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We present an operator-based factorization formula for the transverse energy-energy correlator (TEEC)
hadron collider event shape in the back-to-back (dijet) limit. This factorization formula exhibits a
remarkably symmetric form, being a projection onto a scattering plane of a more standard transverse
momentum dependent factorization. Soft radiation is incorporated through a dijet soft function, which can
be elegantly obtained to next-to-next-to-leading order (NNLO) due to the symmetries of the problem. We
present numerical results for the TEEC resummed to next-to-next-to-leading logarithm (NNLL) matched to
fixed order at the LHC. Our results constitute the first NNLL resummation for a dijet event shape
observable at a hadron collider, and the first analytic result for a hadron collider dijet soft function at
NNLO. We anticipate that the theoretical simplicity of the TEEC observable will make it indispensable for
precision studies of QCD at the LHC, and as a playground for theoretical studies of factorization and its

violation.
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Introduction.—Event shape observables, which measure
the flow of radiation in a scattering event, play a central role
in QCD. They allow for precision measurements of QCD
parameters, such as the strong coupling constant, «,, as
well as for probes of more subtle features of QCD, such as
color evolution or factorization violation. While event
shape observables in eTe™ collisions are by now quite
well understood, with calculations incorporating next-to-
next-to leading order (NNLO) fixed order corrections
[1-4], and next-to-next-to-next-to leading logarithmic
(N3LL) resummation [5-8], the same level of understand-
ing has not been achieved for event shape observables at
hadron colliders. This is due both to the technical complex-
ity of fixed order calculations with multiple legs, and to the
failure of standard factorization formulas in the hadron
collider context. The theoretical and experimental study of
event shape observables at hadron colliders therefore
provides genuinely new opportunities for improving our
understanding of QCD.

An important aspect in the description of event shapes is
the resummation of singular terms in kinematic limits. For
hadron collider event shapes, NNLL resummation has been
achieved for zero-jet [9-11] and one-jet event shapes [12].
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However, many interesting effects, namely nontrivial color
evolution and amplitude level factorization violation, first
occur for dijet event shapes, for which complete results are
only available at NLL [13-18].

A number of recent developments, namely the calcu-
lation of the three loop soft anomalous dimension [19,20],
progress towards three jet production at NNLO [21-30],
the illustration of the noncancellation of Glauber effects in
dijet processes [31-33], the elucidation of amplitude-level
factorization violation [34-36], and a formalism for the
incorporation of factorization violation in the soft collinear
effective theory (SCET) [37], motivate a renewed interest in
the theoretical study of dijet event shapes.

In this Letter, we will study the transverse energy-
energy-correlator (TEEC) observable [38,39],

do 2Er Erp
dcos(p_azb:/dUpp—>a+b+Xm6(cos¢ab_COS¢),

(1)

where the sum is over all pairs of hadrons, E; is the
transverse energy of the hadrons, and ¢,, the azimuthal
angle between the hadrons, as illustrated in Fig. 1. We note
that due to the energy weighting in the definition of the
observable, Eq. (1) is not truly a differential cross section.
However, we follow the standard abuse of notation and
denote it as such. For recent measurements of the TEEC
for jets, see Refs. [40,41]. Building on significant recent
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FIG. 1. The TEEC measures the E; weighted angular corre-
lation of pairs of particles as a function of the angle ¢ in the
transverse plane. In the ¢» — # limit, it measures the momentum
in the direction y perpendicular to the scattering plane spanned by
the beam and jet axes, outlined in dashed blue.

progress in the understanding of the energy-energy cor-
elator (EEC) observable [42-48], we will show that the
TEEC exhibits a remarkable perturbative simplicity in the
dijet limit, allowing for significant progress to be made in

the understanding of hadron collider event shapes.
Factorization formula.—One of the main results of this
Letter is an operator based factorization formula, derived in
SCET [49-52], describing the singular behavior of the
TEEC observable in the ¢p — 7, or more conveniently, the
7 =sin®[(z — ¢)/2] = 0 limit. In this limit, the singular
behavior of the observable is described by a dijet configu-
ration, with collinear radiation along the beam and jet axes,
as well as low energy soft radiation. The 7 — 0 limit defines
a scattering plane spanned by the beam axis and the axis of
|

the outgoing jets (more precisely the transverse thrust axis).
Collinear splittings and soft emissions recoil the particles
correlated by the TEEC observable slightly from this plane,
see Fig. 1. This singular region is similar to those
considered for studying azimuthal correlations in DIS
[53] or back-to-back jets in eTe™ [54].

