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We demonstrate, theoretically and experimentally, that a traveling electric charge passing from one
photonic crystal into another generates edge waves—electromagnetic modes with frequencies inside the
common photonic band gap localized at the interface—via a process of transition edge-wave radiation
(TER). A simple and intuitive expression for the TER spectral density is derived and then applied to a
specific structure: two interfacing photonic topological insulators with opposite spin-Chern indices. We
show that TER breaks the time-reversal symmetry and enables valley- and spin-polarized generation of
topologically protected edge waves propagating in one or both directions along the interface. Experimental
measurements at the Argonne Wakefield Accelerator Facility are consistent with the excitation and
localization of the edge waves. The concept of TER paves the way for novel particle accelerators and
detectors.
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Generation of electromagnetic (EM) waves by moving
electric charges is one of the most fundamental phenomena
in physics. While a charge must be accelerated to produce
EM radiation in free space, this requirement no longer
exists in optically dense media. Even in a homogeneous
isotropic medium, the Cherenkov radiation (CR) [1] by a
charge traveling with a constant velocity v can be produced
when the phase velocity vph of EM waves is smaller than v.
In an inhomogeneous medium, transition radiation (TR) [2]
—usually studied in the context of a charge crossing an
interface between two media with different permittivities
and/or permeabilities—can also be produced by a constant-
velocity motion [3–10] regardless of the magnitude of v.
TR has already found numerous applications in particle
detectors and beam diagnostics [9,11]. More recently, there
has been considerable interest in expanding the TR concept
to more complex geometries and structures, including the
resonant transition radiation [12–15] in multi-interfacial
materials that form a one-dimensional (1D) photonic
crystal. TR has also been used to excite surface plasmon
polaritons (SPPs) [6,16] and guided modes in thin films
[17,18], which are hard to be directly excited by far-field
(e.g., laser) radiation.
The key limitation of all these approaches to producing

TR is that fast charged particles must be sent through a
solid medium, resulting in rapid energy loss by the
electrons, as well as the inevitable incoherent emission
[19]. For example, a 1 MeV electron loses all of its energy
after propagating through just under 3 mm of silicon.
Charging of multilayer dielectric structures bombarded by

high-charge bunches also limits their longevity [20].
Therefore, one is led to consider an intriguing yet unex-
plored possibility of producing TR in a photonic crystal
(PHC) designed to have an empty region that provides an
unobstructed path for the moving charge (see Fig. 1).
However, the physics of TR excitation in two- and three-
dimensional periodic media has not been studied either
theoretically or experimentally, with a few exception of 1D
multilayer films [12,14,15]. Even in those studies, the
emphasis was on the excitation of the modified Cherenkov
(i.e., bulk) radiation, and the feasibility of sending electrons
through solid medium was assumed. In this Letter, we
extend the concept of TR to the case of a charge crossing
the interface between two PHCs and emitting guided waves
that are localized to the interface. In particular, we consider
the previously unexplored concept of TR into topologically
protected edge waves (TPEWs) that exist at the domain
wall between two topologically distinct photonic topologi-
cal insulators (PTIs) [21–24]. We demonstrate that the
moving charge breaks the time-reversal symmetry of
TPEWs and enables spin- and valley-polarized emission
of TPEWs that are routed into spin-locked ports. In
condensed matter physics it has been shown that circularly
polarized light can excite spin-locked currents on the
surface of topological insulators [25]. Among practical
attractions of TPEWs are their one-dimensional (i.e.,
localized in the other two dimensions) nature, and the
ability for reflection-free propagation around sharp corners
[26]. Similarly to SPPs, TPEWs cannot directly couple to
bulk EM waves. However, SPPs can be also excited by
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moving charges via the CR mechanism [19] because their
dispersion curves are below the light line (vph < c) due to
their polaritonic nature, while TPEWs frequently cannot be
because the phase velocities of the guided EM waves
typically satisfy vph > c.
We start by developing a general formalism of guided

waves’ excitation by a TR mechanism as illustrated in
Fig. 1, where a point electrical charge q is shown moving
uniformly with velocity v, crossing the boundary at y ¼ 0
between two different PHCs sharing the same crystal
lattice, and exciting two counterpropagating edge states.
Alternative configurations are described in Supplemental
Material [27], including the excitation of guided modes of a
linear defect inside a PHC. For simplicity, we focus on two-
dimensional (2D) PHCs that do not rely on a photonic band
gap (PBG) for their confinement in the z dimension, but
most of the results can be generalized to 3D. We further
assume that the PhCs are non-magnetic and lossless.
Because the structure is still periodic in the x (albeit not

