by the Chern number defined on the enclosing surface.
Symmetry further brings about diverse types of topological
semimetals. Their unified understanding is developed as the
classification theory according to fundamental symmetries
such as PT and CP symmetries [8–15].
Recently, the interplay between topology and non-

Hermiticity has attracted widespread interest in a non-
Hermitian extension of topological insulators [16–53] and
semimetals [54–72]. Non-Hermiticity ubiquitously appears,
for instance, in nonequilibrium open systems [73] and
correlated electron systems [68], leading to unusual proper-
ties with no Hermitian counterparts. One of their salient
characteristics is the emergence of exceptional points [74–
76], i.e., universal non-Hermitian level degeneracies at
which eigenstates coalesce with and linearly depend on
each other [77]. The past decade has witnessed a plethora of
rich phenomena and functionalities induced by exceptional
points [73], including unidirectional invisibility [78–81],
chiral transport [82–86], enhanced sensitivity [87–92], and
unusual quantum criticality [93–99].
Such exceptional points also alter the nodal structures of

topological semimetals in a fundamental manner [54–72].
Notably, non-Hermiticity deforms a Weyl point and spawns
a ring of exceptional points [75]. This Weyl exceptional
ring is characterized by two topological charges [56], a
Chern number and a quantized Berry phase, and such a
multiple topological structure has no analogs to Weyl and
Dirac points in Hermitian systems [2–15]. Its experimental
observation has also been reported in an optical waveguide

array [69]. Moreover, pseudo-Hermiticity [63], PT sym-
metry [62,65], and chiral symmetry [67] enable an excep-
tional ring (surface) in two (three) dimensions. A
symmetry-protected exceptional ring has been experimen-
tally observed in a two-dimensional photonic crystal slab
with PT symmetry [54]. Whereas these unconventional
nodal structures imply a fundamental change in the existing
classification for Hermitian topological semimetals, its
non-Hermitian counterpart has yet to be established. The
non-Hermitian topological classification is crucial not only
because it provides a general theoretical framework but also
because it predicts novel non-Hermitian topological mate-
rials and serves as a benchmark for experiments.
This Letter presents the general theory that completely

classifies topologically stable exceptional points at generic
momentum points in non-Hermitian topological semimetals
according to fundamental 38-fold symmetry and two types
of complex-energy gaps (Table I [100]). Our classification is
based on the observation that non-Hermiticity enables a
unique gapless structure with no Hermitian analogs: only
one type of the complex-energy gaps is open around an
exceptional point [Fig. 1(d)], which is sharply contrasted
with conventional Weyl and Dirac points in Hermitian
systems around which both types are open [Fig. 1(c)]. We
also elucidate that exceptional points generally possess
multiple topological structures due to the two types of
complex-energy gaps. Our theory provides the unified
understanding of non-Hermitian topological semimetals
studied in previous works [54–72]. Furthermore, it system-
atically predicts novel non-Hermitian topological materials
unnoticed in the literature; we construct as an illustration a
topological dumbbell of exceptional points [Fig. 2(b)], i.e., a
three-dimensional variant of the bulk Fermi arcs [60,68].
Non-Hermitian gapless structures.—A unique character-

istic of non-Hermitian systems is complex-valued
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eigenenergy, from which two different energy gaps are
defined, a point gap [Fig. 1(a)] and a line gap [Fig. 1(b)]
[45]. In the presence of a point (line) gap, complex-energy
bands do not cross a reference point (line) in the complex-
energy plane. A point gap is physically relevant to the
localization transition in one-dimensional non-Hermitian
systems [33,53,101], whereas topologically protected edge
states [18,19,22,24–28] are understood by a line gap for
the real part of the complex spectrum. A line gap for
the imaginary part also has a significant influence on the
nonequilibrium dynamics [38]. If symmetry exists, both
complex-energy gaps should be invariant under the sym-
metry. Without loss of generality, the reference point is
supposed to be placed on the reference line. Then, a line
gap is always closed when a point gap is closed. However,
the converse is not necessarily true; a point gap can be open
even when a line gap is closed.
This nature of complex-energy gaps enables two distinct