The simplicity of the TEEC lies in a relation between the
azimuthal angle ¢ and the momentum perpendicular to the
scattering plane, which we will denote as the y component,
as illustrated in Fig. 1. Consider two final state particles k3
and k4, whose transverse energy correlation is to be
measured. In addition to the transverse momentum off
the scattering plane due to final-state collinear splittings,
they obtain transverse momentum from the recoil of the
total soft momentum k; ,, and from the momenta k, , and
k,, of the incoming particles which enter the hard
scattering. In the 7 — 0O limit, we have the relation

ks ke
- (%"‘ 54; +k1’y +k2’y _ks,y)

4P2

2

Fon (2

where &; and &, are the respective longitudinal momentum
fractions of the two measured final state particles relative to
the two leading jet momentum p; and py, and Pr is the
transverse momentum of p; and p, relative to the
beam axis.

The relationship in Eq. (2) allows us to derive a
factorization formula for the TEEC in the dijet limit in
terms of standard transverse momentum dependent (TMD)
beam and jet functions

do0) 1 1 dysdy,prdp /00 db .,
= 27 pm2ibtpr f1f2=13/4 * *
- e tr[H pr: Y w)S(b,y* pv
dr 1671’S2(1 + 5f3f4)\/%channels Ninit §i1& —x 21 [ ( ’ ) ( )]
“Brn, (b &1 v) By, (b Soo )T 4 (b )T 4, (b i, v). (3)

Here the superscript (0) indicates that this formula
describes all contributions to the cross section that scale
like 1/7z modulo logarithms, up to potentially factorization
violating terms which occur first at N*LO, and will be
discussed shortly. This factorization formula is a sum over
different 2 — 2 partonic scattering channels f;(p;)
J2(p2) = f3(p3)fa(pa), where Ny is the corresponding
spin- and color-averaged factor for each channel, /s is the
center-of-mass energy, y;, y4, and pr are the rapidity and
transverse momentum of the two leading partonic jets at the
lowest order in perturbation theory, and &, = py(e” +
e’)/\/s and & = pr(e™ 4 e7+)/\/s are the born-level
initial-state momentum fractions. The dependence on the
scattering channel is incorporated through the hard function
H/1/>=/3/4(p,, y*, u), which depends on the p; and the
single jet rapidity y* = (y3 — y4)/2 in the partonic center-
of-mass frame. Each of the functions in Eq. (3) depends on

|

a virtuality renormalization scale y, and a rapidity renorm-
alization scale v [55,56]. The associated renormalization
group (RG) equations allow for the resummation of
logarithms of 7.

The soft and collinear dynamics in the dijet limit are
described by beam functions, B, jet functions, J, and a soft
function, S. The beam functions and jet functions in Eq. (3)
are identical to the well-known TMD beam functions and
EEC jet functions [47] (which are in turn related to the
TMD fragmentation functions [57-59]). Therefore, the
TEEC in the dijet limit provides a probe into both beam
and jet TMD dynamics that is interesting to a broad
community. Since the TMD beam and jet functions are
standard objects, we do not discuss them further, but collect
all the anomalous dimensions and matching coefficients in
the Supplemental Material [60]. The TEEC soft function is
new and will be discussed shortly.
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The factorization formula in Eq. (3) is expected to be
violated at N*LO by Glauber gluons [88] which couple the
different beam and jet functions. While the cancellation of
Glauber gluons was shown for color singlet transverse
moment distributions in the seminal works of Refs. [54,88—
93], it is expected that factorization should not hold for a
dijet event shape [31,32,34-37,94—104]. Glauber contri-
butions can potentially be incorporated in our formalism
using Ref. [37], and indeed one of our primary motivations
is to understand such violations by identifying a dijet
observable with the simplest perturbative structure. Apart
from a brief comment on the anomalous dimension of the
soft function at N3LO, we leave the study of violations of
this factorization formula to future work, and restrict
ourselves to NNLL accuracy where Eq. (3) holds.

Soft function.—The most complicated obstacle for pre-
cision calculations of multijet event shapes is the soft
function, due to its dependence on multiple directions. (For
recent progress towards numerical calculations of soft
functions at NNLO, see Refs. [105-107].) A key feature
of the TEEC which makes it particularly amenable to
analytic higher order calculations is the simplicity of its soft
function, which is defined as a vacuum expectation of
Wilson lines,

S(b’ y*) = <O|T[On|n2n3n4(OﬂﬂT[O’Ll"leaM(bﬂ)}|O>’ (4)
as illustrated in Fig. 2 (There the temporal direction has
necessarily been suppressed). Here O, ,,,,,,(X) =
Y, Y,Y, Y, (x), with Y, (x)=exp[i[dsn;-A(sn; +
x)T;] a semi-infinite lightlike soft Wilson line, and n% =
P!/ p? the lightlike direction of the incoming or outgoing
parton in the partonic center-of-mass frame. The directions
of the Wilson lines are standard and hence suppressed,
as are gauge links at infinity. We have chosen coordinates
such that b* = (0,0, b, 0) is in the direction  perpendicular
to the scattering plane, y - n; = 0.