in the y) direction, we choose an expanded “supercell” of
the photonic structure comprised of one unit cell (of either
PHC) in x and infinitely many in y direction. The supercell
is used to compute the 1D Bloch states Ek;nðrÞ ¼
unðk; rÞ expðikxÞ, where the supercell’s normalized x-
periodic eigenmodes u are characterized by their band
number n, wave number k along the interface, and
eigenfrequency ωnðkÞ. The eigenmodes can be subdivided
into two classes: (i) projected [33] bulk (extended) modes
that have oscillatory behavior in y, and (ii) edge modes that
exponentially decay as e−κjyj away from the domain wall at
y ¼ 0, where κ−1ðωÞ is the localization distance. The focus
of our calculation is on the edge modes that occupy all, or
part, of the common band gap of the two PHCs:
ωlb < ω < ωub, where ωlðuÞb are the lower (upper) band
gap edges.

The radiated electric field is calculated by solving the
wave equation in the frequency domain: ∇ × ½∇×
Ẽðr;ωÞ� ¼ ðω=cÞ2ϵðrÞẼðr;ωÞ þ iωμ0J̃ðr;ωÞ, where ϵðrÞ
represents the inhomogeneous dielectric permittivity of the
entire structure, and J̃ðr;ωÞ ¼ qr̂kδ2ðr̂⊥Þ expðiωrk=vÞ is
the current density produced by the charge moving with the
constant speed v ¼ vr̂k in the direction of r̂k ¼ v=v,
rk ¼ r · r̂k, and r⊥⊥r̂k are the two remaining spatial
dimensions.
In the case of a continuous medium on both sides of the

boundary, the TR problem has been solved [6,19] by
stitching the analytically known solutions at the boundary.
This approach is not workable in the case of PHCs because
analytic solutions for the propagating waves cannot be
obtained. However, the problem is simplified in the case of
edge wave excitation due to the remaining periodicity in the
x direction. Briefly, using the Bloch eigenmodes of the
supercell as the expansion basis [34], the driven electric
field can be expressed as an integral over the first Brillouin
zone

Ẽðr;ωÞ ¼ q
X

n

Z

BZ

dk
2πϵ0

iωcnðk;ωÞEk;nðrÞ
ðωþ iγÞ2 − ω2

nðkÞ
; ð1Þ

where the expansion coefficients cnðk;ωÞ are given by an
integral along the beam’s path defined as r ¼ rkr̂k:

cnðk;ωÞ ¼
Z

∞

−∞
drk½u�

nðk; rÞ · r̂k�eiðω=v−k cos θÞrk ; ð2Þ

where θ is the angle between the directions of the beam’s
velocity and of the interface between the two PHCs. The
summation over n includes all modes (edge and bulk), and
an infinitesimal γ is introduced to ensure causality.
Only a discrete set of edge modes contributes to far-field

radiation at frequencies inside the common bulk band gap,
thus enabling the following asymptotic limit of Eq. (1) (see
the Supplemental Material [27]) at x → þ∞:

Eðr; tÞ ≈
X

mþ

Z
ωub

ωlb

dω

vðgÞmþ

qCmþumþ
4πϵ0

eiðkmþx−ωtÞ; ð3Þ

where mþ is the discrete index for all forward-propagating
edge modes, with their corresponding wave numbers
fkmþðωÞg determined from the edge mode’s dispersion
relation ωmþðkÞ ¼ ω and satisfying the causality condition

vðgÞmþðωÞ≡ ðdkmþ=dωÞ−1 > 0. The frequency-dependent
spectral amplitudes CmþðωÞ of the transition edge radiation
(TER) are obtained by substituting the implicitly fre-
quency-dependent Bloch eigenfunctions umþðkmþ; rÞ of
the edge modes into Eq. (2): Cmþ ≡ cmþ½kmþðωÞ;ω�. The
expression for the electric field propagating in the x < 0
direction is identical to Eq. (3), except that the contributing

modes (labeled with m− index) satisfy vðgÞm−ðωÞ < 0.