types of non-Hermitian gapless structures. We encircle a
gapless region (point, line, surface, and so on) in momen-
tum space by a (p − 1)-dimensional sphere Sp−1 (p ≥ 1),
where S0, S1, and S2 denote a pair of points, a circle, and a
surface, respectively. The system has a complex-energy gap
on Sp−1, but two different situations may happen: (i) both
point and line gaps are open [Fig. 1(c)] or (ii) only a point
gap is open [Fig. 1(d)]. In the former case, the non-
Hermitian Hamiltonian on Sp−1 can be continuously
deformed into a Hermitian (or an anti-Hermitian) one, as
rigorously proven in Ref. [45]. Thus, in a manner analo-
gous to the Chern number for the conventional Weyl point,
the gapless region hosts a topological charge essentially

identical to that in the Hermitian case. In the latter case, by
contrast, we need to assign a different topological charge to
the gapless region on the basis of the point gap on Sp−1. It
should be noted that the latter is intrinsic to non-Hermitian
systems and impossible in Hermitian ones, since there is no
distinction between point and line gaps for Hermitian
Hamiltonians.
We find that exceptional points realize the latter

unique gapless structure as shown in Fig. 1(d) and are
characterized by topological charges for point gaps. A
distinctive property of an exceptional point is swapping of
eigenenergies and eigenstates upon its encirclement
[60,73,76,82–86]. For illustration, let us consider a two-
dimensional system with no symmetry that has an
exceptional point k ¼ kEP at which two complex bands
E�ðkÞ coalesce. A representative model is given as
HðkÞ ¼ kxσx þ ðky þ iγÞσy with Pauli matrices σx;y and
the degree of non-Hermiticity γ. The eigenenergies are

E�ðkÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − γ2 þ 2iγky

q
, with the square root singu-

larity around the exceptional points kEP ¼ ð�γ; 0Þ. As a
direct result of this singularity, a branch cut and a self-
intersecting Riemann surface appear in the complex-energy
plane, and thus EþðkÞ and E−ðkÞ are swapped when we go
around a loop S1 in momentum space that encircles one of
the exceptional points. Importantly, a point gap for the
reference point EðkEPÞ is open but a line gap is closed on
S1. As a result, the determinant of HðkÞ − EðkEPÞ does not
vanish on S1, which enables us to define the winding
number for a point gap as

W ≔
I
S1

dk
2πi

·∇k log det ½HðkÞ − EðkEPÞ�: ð1Þ

An exceptional point with W ≠ 0 is topologically stable.
For the above representative model, the exceptional points
kEP ¼ ð�γ; 0Þ are characterized by W ¼ �1, respectively.
We note that a similar topological invariant ν called
vorticity is introduced in Refs. [23,28]: ν ≔ −ð2πÞ−1H
S1 dk ·∇k arg ½EþðkÞ − E−ðkÞ�. Whereas the two invari-
ants are equivalent to each other for the above simple two-
band model (ν ¼ −W=2), only W is straightforwardly
applicable to general models at which more than two
complex bands coalesce.
It is shown that exceptional points that accompany

spontaneous PT -symmetry breaking [73,76,102] also
possess a similar gapless structure (see Sec. SV in the
Supplemental Material [100]): only a point gap is open, and
a line gap is closed around them.
Symmetry.—To classify topologically stable exceptional

points at generic momentum points for both complex-
energy gaps in a general manner, we consider fundamental
symmetries that keep all momenta invariant. The prime
examples are PT and CP symmetries defined by

