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Dynamical Generation of Elementary Fermion Mass: First Lattice Evidence
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Using lattice simulations we demonstrate from first principles the existence of a nonperturbative
mechanism for elementary particle mass generation in models with gauge fields, fermions, and scalars, if an
exact invariance forbids power divergent fermion masses and fermionic chiral symmetries broken at UV
scale are maximally restored. We show that in the Nambu-Goldstone phase a fermion mass term, unrelated
to the Yukawa operator, is dynamically generated. In models with electroweak interactions weak boson
masses are also generated, opening new scenarios for beyond the standard model physics.
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Introduction.—In spite of its impressive phenomeno-
logical success, the standard model (SM) of particle
physics is believed to represent only an effective low
energy theory, as it neither accounts for dark matter and
quantum aspects of gravity nor provides enough CP
violation for baryogenesis. Fermion and -electroweak
(EW) boson masses are described in terms of a well-
established symmetry breaking pattern [1], but the SM is by
construction unable to shed light on the problems of EW
scale naturalness [2] and fermion mass hierarchy [3].

There have been numerous attempts to build phenom-
enologically viable models where the EW scale is stable
under quantum corrections, either because the basic theory
enjoys an approximate symmetry larger than in the SM or
because EW and Higgs mass scales are related in a fixed
way to a fundamental dynamical scale. Examples of the
first kind are the many models based on supersymmetry
(SUSY) [4,5] which, besides having the problem of
explaining SUSY breaking, are presently disfavored owing
to the experimental exclusion of SUSY particles with mass
up to a few TeV [6]. Approaches of the second kind assume
the existence of some new interaction that gets strong
around or above the EW scale, and of new fermionic
particles. The original technicolor idea [7,8] could account
for the EW boson masses, but attempts to understand
heavy fermion masses in extended technicolor (ETC)
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models [9,10] face severe problems to comply with
experimental constraints on flavor changing neutral cur-
rents, even in subsequently developed walking ETC models
[11-14]. Other ways to comply with experimental con-
straints and possibly address the flavor hierarchy problem
are represented by the partially composite Higgs models
[15,16] and by models with extra dimensions [17-19].

At variance with previous attempts, a novel intrinsically
nonperturbative (NP) mechanism for elementary fermion
mass generation was conjectured in Ref. [20]. This
mechanism is expected to be at work in non-Abelian gauge
models where (as usual) (i) chiral transformations acting on
fermions and scalars are exact symmetries, but (deviating
from common assumptions) (ii) purely fermionic chiral
symmetries undergo an explicit breaking at the UV scale.
When bare parameters are “naturally” tuned so as to
minimize fermion chiral breaking, in the effective
Lagrangian (EL—generating functional of proper vertices)
no Yukawa term occurs, but operators of NP origin that
violate fermion chiral symmetries, among which a fermion
mass term, should appear, if the scalar potential is such that
the theory lives in its Nambu-Goldstone (NG) phase. Upon
introducing EW interactions, the same mechanism also
yields massive W*, Z° bosons and a composite Higgs
boson in the W W~/Z°Z° channel [21].

In this Letter we employ lattice simulations (lacking
analytical methods) to provide evidence from first princi-
ples for the occurrence of the NP mass generation mecha-
nism of Ref. [20], within the simplest d = 4 model where it
could take place.

Mass generation in a toy model.—The Lagrangian of
the “toy” (yet nontrivial) model of interest here [20]
reads

Published by the American Physical Society
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['toy = Lk(QvA7 q)) + V((I)) + ‘CW(QvA’ (D) + ‘CY(Q’q))
(1)

with £, and V representing standard kinetic terms and
scalar potential. L, includes an SU(3) gauge field, A,,
with bare (renormalized) coupling g, (g,), a Dirac doublet,
Q = (u,d)?, transforming as a triplet under SU(3) and a
complex scalar doublet, ¢ = (¢g + ip3, —p, + ip;)T, sin-
glet under SU(3). For the latter we use the 2 x 2 matrix
notation ® = [gp| — ir>¢*]. The model has an UV cutoff
Ayy ~b7! and includes a Yukawa term, Ly(Q,®) =
n(Q ®Qg + Qr®'Q; ), as well as a nonstandard term

o - .
ﬁW(Q’A’Q):?p(QLDﬂQDﬂQR_FQRDﬂq)TDﬂQL)' (2)

The latter is a Ag} x d = 6 operator that leaves the model
power-counting renormalizable [20], like it happens for the
Wilson term in lattice QCD [22,23]. Neither Ly nor Ly are
invariant under purely fermionic chiral transformations.

