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We construct efficient deterministic dynamical decoupling schemes protecting continuous-variable
degrees of freedom. Our schemes target decoherence induced by quadratic system-bath interactions with
analytic time dependence. We show how to suppress such interactions to Nth order using only N pulses.
Furthermore, we show how to homogenize a 2”-mode bosonic system using only (N + 1)”+! pulses,
yielding—up to the Nth order—an effective evolution described by noninteracting harmonic oscillators
with identical frequencies. The decoupled and homogenized system provides natural decoherence-free
subspaces for encoding quantum information. Our schemes only require pulses which are tensor products
of single-mode passive Gaussian unitaries and SWAP gates between pairs of modes.
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Decoherence due to unwanted system-environment
interactions is a major obstacle on the road towards robust
quantum information processing. Although quantum error
correction and fault-tolerance provide general mechanisms
to combat such sources of error, they are highly demanding
in terms of resources. In near-term quantum devices,
simpler strategies targeting a reduction of effective error
rates at the physical level are more realistic. Dynamical
decoupling (DD) is one of the success stories in this
direction: originally developed in the context of NMR
[1-3], it has been demonstrated in a wide range of systems
[4-10]. In DD, unitary control pulses are instantaneously
applied to the system at specific times. The goal is to
average out the effect of the system-environment interac-
tion, irrespective of its specific form.

A DD scheme is described by control pulses {U;}%,
applied to the system S at times {z;}>_, C [0, T] resultlng in

the evolution

U(T, 1) ﬁ U; ® Ip)U(tj,1;-). (1)

J=1

Ul’eS(

Here U(t + At, t) describes the uncontrolled time evolution
generated by the decoherence Hamiltonian from time ¢ to
t + At. The pulse sequence achieves Nth order decoupling
if there is an environment unitary Up such that
|U™®S(T) — I ® Ug|| = O(TN*'). The (nested) Uhrig
dynamical decoupling (NUDD) scheme [11-13] is cur-
rently state of the art and has been experimentally dem-
onstrated [14]: it is remarkably efficient, requiring only
(N +1)*" Pauli pulses to suppress generic interactions
between M qubits and their environment to order N. This
scaling is significantly more efficient than what could be
achieved by concatenating [15] first order schemes [16]
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where pulses from a unitary 1-design are applied at
equidistant times.

DD for bosonic systems.—One may seek to construct
similar protocols for bosonic systems. A natural class of
system-environment interactions are Hamiltonians

2n

HY (1) = % >

jk=1

Aj ()RR, (2)

which are quadratic in the mode operators R=
(07.....05..P}.....P5 ,OF, ... .QF PE ... PL) of system
and env1r0nment, here A(t ) —A() € R>>2" is sym-
metric and n = ng + ng is the total number of modes.
These Hamiltonians generate one-parameter groups of
Gaussian unitaries U(r). Motivated by earlier work on
decoherence suppression in a specific system-environ-
ment model [25], Arenz, Burgarth, and Hillier [26] have
pioneered the systematic study of dynamical decoupling
for infinite-dimensional systems: they showed that, even
in this restricted context, decoupling cannot be achieved
in the same strong sense as for qudit systems. While the
application of unitary pulses at specific times can
approximately decouple system and environment such
that U™S(T) ~ UFS(T) @ UES(T), no pulse sequence
can render the system’s evolution U¢S(T) trivial for an
arbitrary initial Hamiltonian [Eq. (2)]. One may, how-
ever, find sequences which simplify the system’s evo-
lution over time T to be of the form UES(T) ~ e™THo
where Ho=3>7",(Q7 + P3), a process referred to as
homogenization. In other words, after applying a
homogenization sequence, the effective decoupled and
homogenized evolution
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UreS(T> ~ eia)THo ® UE;GS(T) (3)

is simply that of noninteracting identical oscillators
rotating with the same frequency. This evolution
[Eq. (3)] is still highly beneficial for fault-tolerant
quantum information processing as the eigenspaces of
the number operator H, become decoherence free. By
combining such schemes with very simple error-cor-
recting codes spanned by tensor products of number
states with fixed total number, such as those constructed
in Ref. [27], reduced logical error rates can be achieved.

Here we construct new deterministic schemes that achieve
the decoupling and homogenization of quadratic system-
bath interactions to the Nth order using only a polynomial
number (in N) of pulses. We note that such interactions are
ubiquitous in physics, accurately describing present-day
quantum optical setups [28]. Furthermore, they provide
approximate descriptions of opto- and nanomechanical
oscillators [29,30], atomic ensembles [31], and ion traps
[32] in suitable parameter regimes. In particular, quadratic
Hamiltonians generate typically considered and often dom-
inant sources of noise such as single photon loss induced by
resonator energy damping, or more generally thermal
Gaussian noise. It is conceivable that the constructed
schemes provide benefits for systems with additional non-
linear interactions (e.g., of Kerr type), but this is beyond the
scope of this Letter. We note that our results extend to the
case where the Hamiltonian [Eq. (2)] includes addition terms
that are linear terms in the mode operators (cf. Ref. [17]).