The soft function defined in Eq. (4) suffers from UV and
rapidity divergences. Rapidity divergences are regulated

N —

™N

N

N

FIG. 2. The spatial structure of the TEEC soft function. Each
set of Wilson lines lies in a scattering plane, and their relative
displacement is perpendicular to these planes.

using the exponential regulator of [108]. The soft function,
which is a matrix in color space, satisfies the RG equation

ds 1
dln/tzzi(r;'S—FS'FS)’ )
with [13,14,109,110]
I/ n; l’l

I1S - ZT Tﬂ'cusp Z 7\1 Yquadv (6)

i<j

where v is the rapidity scale, and ¢; = Cr or Cy is the
Casimir of the parton i. Here y, is the cusp anomalous
dimension [111], y, is the threshold soft anomalous
dimension [112] and 7yg,q4 is the anomalous dimension
for quadrupole color and kinematic entanglement, which
first appears at three loops [19,20]. The evolution equation
associated with the rapidity scale v is

ds 1
T E(F -S+8-T,), (7)
with
2/72 =2
= ([ L el )] + vl
X Zcil +vx [y, ag(bo/D)]. (8)

This is the generalization of the rapidity RGE [55,56] for
color singlet production to dijet production at hadron
colliders. Here y, is the rapidity anomalous dimension
for the color transverse momentum distribution [113], and
bo = 2e7TE,

The color nondiagonal rapidity anomalous dimension,
Yx, vanishes at one and two loops due to rescaling
invariance, n; — e’ n;, which is sufficient for the NNLL
resummation considered in this Letter. yy can potentially be
nonzero at three loops where there is a scaling invariant
Cross ratio n; - n3ny - ng/(ny - nyns - ny) = (1 —tanh y*)? /4.
The consistency of the factorization formula (derived from
rapidity scale independence of the cross section) implies
Yx =0 to all perturbative orders; however, since the
factorization formula is expected to be violated, we do
not take this as given. If yy = 0, it requires a symmetry
explanation, and if not, it provides a direct window into
factorization violation. Either way, we believe that the
calculation of the TEEC soft function at three loops will
provide considerable insight into rapidity factorization.

While the RG can be used to predict the logarithmic
dependence of the soft function, its simple structure implies
that the constants can also be easily computed Writing its
perturbative expansionas S = " (a,/47)"S", from adirect
perturbative calculation, we find the beautiful relation
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00 22 =0 1 (1 1+,
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SO (y* Ly L,) = =Y (T;-T,)s" <L,,,Ly+ln 5 f),

i<j
1

+ 800" Ly, L)L, ©)

where S(f) (Ly, L,) isthe n-loop TMD soft function for color-
singlet production at hadron colliders (which can be found up
to three loops in Ref. [113]), and L, = In(u*b*/b}),
L, = In(22b*/b}). Details of this calculation will be pre-
sented in a future publication. Equation (9) is the first
analytic result for a hadron collider dijet soft function at
NNLO (The 2-jettiness soft function was computed numeri-
cally in Ref. [107]). The remarkable simplicity of the TEEC
soft function should be compared with the soft functions for
the N-jettiness observable [107,114—117], which already at
one-loop, can only be computed numerically. We have also
not included in Eq. (9) a purely imaginary component that
does not contribute to the cross section, but is given in the
Supplemental Material [60]. The reason for this simplicity is
interesting, and deserves further comment. A soft function
describes the expected value of radiation sourced by a
configuration of Wilson lines, projected onto some direc-
tion(s). For the N-jettiness observable [118], these directions
are the Wilson line directions themselves, which necessitates
a partitioning of the phase space around the Wilson lines and
leads to a complicated structure. For a dijet configuration,
there is a unique direction perpendicular to the scattering
plane defined by the four Wilson lines, which we have
denoted ¥, such that § - n; = 0 for all Wilson line directions
n;. This is the direction that is used to define the TEEC soft
function, as shown in Fig. 2, and leads to its simplicity. In
particular, it implies that the scale independent part of the
TEEC soft function can only be function of scaling invariant
cross ratio of ;. This points to the TEEC soft function as the
uniquely simple dijet soft function, and we believe this
simplicity will facilitate further analytic studies.
Numerical results.—We can use our factorization for-
mula in Eq. (3) to present numerical results for the LHC at
/s =13 TeV. We use the anti-k; algorithm [119] with
cone size R = 0.4 to select events with two leading jets
having averaged jet Py > 250 GeV and individual jet
rapidity |Y| < 2.5. The TEEC is computed for particles
with rapidity |y| < 2.5. Throughout, we will use the
PDF4LHC15_NNLO_MC [120] parton distribution functions,
and we take a, (M) = 0.118. An interesting feature of the
TEEC is that due to the energy weighting, the rapidity cuts
do not introduce so called nonglobal logarithms [121,122].
We begin by verifying that our factorization formula
correctly reproduces the singular behavior as 7 — 0 by
comparing to the numerical code NLOJET++ [123,124],
which provides the LO and NLO QCD corrections to
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FIG. 3. The TEEC at LO and NLO in the dijet limit. Here
ONLO denotes only the NLO corrections.