Among other symmetries, the Lagrangian (1) is invariant
under the global transformations [Q; /z € SU(2)]

XL X xR = [ X (@ = Q @)] x [7p x (© — ‘DQ;)L (3)

XuR: Qrr = QrrOLyk QLR — QL/RQZ/R' (4)
No power divergent fermion masses can be generated as a
term like Ayy(Q; Qg + QrQy) is not y; X yg invariant.

Wigner phase and fermion chirality restoration.—L,q, is
not invariant under the purely fermionic chiral transforma-
tions 7; x 7r. However, as shown in [20], in the phase with
positive renormalized squared scalar mass mg) > 0), where
the y; X yr symmetry is realized a la Wigner, a critical
value of the Yukawa coupling, 7., exists at which [up to
O(b?) corrections] the effective Yukawa term vanishes. The
renormalized Schwinger-Dyson equations (SDE), say for
the y; transformations read (no sum over i =1, 2, 3,
|x| > b)

(2375 (x)0'(0)) = (=) (DL (x)0'(0)) +O(b?), ~ (5)

T

Dy = 015905~ 0x®' 50 (6)

with O any jy, covariant operator. The current 7{;i is given
in Ref. [20]. Owing to parity, similar SDE hold for jz.
At the value 1 =7..(g3,p, ) that solves the equation
n—in;g3.p,4) =0 the SDE take the form of Ward-
Takahashi identities (WTI) and the fermionic chiral trans-
formations 7; X yr become symmetries [24] of the model
(1) up to O(b?) terms. In Eq. (5) the dimensionless
coefficient 7 = #j(n; g3, p, A9) stems from the mixing of
the 7, variations of Ly, and Ly, while Z5 is a multiplicative

renormalization factor (free of logarithmic UV divergencies
at n = n.). Symmetries constrain the expression of the EL
so that in the Wigner phase its d = 4 piece is analogous in
form to L,,y, namely,

Wig _
1—‘4 = 1—‘ﬁi>0

= Fk(A’ Q7 q))
+ [n—i1(n: 3. p. 20)] (0L POk + OrP'O;)
+ V(@) (7)

1 - - 1
[y =4 (FF)+ 01D+ 0rP Qs +5Ti[0,'0,0].  (8)

The Wigner phase is thus well suited to determine
the critical value of 7, where the effective Yukawa term
disappears from Eq. (7). We stress that, neglecting O(b?)
artifacts, 77 and 7, are independent of the subtracted scalar
mass ﬁj, (see Supplemental Material [25], Sec. III) and thus
equal in the Wigner and NG phase. From Eq. (5) ., can be
determined, e.g., as the value of # where (no sum over
i=1,2,3 x#0)

3 =35 )

D}',:QL{CR%}QR—QR{%@)T}QL' (10)

An equivalent, but statistically less noisy, condition is
discussed below (Lattice study and results). We stress that
the existence of an 7., where the }; X 7z transformations
become symmetries of the theory [up to O(b?)], is a general
property of the Wigner phase independently of the specific
form of L. Owing to renormalizability and universality,
changing Ly, would only modify the values of 7, Z5, and
O(b?) artifacts.

Nambu-Goldstone phase and NP anomaly.—Most inter-
esting is the case ﬁf/) < 0, where V(®) has a double-well
shape with (:®'®:) =2?1,0#0, so that the y; X yg
symmetry is realized in the manner of NG. In large volume
under any, even infinitesimal, symmetry breaking pertur-
bation the y; X yp symmetry will be spontaneously broken
to SU(2),,.. Moreover, at = 1, residual O(b*v) 7, X 7r
violating terms will polarize the degenerate vacuum result-
ing from the spontaneous jy; X ¥z symmetry breaking
brought about by strong interactions.