Our analysis proceeds in the language of the symplectic
group Sp(2n) = {S € R¥?"|§J,8" = J,} and its Lie
algebra 8p(2n) = {X € R*2"|XJ, + XTJ, = 0}, using
the fact that every Gaussian unitary generated by a
Hamiltonian [Eq. (2)] is in one-to-one correspondence
with a symplectic matrix S°'(¢) € Sp(2n) generated by
X% (t) = A(t)J, € 8p(2n). Here J, =J, ®J,, is the
2n x 2n matrix defining the symplectic form.

Instead of Eq. (1) we analyze the associated symplectic
evolution

L
SeS(T) = S°(T, 1) H (S; ®1,,,)S%(t;.1;-1), (4)
j=1
where S%(#;,1,_y) is generated by X°'(¢) from time ¢;_,
to t; and the pulses S; € Sp(2ng) are associated with
Gaussian unitaries.
A bosonic decoupling scheme.—We propose the follow-
ing pulse sequence: the passive Gaussian unitary Ug
defined by its action

UsQiUs=-0;,

on system mode operators is applied at times

USPiU§:_Pi’ fori:1,...,n5 (5)

/" (6)

10D — TA, o
2(N+1)

2
Aj—sm

for j=1,...,N. We note that Uy is a tensor product of
single-mode phase flips.

Theorem 1: (Bosonic decoupling sequence) For any
analytic generator X°':[0, 7] — 8p[2(ng + ng)], there are
Sg € R?s*21s and Sp € R?*2"= such that the resulting
evolution [Eq. (4)] after applying N pulses satisfies

IS™5(T) = S5 @ Sgl| = O(TV"). (7)

Because of property [Eq. (7)], we call the pulse sequence
an N'th order decoupling scheme. Note that in Ref. [26] a
single application of the unitary Ug was shown to achieve
first order decoupling. For higher orders, remarkably, the
number of required applications is independent of the
number of system and environment modes. The times
[Eq. (6)] are those associated with UDD [33] for a
single qubit.

In Theorem 1 (and throughout the main body of this
Letter), we use the Frobenius norm ||A|| = \/tr(ATA). We
state our bounds without detailed estimates on the constants
in O(TN*!). For concrete estimates on the required DD
control rate 1/7, a more refined analysis is necessary.
As an example, we provide a rudimentary bound in the
Supplemental Material [17] that involves the energy
scales J, and J, set by the system-bath interaction and
the bath Hamiltonian, respectively: it takes the form
O{[1/(N + DY[(J. + Jo)T)¥*'}. This mirrors some of
the analysis conducted for single qubit UDD in
Ref. [34], but we note that the reference also provides
more detailed estimates.

Bosonic decoupling with arbitrary pulse times.—The
original derivation of UDD [33,35] discusses the effect of z
pulses (i.e., Pauli-6,) applied at a priori arbitrary times
11, ..., 1 to a system qubit coupled to a bosonic bath. The
author focuses on a particular figure of merit defined as the
overlap of the time-evolved qubit state with the original
state. He finds that this “signal” is the inverse exponential
of a parameter

x(T) = A

which depends on the noise spectrum S;(w) of the system-
bath coupling, as well as the pulse times f,...,#; via
vi(z) =1—e?+25 L (=1)me#/T. Equation (8) is
then used to find optimal pulse times by minimizing the
quantity y (7). Furthermore, Eq. (8) permits us to compare
the efficiency of different pulse sequences in a variety of
regimes. In particular, for hard high-frequency cutoffs in
Ss(w), UDD pulse times are optimal, whereas for soft high-
frequency cutoffs, the optimal sequences resemble periodic
DD [36].

We argue in the Supplemental Material [17] that the
Eq. (8) also completely characterizes bosonic decoupling
for a single mode coupled to a bath of oscillators at inverse

Sﬂ( )

|y (@T)*do, (8)
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temperature f#: assuming that the initial state is a product
state (with the thermal state of the environment), and the
pulse unitary [Eq. (5)] is applied at times ¢, ..., f;, we find
that the system’s resulting evolution is described by a
Gaussian quantum channel whose nonunitary component is
fully specified by the quantity [Eq. (8)]. This provides a
complementary justification for the pulse sequence con-
sidered in Theorem 1. Also, all statements about the
optimality of pulse sequences and the temperature depend-
ence of the decoupling efficiency translate immediately
from the spin-boson setting to the one considered here.