FIG. 1. A schematic of transition radiation by a point charge at
the interface of two photonic crystals. The charge moves from
one PHC (small, red circles) to another (large, blue circles) with
constant velocity v. Guided (edge) modes (green shades) propa-
gating in the x direction are excited with frequencies inside the
shared band gap of the two PHCs, as well as bulk modes (not
shown) at frequencies outside the band gap. The period a along x
direction and the lattice period a0 along the beam’s path are
labeled.
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The power spectrum PTER
� ðωÞ of the forward or back-

ward TER, which is finite for all frequencies where edge
modes exist, can now be calculated (see the Supplemental
Material [27]):

PTER
� ðωÞ ¼ q2

4πϵ0

X

m�

jCm�j2ðωÞ
vðgÞm�ðωÞ

ð4Þ

This intuitive expression for the spectral power of edge
waves, which is applicable to both continuous (see the
Supplemental Material [27] for the application of this
formalism to SPP generation [6,19]) and photonic media,
constitutes the main general result of this Letter.
Next, we consider a specific example of kink states’

excitation at the domain wall between two topologically
different PTIs shown in Fig. 2(a). The structure, based on
Ref. [26], consists of two quantum spin-Hall (QSH) PTIs
with opposite spin Chern numbers Cs ¼ �1=2. The QSH-
PTIs are comprised of two parallel metal plates providing
confinement in the z direction, patterned by a hexagonal
lattice (of period a) arrangement of metal rods attached to
either the top [right side of Fig. 2(a)] or the bottom (left
side) metal plate. Its 1D-photonic band structure (PBS) and
Bloch states are obtained using COMSOL eigenfrequency
study. Figure 2(b) shows the PBS, where black dots denote
bulk modes, and colored solid lines inside the band gap
represent TPEWs.
The domain wall between two QSH-PTIs supports four

TPEWs inside the band gap: two forward and two back-
ward TPEWs (two at each valley). The group velocities of
the TPEWs are locked to their photonic spin [26]: spin-up
(mþ, red lines) modes propagate forward, while spin-down

(m−, green lines) modes propagate backwards. For our
specific design, the TPEWs span the shared topological
band gap bracketed by ωlb ¼ 0.72ð2πc=aÞ and ωub ¼
0.77ð2πc=aÞ from below and above, respectively. The
TER-producing point charge is assumed to be moving
along one of the high-symmetry axes of the hexagonal
lattice, drawn through the midplane between the two metal
plates and halfway between two adjacent rows of rods for
optimal clearance. Therefore, the charge is crossing the
domain wall between the two QSH-PTIs at the θ ¼ π=3
angle [see Fig. 2(a)], and is experiencing a periodic
environment on both sides of the interface.
The choice of this specific photonic platform is dictated

by its several unique properties. First, the supported
TPEWs can be guided along sharply curved trajectories
[22,24,26,35] after their excitation. Second, the specific
geometry of QSH-PTIs is conducive to its interaction with
high-power electromagnetic radiation. That is because the
transverse confinement of the kink states does not require
any side walls, and because the attachment of the rods to
just one metal plate enables their easy monolithic fabrica-
tion. Third, the sparsity of the QSH-PTI structure and the
existence of clear passages for the charged beam along
multiple unobstructed directions prevent a direct impact of
electrons on the structure. We note that it has been recently
shown in theory that unidirectional edge states can be
predominantly excited by Cherenkov emission using mag-
netized plasmas or Weyl semimetals [36].
The expression for the power spectrum PTER

� ðωÞ
involves 4 TPEWs that are graphically shown as the
crossing points between the yellow dashed (constant
frequency) line and the dispersion relations (solid lines)
of the TPEWs in Fig. 2(b). These crossings are labeled as