Realization of the y; X yr invariance in the manner
of NG has a key impact on low energy physics. Three
elementary massless Goldstone bosons appear in the
spectrum which need to be included in the EL. In
Ref. [20] it was argued that at # = 7., the EL describing
the model (1) should include ; x yp violating terms of NP
origin, among which a fermion mass term.
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This conjecture can be checked by studying the
SDE associated with the y; X ¥p transformations [see,
e.g., Eq. (5)] in the NG phase. Exploiting parity invariance,
we more conveniently evaluate the effective PCAC mass
from the axial SDE (no sum over i = 1, 2, 3, xo > b)

Zi _ Zad>_x00(Aj(x)P'(0))

Zp"MW 07,3 (PI)P(0)) |,

P'= 01550,
(11)

where Z; = Zj|, and Zp are renormalization factors. If
NP 7, x yr violating terms were absent in the critical EL,
one should find (Z;/Zp)maw; — 0 as b~ Ag, = 0.
Lattice simulations (see Lattice study and results) show
that (Z;/Zp)mawi is not vanishing in the continuum limit.

In the NG phase the EL describing the model (1) is
expressed in terms of effective fermion, gauge, and scalar
fields. The latter, in view of v # 0, are conveniently
rewritten [60] introducing Goldstone ({;,3) and massive
(¢p) scalar fields in the form

o =RU,

R=(v+{o). U=explivz'z*gy].  (12)

where U is a dimensionless field transforming as U —
QLUQ',E under y; X yg. The nonanalytic field U only

makes sense if v #0. At n=rn,, the d <4 EL sector
reads [20] [see Eq. (7)]

Y6 = ¢, A3Tr(0,U70,U) + ¢, As[Q,UQg + Hoc/]
+ ¢AgRTr(0,U0,U) + Tpco + O(A2/v?), (13)

where Ay is the renormalization group invariant (RGI) scale
and the term « ¢; describes the NP breaking of 7; X 7z.
Upon expanding U around the identity one gets

c1As[QLUQr 4+ OrUTQ,] = c1AsQ0[14+0(L/v)],  (14)

thus a fermion mass term plus a host of more complicated,
nonpolynomial Q — ¢, 3's — Q vertices.

The NP term (14) was conjectured in Ref. [20] to arise
dynamically in the EL (13) of the theory (1) from the
interplay of strong interactions and the breaking of 7; X yr
at the UV scale. The occurrence of this 7; x 7 violating
term in the EL is essential to account for the nonzero value
we find for Z; >, 0y(Aj(x)P'(0))|,—,. [Eq. (11)] despite
the fact that the operators Af) and P! transform differently
under y; x yr. The coefficient ¢; in Eq. (14) has been
argued in Ref. [20] to be an O(g}) odd function of p. As for
its dependence on the scalar squared mass, ¢; is expected to
stay finite in the phenomenologically interesting limit
—fij, > A5 [20,21] and be nonzero only for g5 <O0.
Indeed in our interpretation the NP term (14) arises from
the spontaneous J; X yp breaking which is effective only in

the NG phase where the degenerate vacuum gets polarized
by residual O(b?v) 7, x jyg breaking effects.

A proper understanding of the NP terms in the
expression (13) requires considering what is the natural
extension of the 7; X 7p symmetry in the presence of EW
interactions [21]. In that context one finds that maximal
restoration of the chiral fermion symmetry entails the
vanishing of the coefficient ¢ in Eq. (13), leaving only
the NP terms with coefficients c¢; and c¢,, which are
responsible for the dynamical mass of fermions and weak
bosons, respectively [20,21].

At n = 1, all the NP terms occurring in the right-hand
side of the ; x 7r SDE must be RGI, as the left-hand side

of the SDE is. Conservation up to O(b?) of the Z;]ﬁ(m’
currents makes the left-hand side of the y; x 7z SDE scale
invariant independently of ﬁé

The full NG phase EL, V¢ > I'Y¢ contains of course an
infinite number of local terms of arbitrarily high dimension,
among which terms of NP origin that break the 7; X yr
symmetry. The occurrence of these NP and RGI terms in
the EL will be referred to as a “NP anomaly” in the
restoration of y; X yz symmetry.