FIG. 1. Non-Hermitian gapless structures. Complex spectra
(blue regions) in non-Hermitian systems may host two types of
energy gaps: (a) point gap and (b) line gap. A point (line) gap is
open when the complex spectrum does not cross a reference point
(line) in the complex-energy plane. (c) Hermitian gapless point
(Dirac point). On a region (blue circle) around it, both point and
line gaps are open. (d) Exceptional point. On a region (blue circle)
around it, a point gap is open but a line gap is closed.
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ðPT ÞH�ðkÞðPT Þ−1¼HðkÞ; ðPT ÞðPT Þ� ¼�1; ð2Þ
ðCPÞHTðkÞðCPÞ−1¼−HðkÞ; ðCPÞðCPÞ� ¼�1; ð3Þ
where PT and CP are unitary operators. Here PT
symmetry emerges in open systems with balanced gain
and loss [73], while CP symmetry is respected in non-
Hermitian superconductors and superfluids with inversion
symmetry [103]. Whereas both space inversion P and time
reversal T (charge conjugation C) may be broken indi-
vidually, the combined symmetry PT (CP) is required for
the topological stability away from high-symmetry points.
Another relevant symmetry is chiral symmetry, which is

a combination of PT and CP symmetries and hence is
defined by

ΓH†ðkÞΓ−1 ¼ −HðkÞ; Γ2 ¼ 1; ð4Þ
with a unitary operator Γ. It is notable that chiral sym-
metry is equivalent to pseudo-Hermiticity, defined by
ηH†ðkÞη−1 ¼ HðkÞ with a unitary and Hermitian operator
η [104]. In fact, when HðkÞ respects chiral symmetry,
iHðkÞ respects pseudo-Hermiticity [38]. Moreover, chiral
symmetry is distinct from sublattice symmetry due to
HðkÞ ≠ H†ðkÞ [45], defined by

SHðkÞS−1 ¼ −HðkÞ; S2 ¼ 1; ð5Þ
with a unitary operator S. The above symmetries constitute
the fundamental 38-fold symmetry class for the non-
Hermitian gapless phases [100] in a similar manner to

the gapped ones in Ref. [45], which updates Bernard-
LeClair symmetry [18,32,46,63,105,106].
Topological classification.—Complex-energy gaps are

closed at an exceptional point. Near such a gapless point,
HðkÞ is expressed as [107]

HðkÞ ¼
Xp
i¼1

viδkiγi þ PJP−1; p ≔ d − dEP; ð6Þ

where vi’s are complex constants, δki’s are momentum
deviations from the exceptional point, and γi’s are non-
Hermitian Dirac matrices subject to certain symmetries.
The gapless point δk ¼ 0 in general takes a Jordan
canonical form PJP−1 with a Jordan matrix J and an
invertible matrix P, which is defective unless J is diagonal
[74]. In addition, p is the codimension of the exceptional
point with the spatial dimension d and the dimension dEP of
the gapless region; exceptional points, lines, and surfaces
are described by dEP ¼ 0, 1, 2, respectively. Whereas a
complex-energy gap is closed at the gapless point δk ¼ 0,
it may be open, and a topological invariant can be defined
on a (p − 1)-dimensional surface Sp−1 that encloses the
gapless point, in a similar manner to Fermi surfaces in
Hermitian systems [11,12,15,108]. Thus, topology of the
exceptional point is determined by classifying the gapped
topological phases on Sp−1.
As discussed above, only a point gap is open for a

sufficiently small Sp−1, but a line gap can also be open for a
larger Sp

0−1 [p0 can be different from p; for instance, p ¼ 2

TABLE I. Classification table of topologically stable exceptional points at generic momentum points. The codimension p is defined as
p ≔ d − dEP, with the spatial dimension d and the dimension dEP of the gapless region; exceptional points, lines, and surfaces are
described by dEP ¼ 0, 1, 2, respectively. Complex-energy gaps have two distinct types, a point (P) or line (L) gap, and the subscript of L
specifies a line gap for the real or imaginary part of the complex spectrum. The sign of PT (CP) symmetry means ðPT ÞðPT Þ�
[ðCPÞðCPÞ�].

