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Light is an essential tool for connections between quantum devices and for diagnostic processes in
quantum technology. Both applications deal with advanced nonclassical states beyond Gaussian coherent
and squeezed states. Current development requires a loss-tolerant diagnostic of such nonclassical aspects.
We propose and experimentally verify a faithful hierarchy of genuine n-photon quantum non-Gaussian
light. We conclusively witnessed three-photon quantum non-Gaussian light in the experiment. Measured
data demonstrate a direct applicability of the hierarchy for a large class of real states.
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Individual photons as bosonic elementary particles have
been subjects of a detailed quantum analysis already for
many decades. It is intensified now due to their importance
for quantum technology. First, a single photon antibunch-
ing was measured as incompatible with classical coherence
theory [1,2]. It was the first proof of nonclassical light. This
measurement became canonical for single photon sources
[1-5]. After many years, broadband homodyne detection
allowed indirect estimation of their continuous variable
nonclassical features [6—11]. Their visualization in the
phase space of continuous amplitude of the electric field
by a Wigner quasiprobability distribution shows multiple
negative concentric annuli for Fock states of light [12]. The
Wigner function is used to distinguish different Fock states
of light, however, without any proof yet that they really
form a faithful hierarchy. A faithful hierarchy of n-photon
quantum non-Gaussianity would reliably recognize that,
for a given order n, an observed state is statistically
incompatible with any mixture of Fock-state superpositions
up to |n—1) modified by an arbitrary Gaussian phase-
space transformation [10,13,14]. The hierarchy is sche-
matically presented in Fig. 1. Unfortunately, such a faithful
hierarchy based on the negative parts of the Wigner
function has not been discovered yet and it would be
anyway applicable only if overall losses were below 50%
[15]. Since a large variety of experimental platforms
emitting or transmitting light does not suppress the losses
so much, a lack of theoretical tools witnessing genuine
n-photon quantum non-Gaussianity limits both optical
diagnostic of quantum processes in matter and the current
fast development of multiphoton sources and their appli-
cations in quantum technology.

A large gap between basic nonclassical light and light
with a negative Wigner function was partially covered
when a loss-tolerant direct measurement of single-photon
quantum non-Gaussianity was proposed and immediately
experimentally tested [16,17]. Advantageously, these cri-
teria use only basic multiphoton correlation measurements,
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commonly applied to verify nonclassicality. The quantum
non-Gaussianity criteria conclusively prove that a quantum
state of light is not compatible with any mixture of
Gaussian states, even beyond 50% of loss [15]. In differ-
ence to the tests of nonclassicality, such tests of quantum
non-Gaussianity can already recognize a much narrower set
of states, approaching closer to ideal single photon states.
That property of single photon states has already been

10)

FIG. 1. A visual presentation of the hierarchy of genuine
quantum non-Gaussian states approaching ideal Fock states of
light. The white regions stand for mixtures of Gaussian states
(squeezed coherent states). All colored regions represent states
beyond those mixtures. Each color corresponds to a new quantum
feature attached to highly nonclassical states such as Fock states
|n) (green points). The hierarchy of such features classifies
multiphoton light exhibiting quantum non-Gaussianity. Advan-
tageously, these features are more robust against attenuation than
negativity of the Wigner function (opaque gray regions). The
quantum non-Gaussianity of ideal Fock states manifests absolute
robustness against losses. Realistic states approaching the Fock
states (blue points) can lose the genuine quantum non-Gaussian-
ity when they are affected by losses. The blue and green dashed
lines represent the influence of attenuation on states exhibiting
genuine n-photon quantum non-Gaussianity.
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proposed to be applicable as a security indicator of single-
photon quantum key distribution [18] and as a probe of
quantum photon-phonon-photon transfer [19]. In both
cases, it was proven that a test of nonclassicality is not
sufficient and it can be misleading. Recently, criteria of
quantum non-Gaussianity for multiphoton light have been
proposed and measured despite very large optical loss [20].
Meanwhile, quantum non-Gaussianity criteria have been
developed for other types of states [21-24]. Recent
mathematical treatment of quantum non-Gaussianity led
to a formulation of a resource theory [25,26].