Lattice study and results.—We describe the main steps
and results of our numerical study of the model (1) in a
lattice regularization consistent with the exact y; X yp
symmetry. Lattice y; X yx invariance entails relations
between renormalization constants (e.g., Z; = Zy) and
discretization errors of O(b**) only (n integer). The argu-
ments of Ref. [20] imply that the NP anomaly leading to
elementary fermion mass generation occurs even if fermion
loops are neglected. Thus in this first investigation we
decided to work in the quenched approximation [61].
Quenching brings key simplifications as scalar and gauge
fields can be generated and renormalized independently
from each other. In the Supplemental Material [25] we give
details on our lattice setup and data analysis.

For a given choice of bare gauge coupling (8 = 6/g3),
scalar potential parameters (Zo, mj — mz, = jiy/ Z,:) and

strength (p) of the Ly, term, we tune the bare coupling 7, so
as to restore the fermionic chiral symmetry 7; X 7g. This
task is conveniently carried out in the Wigner phase by
looking for the value of # at which

N(XO’ Yos1, P /107 9(2))
D(X0: Y0: 11+ P+ 20+ G5) |y,

rAWI(ncr’paAO’g(z)) = =0, (15)

N (xg, y05 ) = b _(PHO)IFVAT™Y (x)go(v)),  (16)
X,y

D(xg.y0:---) =b°Y (P (0)Dh(X)gno(»). 90 = Trgb] ,
(17)
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FIG. 1. rawj as a function of  at f = 5.75, 5.85, and 5.95. Red
squares denote the values of 7., at which ryw; = 0.

where 95" is a forward lattice derivative and Aj®"
the backward one-point-split lattice version of
Qyors(t'/2)Q. D) and P! are given in Egs. (10) and
(11), respectively. The time distances x; and y, — x, are
separately optimized so as to isolate the lowest-lying
pseudoscalar (PS) meson and one-® particle states. In
Fig. 1 we show rawy vs 7 at three values of the bare gauge
coupling, f=15.75, 5.85, and 5.95. In the quenched
approximation they correspond to lattice spacings of about
0.15, 0.12, and 0.10 fm, respectively, if we conventionally
assume for the Sommer scale r, = 0.5 fm (as in QCD).
The values of 7.,.(6/8,p,4)|,—19s are denoted by red
squares.

In the NG phase we work at n =, taking into
account its uncertainty. First we compute the effective
PCAC mass (11). For convenience Z3! is evaluated in a
hadronic scheme defined in the Wigner phase by taking
Zp'ry? = GJs = (0|P'|PSmeson)” at the subtraction
point, Mpg, given by the PS meson mass (see below).
As for Zz, we exploit the equality Z; = Zy, entailed
by the y; X yr invariance, and evaluate Z; from an exact
WTL

In Fig. 2 we plot the renormalized quantity
2romawiZyZp' vs (b/7o)?. A linear extrapolation shows
that its continuum limit lies about 3 standard deviations
away from zero.

Second, as another check that the effective PCAC mass
(Z3/Zp)mawi is nonzero, indicating the presence in the
EL of a fermion mass term, we have computed from the
ST (PY(0)P!(x)) correlator the mass of the lowest lying
PS meson. Our data for ryMpg are plotted in Fig. 3 as a
function of (b/ry)?> together with the best fit linear
extrapolation to vanishing lattice spacing. The figure
shows that the continuum limit of ryMpg lies above
zero by more than 5 standard deviations. On the other
hand, if roMpg had a vanishing continuum limit, one
should see r3M3g approaching zero as b* — 0 with a b*

2.0

1.5 |

R
2migwro

o 2mby (b =0) = 1.3(4) —B—
T 0 001 002 003 004 005 006 0.07 008 009 0.1

(b%/78)

FIG.2. 2mRy, ro = 2romawiZyZ3' vs (b/ry)?* in the NG phase
and its linear extrapolation to the continuum limit.

rate. On a (b/ry)* scale our riM3g data lie very
close to the continuum limit and are not compatible
with a “no mechanism” hypothesis (see Supplemental
Material [25]).