Symmetry Gap Classifying space p ¼ 0 p ¼ 1 p ¼ 2 p ¼ 3 p ¼ 4 p ¼ 5 p ¼ 6 p ¼ 7

No
P Cp Z 0 Z 0 Z 0 Z 0
L Cpþ1 0 Z 0 Z 0 Z 0 Z

Chiral
P Cpþ1 0 Z 0 Z 0 Z 0 Z
Lr Cp Z 0 Z 0 Z 0 Z 0
Li Cpþ1 × Cpþ1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z

Sublattice
P Cp × Cp Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0
L Cp Z 0 Z 0 Z 0 Z 0

PT , þ1
P Rp Z Z2 Z2 0 2Z 0 0 0
Lr Rpþ7 0 Z Z2 Z2 0 2Z 0 0
Li Rpþ1 Z2 Z2 0 2Z 0 0 0 Z

PT , −1
P Rpþ4 2Z 0 0 0 Z Z2 Z2 0
Lr Rpþ3 0 2Z 0 0 0 Z Z2 Z2

Li Rpþ5 0 0 0 Z Z2 Z2 0 2Z

CP, þ1
P Rpþ2 Z2 0 2Z 0 0 0 Z Z2

L Rpþ1 Z2 Z2 0 2Z 0 0 0 Z

CP, −1 P Rpþ6 0 0 Z Z2 Z2 0 2Z 0
L Rpþ5 0 0 0 Z Z2 Z2 0 2Z
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and p0 ¼ 3 in Fig. 2(a)]. Depending on types of the
complex-energy gaps, an exceptional point may support
multiple topological invariants. Taking into account both
possibilities, we classify topologically stable exceptional
points for each type of complex-energy gaps and all of the
38 symmetry classes [100]. Our results are summarized in
Table I and Tables S2–S7 in the Supplemental Material
[100]. These periodic tables specify exceptional points and
non-Hermitian topological semimetals in a general manner
and describe their unconventional nodal structures. In fact,
they corroborate previous works [54–72,100]. For example,
stable exceptional points in two dimensions [28,60,68,72]
are explained by the Z index in Table I with no symmetry,
p ¼ 2, and point (P) gap; symmetry-protected exceptional
rings in two dimensions [54,62,63,65,67] are explained by
the Z or Z2 index in Table I with chiral or PT symmetry,
p ¼ 1, and P gap. These unique nodal structures, as well as
the consequent physical phenomena, are topologically
protected against symmetry-preserving perturbations.
Multiple topological structure.—A remarkable feature of

Table I is the multiple topological indices for each
symmetry class due to the two types of complex-energy
gaps. As a result, exceptional points can be characterized
by a couple of independent topological charges. A prime
example is the Weyl exceptional ring in three-dimensional
systems with no symmetry [Fig. 2(a)] [56,75]. For the
Hermitian case, the topological stability of a Weyl point in
three dimensions is ensured by the Chern number defined
on an enclosing surface [2,7]. In the presence of non-
Hermiticity, such a Weyl point morphs into an exceptional
ring. A representative model is given as HðkÞ ¼ kxσx þ
kyσy þ ðkz þ iγÞσz with a Weyl exceptional ring at k2x þ
k2y ¼ γ2, kz ¼ 0 [56,75]. On a sphere [S2 in Fig. 2(a)] that
encloses the ring, a line gap is open and the Chern number
remains to be well defined unless it annihilates with another
ring, which corresponds to the Z index for a line gap with

p ¼ 3 (see Table I with no symmetry). Moreover, on S1

across the ring, a point gap is open and the winding number
in Eq. (1) is well defined, which corresponds to the Z index
for a point gap with p ¼ 2. Notably, the two topological
charges are independent of each other and individually
ensure the topological stability of the Weyl exceptional
ring.
Such amultiple topological structure is a general hallmark