three-jet production. We note that NLO QCD corrections to
the TEEC for jets have been computed in Ref. [125] using
NLOJET++, but here we are considering the TEEC for
particles. Since the TEEC is first nonvanishing with a
single emission from the dijet configuration, we use the
perturbative counting for three-jet production for the
matching. In Fig. 3 we show our factorization formula
expanded to fixed order, compared with the numerical
results of NLOJET++ for 7do/dz, finding perfect agreement.
This is highly nontrivial, as both calculations are rather
involved, with nine different partonic channels at LO, and
provides a strong check on the validity of our factorization
formula. To the best of our knowledge, this is the first time
that the singular behavior for a dijet differential distribution
is under full control at this order.

In Fig. 4, we plot the full NLO prediction for |do/d¢| in
the dijet limit, as well as its decomposition into the singular
terms predicted by the factorization, and the nonsingular
terms (power corrections) defined as the difference between
the full fixed order calculation and the singular result.
For ¢ — 180° the singular terms approach the full NLO
predictions, as already demonstrated in Fig. 3, but here we
can more clearly see the interplay between the singular and
nonsingular terms. Since the TEEC effectively measures

10°g E

E TEEC Vs=13TeV — NLO =

L PytPy,>500GeV == NLO singular A

102 & PDF4LHCIS NNLO_MC NLO non-singular .
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FIG. 4. Fixed order singular and nonsingular terms for the
TEEC in the dijet limit.
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FIG. 5. The resummed TEEC distribution matched to fixed
order at both NLL + LO and NNLL + NLO.

the y component of an auxiliary transverse momentum
lgy| ~ (z — ¢), this suggests that the power corrections start
at O(z — ¢). It would be interesting to understand them
further. Recent progress in the calculation of power
corrections for transverse momentum type observables
was made in Ref. [126].

In Fig. 5 we show resummed predictions for the TEEC at
NLL and NNLL, matched to LO and NLO, respectively.
Uncertainty bands are obtained by varying both the virtual-
ity and rapidity scales up and down by a factor of two, see,
e.g.,Ref. [127]. As can be seen from Fig. 5, the resummation
cures the divergences in the fixed order calculations as
¢ — 180° and it would be particularly interesting to have
precise experimental measurements in this region. Also
clear is the reduction of scale uncertainties from NLL + LO
to NNLL + NLO, although we find that the perturbative
corrections are large. We leave a detailed analysis of various
uncertainties coming from scale variation, matching, and
nonperturbative corrections to future work.

Conclusions.—In this Letter we have initiated the study
of the TEEC hadron collider event shape. We have derived
a factorization formula describing its singular behavior in
the back-to-back (dijet) limit, and presented the first results
for a dijet event shape at NNLL matched to NLO. The
simplicity of the TEEC resides in its soft function, which
we showed can be expressed in terms of a color singlet soft
function through to NNLO.

There are a number of directions for further study and
improvement. First, it will be interesting to compute the
three-loop soft function for the TEEC to understand if yy is
nonvanishing, and to understand the role of factorization
violating terms at N°LL. This will then enable matching to
NNLO three-jet production once these become available
[22-30]. The resummation of collinear logarithms at ¢p — 0
can be performed systematically using an extension of the
jet calculus [128], and will be described in a forthcoming
work. Finally, it would be interesting to compute the TEEC
at strong coupling in planar N' =4 super Yang-Mills
following Ref. [42], which could perhaps have relevance
for heavy ion collisions. We believe the simplicity of the

TEEC observable provides a laboratory for precision
studies of QCD at the LHC, and for studying the structure
of factorization and factorization violation for hadron
collider event shapes.
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