The extension to multiphoton light allows wider appli-
cations in diagnostic of quantum processes, but the criteria
[20] do not still form a faithful hierarchy of quantum
properties and, therefore, a genuine n-photon quantum non-
Gaussian state can not be directly witnessed under large
optical loss. The discovery of the hierarchy is currently
crucial for ongoing exploration of light emitted by higher
order nonlinear processes [27,28] and for current develop-
ment of multiphoton sources [13,29]. In this Letter, we
derive the faithful hierarchy of sufficient conditions for
genuine n-photon quantum non-Gaussian states and, simul-
taneously, we experimentally verify the hierarchy by
measuring multiphoton light up to three heralded photons
under 6.5 dB of optical loss. Under such loss, a negative
Wigner function cannot be observed. Our criteria can
conclusively confirm that the observed genuine n-photon
quantum non-Gaussian statistics is beyond statistics pro-
duced by any mixture of superposition of n — 1 photons
possibly modified by any Gaussian transformation.

A pure state |y) exhibits genuine n-photon quantum
non-Gaussianity if it cannot be expressed as

lw) # S(B)D (@)1, (1)

where the core state |,_;) = > "} ,,|m) represents any
superposition of the Fock states |0), ..., |n — 1) that can be
affected by displacement D(a) = exp(aa’ —a*a) or by
squeezing S(p) = exp [-p(a")* + p*a*] operation. The
transformation S(/) D(a) can add only a Gaussian envelope
to the core state |,_;) [30]. The envelope changes photon
statistics; however, it only scales the shape of the Wigner
function representing the state in the phase space. A single-
mode mixed state p shows the nth-order property if it
cannot be identified with any statistical mixture of the right
side in inequality [Eq. (1)] randomized over the complex
parameters a, f, and ¢,,. That introduces a hierarchy of
genuine quantum non-Gaussian attributes labeled by an
index n. Obviously, each ideal Fock state |n) possesses the
attribute of the order n which any lower Fock state cannot
achieve through any Gaussian transformation. Also, any
state |n) attains the attributes of order m < n. The lowest
(first) order of the hierarchy represents quantum non-
Gaussianity proposed and measured in Refs. [16,17].
The second order means that observed photon statistics

are not compatible with any mixture of states
S(B)D(a)(¢p|0) + ¢,|1)) for any complex a, f, ¢, and
¢, satisfying |&y|*> + |&,|*> = 1. In this case, the Gaussian
transformation S(f)D(a) increases the number of photons
beyond one, but it does not extend the genuine non-
Gaussian attribute to n =2, which is typical for the
Fock state |2).

The criteria will be derived ab initio without any
assumptions about the inspected states of light. Thus, they
can be applied to any states with any mean number of
photons. As such, the criteria depend only on the formu-
lation of the detection process. The witnessing of genuine
quantum non-Gaussianity is provided by a balanced multi-
channel detector. Incoming light is evenly split to n + 1
single-photon avalanche diodes (SPADs) that only distin-
guish a signal from a vacuum. The genuine n-photon
property is detected when the probability of simultaneous
detections on all n+4+ 1 SPADs (error) is suppressed
sufficiently relative to the probability of simultaneous n
detections (success). Let us choose a set of n detectors and
define the probability of their simultaneous detection by P
and the probability of all n + 1 detectors clicking by P,. In
this case, P, refers to the probability of an expected success
event, when light contains at least n photons, and P,
quantifies the probability of an unwanted error event, when
light contains at least n + 1 photons. A linear combination
of both probabilities,

Fa,n(p) = PS + aP@’ (2)

where a is a free parameter, identifies n-photon genuine
quantum non-Gaussianity if

da: P, +aP, > F,(a), (3)