FIG. 2. (a) Fabricated photonic structure comprised of two QSH-PTIs separated by the domain wall. The charge travels in the
midplane between the plates under the dashed yellow line. The spin-down waves (green arrow) will be received at one end of the
interface (spin-up waves not shown). Inset: unit cell geometry with realistic dimensions: a ¼ 11.5 mm, d ¼ 3.97 mm, and
h ¼ 9.78 mm. (b) The 1D PBS of the structure, projected onto the x axis. Black dots: bulk modes continua separated by the band
gap. Red (green) solid lines: TPEWs with up (down) (mþ=m−) spins inside the band gap. Horizontal dashed line: constant-frequency
line intersecting the four TPEWs at different values of km�ðωÞ. Blue shaded area: the “strong excitation belt.” (c) The emitted TER
inside the band gap calculated from the analytic expression [Eq. (4), dashed lines] and ab initio simulation (solid lines). Red (green)
lines: TER to the right (left) of the crossing point. Insets: the norm of the in-plane Poynting vector perpendicular to the beam’s path jS⊥j
obtained from the simulation, at frequencies labeled by the black arrows. The beam moves form the lower to the upper PTI domain, and
its trajectory is covered by oversaturated red. The horizontal PTI interface is located in the middle of the plot, below (above) which rods
are attached to the top (bottom) plate.
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follows: m ¼ 1, 2 crossings belong to fmþg (spin-up
TPEWs in the K=K0 projected valleys), while m ¼ 3, 4
correspond to their spin-down counterparts. The group
velocities of all 4 TPEWs are approximately equal and

constant across the band gap: vðgÞm ðωÞ ≈ 0.4c. The predicted
spectra are plotted in Fig. 2(c) for the right- (left-)propa-
gating TPEWs [dashed red (green) lines], and are found in
good agreement with ab initio driven simulation (solid
lines), where J̃ðr;ωÞ is implemented as the current source.
The TER spectra exhibit several notable features. First,

we find that TER can be highly directional and spin-
polarized: see the insets in Fig. 2(c) corresponding to ω↓ ≈
0.725ð2πc=aÞ (predominantly backward spin-down radia-
tion), and to ω↑ ≈ 0.76ð2πc=aÞ (forward spin-up radia-
tion). On the other hand, for other frequencies at the center
of the band gap both forward and backward TPEWs of
similar intensities are launched. Second, excitation of K
valley TPEWs (m ¼ 1, 3) is negligible compared with
excitation of their K0 valley (m ¼ 2, 4) counterparts (see
Fig. S2 in Supplemental Material [27] for the spectra of all
4 TPEWs). Therefore, transition radiation mechanism
provides a new way of valley-polarized excitation of
TPEWs, and provides an opportunity to introduce the
concept of quasiphase matching (QPM) between charges
and radiation.
The essence of QPM is that under the envelope function

approximation [37], TPEWs are constructed from bulk
modes of the 2D-periodic PHCwith imaginary kbulky (for the
QSH-PTI we used, the edge mode with 1D wave vector k is
constructed from bulk modes with purely imaginary kbulky ¼
�iκ ≈�0.38ia−1 and real kbulkx ¼ k� 2π=a for Kðk < 0Þ
and K0ðk > 0Þ valley, respectively, due to band folding
[38]), and for weakly confined TPEWs, the projection of
the real part of the 2D wave vector kbulk onto the charge
trajectory must approximately match the wave number ω=v
of the line current (or differ by a reciprocal vector) in order
to get large overlap integral Eq. (2). Quantitatively, strong
excitation of an edge mode is possible when its ω and kbulkx
satisfies

jω=v − kbulkx cos θ þ 2πN=a0j≲ κ sin θ; ð5Þ

for some integer N, where a0 is the period along the beam’s
path. Note that in the limit of κ sin θ → 0, we recover the
so-called generalized Cherenkov condition [39]. We refer
to the region defined by Eq. (5) as “strong excitation belt,”
and it is graphically represented in Fig. 2(b) as the blue
shaded area (N ¼ −1 for K0 valley and a0 ¼ a). It’s clear
that only TPEWs at K0 valley fall into this belt, and this
explains why they are predominantly excited. One can also
see the reason why the backward-moving TPEW 4 is
excited much stronger at the lower edge of the band gap
than at the upper edge: its dispersion line lies deep inside
the belt at lower frequencies but outside at higher frequen-
cies. Additional examples corresponding to a subrelativistic