of non-Hermitian topological semimetals. For instance,
according to our classification tables, symmetry-protected
exceptional rings in two dimensions [54,62,63,65,67] may
host different topological charges for each p ≤ 2 and each
complex-energy gap. Whereas the unique nodal structures
were discussed in Refs. [54,62,63,65,67], their multiple
topology has not been revealed until this Letter.
Exceptional point in three dimensions.—Our classifica-

tion also predicts unknown non-Hermitian topological
semimetals and nodal superconductors. As an illustrative
example, we consider an exceptional point in three dimen-
sions (p ¼ 3) protected by chiral symmetry. Whereas
exceptional rings [56,75] and surfaces [62,65] were dis-
cussed before, such an exceptional point in three dimen-
sions has not hitherto been known. A representative model
is systematically constructed in the following manner. We
begin with a Hermitian gapless system in four dimensions
HðkÞ¼kxσxτxþkyσxτyþkzσxτzþkwσy with Pauli matri-
ces σi and τi. Corresponding to the Z index for a real line
gap with p ¼ 4 (see Table I with chiral symmetry), it
possesses a topologically stable gapless point at k ¼ 0,
around which the three-dimensional winding number [100,
109–111] is defined due to chiral symmetry in Eq. (4) with
Γ ¼ σz. Now we add a non-Hermitian perturbation iγσzτx
to this Hermitian model. As with the Weyl exceptional ring,
this non-Hermiticity spawns an exceptional ring. In fact,
the complex spectrum is obtained as

EðkÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2w þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2y þ k2z

q
� iγ

�
2

r
; ð7Þ

and an exceptional ring appears at k2x þ k2w ¼ γ2, ky ¼
kz ¼ 0. Finally, we take kw ¼ 0 and regard this four-
dimensional model as a three-dimensional one,

HðkÞ ¼ kxσxτx þ kyσxτy þ kzσxτz þ iγσzτx; ð8Þ

which has a pair of exceptional points at kEP ¼ ð�γ; 0; 0Þ.
As illustrated in Fig. 2(b), these exceptional points are
connected by a Fermi arc with ReE ¼ 0, forming a
topologically stable dumbbell configuration. The topologi-
cal stability of the exceptional points is ensured by the Z
index in Table I with chiral symmetry, p ¼ 3, and point
gap, which is given as the Chern number �1 of the
Hermitian matrix iHðkÞΓ defined on a surface that encloses
each of the exceptional points [100].

FIG. 2. Non-Hermitian topological semimetals. (a) Weyl ex-
ceptional ring (red ring) with the two independent topological
charges, the Chern number defined on the surface S2 that encloses
the ring (p ¼ 3, line gap) and the winding number defined on the
loop S1 across the ring (p ¼ 2, point gap). (b) Topological
dumbbell of exceptional points in three dimensions. The bulk
Fermi arc with ReE ¼ 0 connects a pair of exceptional points
(EPs, red points).
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We stress that topologically stable gapless points are
absent in Hermitian three-dimensional systems with chiral
symmetry. These gapless points are thus unique to non-
Hermitian systems. Furthermore, the above recipe is widely
applicable to different symmetry classes and spatial dimen-
sions and unknown non-Hermitian topological semime-
tals can be systematically predicted according to our
classification.
Discussion.—The emergence of exceptional points is

one of the most striking and universal characteristics in
non-Hermitian physics [73,75,76]. In this Letter, we have
formulated the general classification theory on non-
Hermitian topology of exceptional points. Our theory is
widely applicable to non-Hermitian topological semimet-
als, providing the unified understanding of their unique
nodal structures and predicting novel non-Hermitian topo-
logical materials. Since the consequent non-Hermitian
topological phenomena and functionalities have yet to be
explored, it merits further research to investigate such
richer physics on the basis of our theory.
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