Finally, we checked that at 7 = 5.,(p) the magnitude of
(Zi/Zp)maw: (and M3g) is actually controlled by the
strength of fermionic chiral breaking as measured by the
parameter p in front of Ly, (2). An increase of p by a factor
1.5 yields an increase of (Z;/Zp)maw; by a factor of
about 2.4 (see Supplemental Material [25]) in good
agreement with expectations from Ref. [20] and the
above section Nambu-Goldstone phase and NP anomaly.
For a correct interpretation of this finding one should
notice that in more realistic models supporting the mass
generation mechanism under discussion and accounting
for EW interactions, parameters (like p) that control the
strength of fermionic chiral breaking, and hence the
NP mass terms, are not completely free, as they are
constrained by the conditions of maximal restoration of
the 7; x 7r symmetry (see Ref. [21] and Sec. VI of the
Supplemental Material [25]).
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T 0 001 002 003 004 005 006 007 008 009 0.1
(©*/r§)
FIG. 3. ryMpg in the NG phase vs (b/ry)? and its linear

extrapolation to the continuum limit.
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Conclusions and outlook.—In this Letter by means of
pioneering lattice simulations we have demonstrated from
first principles the occurrence of an elementary fermion
mass term as a NP anomaly in the EL of a renormalizable
SU(3) gauge model [Eq. (1)]. In this model a doublet of
strongly interacting fermions is coupled to a colorless
complex scalar doublet via chiral breaking Yukawa and
higher dimensional [Ly, in Eq. (2)] operators. Indeed, once
bare parameters are chosen so as to ensure (maximal)
restoration of fermionic chiral symmetries, a fermion mass
of the order of the RGI scale (Ag) is generated in the phase
where the exact symmetry acting on fermions and scalars is
spontaneously broken.

This result represents ground-breaking progress in
quantum field theory as it provides evidence for the
occurrence of a NP obstruction (“anomaly”) to the recovery
of broken fermionic chiral symmetries giving rise to a
dynamically generated fermion mass term.

From a phenomenological viewpoint EW interactions
can be included without introducing tree-level flavor
changing neutral currents by promoting the exact y; x
U(1)y invariance to a gauge symmetry. Since the 7; X 7
transformations now act both on fermions and weak
bosons, one can show that (i) the requirement of maximal
J 1 restoration leads to stringent constraints on the chiral
breaking parameters and (ii) a unique NP mechanism
generates fermion and weak boson mass terms [21].

This mass generation phenomenon is an alternative to the
Higgs mechanism and provides an interesting starting point
for beyond the SM models. As all masses are parametri-
cally of the order of the RGI scale, the latter must be much
larger than Agcp ~ 300 MeV, if the masses of the top
quark and the EW bosons have to be explained. This
observation suggests the existence of a new non-Abelian
gauge interaction that gets strong at a scale Ay > Agep,
and of new elementary fermions with O(A;) NP masses.
Crude estimates [20,21] hint at A; = O(a few TeV). Since
the condition of y; restoration implies the decoupling of {,
(the isosinglet component of @), one ends up with models
of the composite Higgs [15,16] type, where the 125 GeV
resonance is a bound state [20,21] in the WW + ZZ
channel formed owing to the new strong force.

In the theoretical framework sketched above we see also
a chance of understanding the observed fermion mass
hierarchy. Denoting by c¢; /Ar the dynamical mass of
the SM fermion f and by ¢ the gauge coupling of the
strongest gauge interaction which f is subjected to, it turns
out [20] that ¢;; is O(g*) for the heaviest fermion
generation and possibly of higher order for the other
generations. In this way one can understand, e.g., the
top to 7 mass ratio [21]. Further remarks about extending
the model (1) to a phenomenologically sensible theory are
deferred to the Supplemental Material [25].

In summary, by combining the condition of maximal
restoration of fermionic chiral symmetry explicitly broken

at the UV scale (a weak form of ‘t Hooft naturalness) with
the assumption of the existence of a new non-Abelian
gauge interaction with Ay = O(a few TeV), we find a
novel mechanism that gives mass to elementary fermions
and EW gauge bosons. In models based on this mechanism
the EW scale can be related to the scale of new physics at
which new resonances should be detected in accelerator
experiments.
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