where F,(a) is a threshold function that is determined from
optimizing the functional F,,(p) over mixtures of states
given by the right side of Eq. (1) with the order n. The
subscript n also denotes the number of SPADs required for
a success event. Note that the condition can be also
formulated so that the number of detectors identifying
success is greater than the order of the witnessed property.
In that case, the criterion applied on a Fock state |n) reveals
its attribute with a lower order than n. Because the func-
tional F,,(p) is linear with respect to quantum states, the
optimum is obtained as a pure state S()D(a)|,—;) where
[fr_1) = > 1=} &k). The state is formally expressed by
2n + 4 parameters which hold normalization. Since two
states with different global phases are identical, the
considered state is determined by 2(n + 1) unique para-
meters. The task is finding an optimum over these para-
meters. This can be performed only numerically. The
Supplemental Material provides a detail description of
algorithm which searches for the maximum. The derived
thresholds are depicted in Fig. 2 for layouts with three and
four SPADs. The algorithm has to incorporate extensive
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FIG. 2. The faithful hierarchy witnessing the genuine n-photon quantum non-Gaussianity up to order three and its experimental
verification. The quantum non-Gaussianity is recognized in the orange regions. The approximate solutions of the thresholds forn = 1, 2,
3 are plotted by dashed lines. The reliability of the thresholds is demonstrated by the results of a Monte Carlo simulation. The gray points
represent fifty samples generated in the simulation that were closest to the threshold. The total number of runs in the simulation was 10°
(2nd order) and 10® (3rd order). The black points correspond to the experimental data. The shifting of the points along the vertical axes
corresponds to deterioration of the emitted light by background Poissonian noise. The slight movement of the points in the horizontal
axis is caused by experimental imperfections resulting in noise leakage into the heralding arm. The mean number of photons of the
background noise registered in a detection window is 7i = 0,4 x 107>, 2 x 107#, 1073 (from the lower points to the upper points) for
each measurement. Error bars represent the statistical error of the number of detected coincidence events. The effects of optical loss on
the experimental data are illustrated by the blue dashed lines. Attenuated states would follow these lines until they would cross the
thresholds. The attached values represent the maximum attenuation, under which genuine quantum non-Gaussianity remains

observable.

formulas that express general parametrization of success
and error probabilities [31]. However, assuming that the
inspected states have a strongly suppressed probability of
error P,, as is typical for high-quality multiphoton states,
the threshold can obtain approximate forms [32]

(1+n)*"(2+n)*(1+n)P3

P,~ TP . (4)

n*(n!)

These approximations are applicable as a basic witness;
however, they are below the real thresholds. They have to
be carefully used if data are very close to them, surpassing
them too tightly can lead to a false positive. Thus, the
Supplemental Material provides a derivation of more
accurate approximations that can be applied on a larger
set of states. Also, usefulness of our approach is presented
in the Supplemental Material [32]. It is demonstrated there
that our method can identify the presence of n-photon
genuine quantum non-Gaussianity; even among states that
share almost identical photon statistics.

Let us note that although the thresholds were derived
from the assumption of single-mode states, they can be
applied to states occupying multiple modes. This is also the
case in the presented experimental proof. The genuine
n-photon quantum non-Gaussianity of multimode states
means the higher photon contributions are produced neither
by squeezing nor by displacement of a multimode core state
that shows a truncated photon distribution. Since the exact
definition of that property is technical in the multimode
case, it is presented in the Supplemental Material along
with the details of a Monte Carlo simulation indicating that
the thresholds do not get stricter for multimode states.

Experimental setup.— To experimentally witness
genuine n-photon quantum non-Gaussianity, a superior

multiphoton source is required. In this regard, there has
been development recently reported in Refs. [34-36]. We
generated statistics with controllable multiphoton content
from a well-established photon source based on multiple
high-quality single photons triggered to suppress random
noise. We employed continuous-wave spontaneous para-
metric down-conversion (SPDC) to generate sequences of n
heralded single photons that were collectively measured on
a multichannel detector as depicted in Fig. 3. See the
Supplemental Material [32] for further details about the
source. In addition to this signal, we added extra Poissonian
background noise from a laser diode to explore the
sensitivity of genuine n-photon quantum non-Gaussianity
to multiphoton content. We detected photons from all
triggered time modes collectively, considering the overall
statistics.

The detector was implemented by a balanced network of
half-wave plates and polarizing beam splitters with a silicon
SPAD in each arm. The temporal resolution of the SPADs
was safely covered by the coincidence windows. We
recorded coincidence events between individual SPADs
and obtained the results presented in Figs. 2 and 4. The
estimated efficiencies of the SPADs were between 50 and
65%. The differences between overall efficiencies of each
detector arm were compensated by adjusting the splitting
ratios to balance detection rates among all SPADs. The
result is equivalent to a balanced detector with a fixed
overall efficiency. By virtue of definition of the genuine
quantum non-Gaussianity, the finite efficiency of the
detector—contributing only vacuum—cannot cause false
witnessing. Therefore any such witnessed quantum state is
indeed genuinely quantum non-Gaussian.