beam with v ¼ 0.56c (strong excitation belt covering K
valley modes) and v ¼ 0.75c (no excitation), as well as
detailed derivation of Eq. (5) are presented in the
Supplemental Material [27]. The total emitted energy in
the topological band gap vs v is also plotted, where
multiple sharp peaks correspond to significantly enhanced
TER when the QPM condition is satisfied. QPM is
important when (i) the edge mode can be well described
by decaying bulk modes and (ii) the wave decay constant κ
satisfies κa0 sin θ ≪ 2π. Note that, formally, the QPM
condition resembles the relationship between the emission
angle θ and the frequency ω of the Smith-Purcell radiation
produced by a charge moving along a periodic structure
[40,41]. The key differences in the case of TER considered
by us are as follows: (i) radiation is coupled into a discrete
set of edge states, not into a bulk continuum, (ii) the
emission angle θ is fixed by the relative orientations of the
charge trajectory and the interface, and (iii) due to the
transient nature of TER, the QPM condition is an inequality
rather than a strict equation.
The experimental validation of the TER concept was

carried out at the Argonne Wakefield Accelerator Facility
(AWA-ANL) using a high-charge relativistic pointlike
electron beam (q ∼ 3 nC, Eb ≈ 65 Mev, and τb ≈ 3 ps)
and a photonic structure that was modeled above. As
sketched in Fig. 2(a), the bunch (yellow dashed line)
traverses the interface between the two QSH-PTI domains
near the center of the structure and excites TPEWs around
the frequency of f0 ≡ ω0=2π ≈ 19.5 GHz. The fully
assembled structure is pictured in Fig. 3(a) inside a vacuum
chamber. The objectives were to experimentally demon-
strate the following: (a) unobstructed charged bunch
propagation over many periods of the PHC along one of
its principal directions under full vacuum, (b) the capability
of the TR mechanism to exciting TPEWs inside the bulk
band gap, and (c) spatial localization of TPEWs close to the
domain wall. The PHC was comprised of 15 × 13 unit
cells, and its dimensions listed in the caption of Fig. 2

FIG. 3. Experimental demonstration of transition edge-wave
radiation (TER) using two interfaced QSH-PTIs. (a) fabricated
structure inside the chamber. (b) Experimentally measured
signals by Probe 1 (red diamonds) and 2 (blue circles). Numerical
prediction: solid red (blue) curves for Probe 1 (2). Shadowed
area: photonic band gap, where only TPEWs exist.
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ensure a topological PBG in the 19 < f < 20 GHz range
(where f ¼ ω=2π).
For diagnosing the TER produced by the bunch, two

probes were positioned along the outer edge of the structure
to detect spin-down waves: one very close (Probe 1), the
other (Probe 2) six periods away from the interface (see the
Supplemental Material [27] for their exact positions). The
comparison between the signals from the two probes [see
Fig. 3(b)] is used to demonstrate spatial localization of the
EM energy at the interface. Indeed, the measured signal
from Probe 1 (red diamonds) is much stronger that from
Probe 2 (blue circles) for every frequency inside the PBG
(shadowed area). This contrast, which approaches 10 dB
for some of the frequencies, implies that the beam excites
edge waves. Topological protection of such modes has been
demonstrated earlier [24] using antenna excitation. To our
knowledge, this is the first time that TPEWs were shown to
be excited via the TR mechanism. Due to the limitation of
the present experimental setup, we were only able to
reliably measure signals at one end of the interface.
Nonetheless, the measured result captures the most salient
features predicted by our theory. For example, we see a
clear trend of the TER decreasing in power as the frequency
increases from the lower to the upper edge of the PBG. This
is a consequence of the breakdown of the QPM near the
upper edge of the PBG, as predicted by numerical simu-
lation (solid red curve) and discussed above. Although the
CR produced by the beam outside of the band gap is
beyond the scope of this Letter, we note that the frequency
positions (at 16 GHz and 18 GHz) of its two measured
spectral peaks are also in good agreement with simulations
results. Additional experimental and data processing details
can be found in the Supplemental Material [27]. Future
improvement of the experiment includes measuring spin-
down waves and using a long train of electron bunches.
The TER concept can be used for beam diagnostics in the

same way as TR of bulk waves because PTER
� ðωÞ strongly

depends on the beam’s energy, duration, and the location of
its trajectory. Novel beam-driven accelerators, such as
matrix [42] and two-beam accelerators (TBAs) [43], and
accelerators with a photonic-band-gap structure [44] can
also benefit from TER. For example, possible geometries of
a TER-based noncollinear (but parallel) TBA and a matrix
accelerator are shown in Supplemental Material [27].
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