Results and analysis.—The data exhibit genuine quan-
tum features up to order three (n = 3). This was achieved
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FIG. 3. Schematics of the experiment. A number of down-
converted heralded photons with weak multiphoton contributions
are incident on a balanced multichannel detector consisting of
SPADs. The multiphoton contribution consists of multipair
generation and, primarily, of Poissonian noise added by coupling
a laser diode to the signal. Only time windows conditioned by a
trigger detection are considered, and n successive time windows
are merged together.
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FIG. 4. For each order of genuine quantum non-Gaussianity
(orange), various heralded numbers of photons are plotted. The
blue points are experimental results with the respective numbers
of merged photons attached. Error bars are shown only when the
uncertainty is comparable to the point size. The only states
passing the respective criteria are those with a matching number
of photons—those are also shown in Fig. 2 with expected
attenuation paths. The differences in scale of each graph are
caused by varying the number of detector channels and scaling of
the n-photon probabilities with increasing n.

by minimizing SPDC gain and the time window for
coincidence detection, because P, grows linearly with both
parameters. The time window is limited by the temporal
resolution of the detectors, while the gain can be lowered
arbitrarily at the cost of reducing generation rate. The
experimental limit of our demonstration was the measure-
ment time needed to acquire statistically significant results
for P,. The scaling is very fast: while we needed only
16 hours to obtain the results for n = 3, several months
would be needed for n =4. The main factor is that
lowering SPDC gain simultaneously decreases the portion
of error events and generation rate. A low event rate limits
similarly also other experiments demonstrating a negative
Wigner function of a three-photon state [10,37,38]. To
maintain a sufficiently low error rate with an increased gain,
the detection time window would have to be reduced. This

parameter is limited by the temporal resolution of SPADs
and could be augmented by using detectors optimized for

low jitter. Optical loss in both arms of the source, including
detection loss, is also a factor, which depends on coupling
efficiency as well as detector efficiency. The final limiting
factor are the background dark counts, which become
relevant in the extremal case of a very low gain and long
measurement. Overall, the detection precision, signal-to-
noise ratio and efficiency represent the main factors in the
presented type of measurement. Figure 2 shows that
robustness against losses and noise rapidly decreases with
higher order. This is a consequence of decreasing the
maximum gain allowable for higher n. Our data were all
measured with the same gain, which means the individual
statistics of all constituent heralded events are the same.
The relation between the number of heralded events and
successful witnessing of genuine n-photon quantum non-
Gaussianity is presented in Fig. 4. If the number of heralded
events exceeds the order of the witnessing criterion, the
detection of that property in our measurement fails.
However, the property of the order n is implied by its
positive recognition for any order greater than n.
Furthermore, the criteria for the order n can be reformulated
for any higher number of detector channels than n + 1.
That is because the functional [Eq. (2)] can be maximized
over any set of states defined by the right side of inequality
[Eqg. (1)], even if the order of the state and the number of
detector channels do not match. When the order of the
criterion is greater than the number of heralded events, the
property cannot be detected solely because of its definition.
These cases are however not depicted in Fig. 4 due to the
scale of confidence intervals of relevant error and success
probabilities.

Outlook.—The presented hierarchy of genuine quantum
non-Gaussianity for the states approaching Fock states of
light and its experimental verification can be applied to a
class of new multiphoton experiments [34-36] and to
observe quantum non-Gaussianity of first photonic triplets
[29] from cubic nonlinear materials [39-46]. As such, it can
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stimulate further experimental research in this pioneering
direction of quantum technology with multiphoton states of
light. An ab initio approach to the hierarchy allows further
extensions towards different quantum non-Gaussian states
and its multimode versions used for both fundamental tests
[47,48] as well for applications in quantum technology with
light [49,50]. Because light is dominantly used for readouts
from atomic and solid state systems, this methodology can
be used and also extended to evaluate quantum non-
Gaussianity of, for example, already developed atomic-
ensemble memories [51-54] and new single-phonon
mechanical oscillators [55].
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