Bosonic homogenization schemes.—We propose a pulse
sequence that homogenizes an already decoupled evolu-
tion. Assume that the system has n; = 2 modes labeled by
bitstrings v = (vy, ..., v,,) € {0, 1}™. Let us introduce the
passive Gaussian unitaries U, , U,, and U, for i=
1, ..., m that make up the control pulses. They are defined
by their action on mode operators, i.e., by

U,,0.U;, =P, U,,P.U;, ==-0,,
Ui Oy U, = Oy d=viis o)
UrPui..omUs, =Pl v v o)
U, Qu..wUs, = (=10, )
U, Pu...u)Us, = (1P, ) )

for all v = (vy,....v,) €{0,1}". We set U, = U, U,.
The unitary U, acts as the same single-mode passive
Gaussian unitary on all modes, U, as single-mode phase
flips on half of the modes, and U, (respectively U, ) as
two-mode SWAP (respectively, beam splitter) gates between
pairs of modes. Depending on the experimental setup, the
difficulty of realizing two-mode SWAP gates may differ
significantly from that associated with single-mode
passive gates. Unlike in the case of multiqubit DD schemes
(which only require single-qubit Pauli gates), this fact
needs to be taken into account when analyzing, e.g., the
effect of finite pulse widths. For example, a SWAP gate in
quantum optics may be realized simply by crossing
fiberoptic wires, whereas a realization in circuit electro-
dynamics requires considerably more effort, see e.g.,
Ref. [37]. We emphasize, however, that unlike more recent
bosonic fault-tolerance proposals [38], our schemes do not
require any nonlinear gates, which are typically considered
more challenging.

Using the unitaries [Eq. (9)], we show how to construct a
multimode homogenization scheme from a multiqubit DD
scheme: assume that an (m + 1)-qubit DD scheme with
qubits labeled from O to m uses pulses which are products
of single-qubit Pauli matrices (c,,), where w € {x,y,z}
and k = 0, ..., m. Then we construct the bosonic pulses by
replacing Pauli factors (retaining their order in the product)
according to the substitution rules

(GX)O = Uyov (Ux)i = Ux,-v

(Gy)o = Uyov (Jy)i = Uy,-v

(GZ)O = I? (Gz)i = Uz," (10)
where i = 1,...,m and [ means that no pulse is applied.

Our homogenization scheme is obtained by applying the
substitution rule [Eq. (10)] to the NUDD scheme [11-13]
for m + 1 qubits.

Theorem 2: (Bosonic homogenization sequence) The
described pulse sequence consists of (N + 1)1 passive
Gaussian pulses. For any analytic generator X°': [0, 7] —
8p[2(2" + ng)] of the form X%'(r) @ XY (¢), there are
o € R and S € Sp(2ng) such that the resulting evolution
[Eq. (4)] satisfies

HSreS(T) _ e(uTsz ® SEH — 0(TN+1).

Theorem 2 assumes that the system and environment are
already decoupled, i.e., that H%"(t)=H (1) @1 p+1sQHg(1);
it guarantees a homogenized evolution since Jon €
8p(2 x 2™) is the symplectic matrix associated with H.
Correspondingly, we call the pulse sequence constructed
here a bosonic homogenization sequence of order N.
Combining decoupling and homogenization schemes (by
concatenation [39]) leads to an effective evolution of the form
of Eq. (3). In the remainder of this Letter, we sketch the
proofs of Theorems 1 and 2.

Bosonic decoupling using Uhrig times.—To prove
Theorem 1, we use the direct-sum structure of the matrix
X°'(t) € 8p[2(ng + ng)], that is

Xss(1)
XEs(1)

XSE<I)>'

Xpe(t)

X°"(r) = (

Here Xpc(f) are analytic functions of real 2ng X 2nc
matrices for B,C € {S,E} by assumption; Xgz(z) and
Xgs(t) are responsible for system-environment inter-
actions. We define the piecewise constant function
6:[0,1] - {—1,1} that satisfies 6(0) =1 and switches
its sign at each {¢;/ T}j.V:l. For our analysis, we change into

the toggling frame [40] with evolution S(T') generated by

o(t/T)Xse(t) )
Xge(t) .

fo Xss(t)
X0 = <a<r/T>xEs<t>

Direct computation of the Dyson series of S(7') shows that
a sufficient condition for Nth order decoupling is the
following [17].

The function &(¢) is (or equivalently the times ¢; are) a
solution to the integral equations

s+ >4, r <N and

@}izlh =1 (1
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forall seN, ry,....,r, €Ny and 7y, ...,y, € Z,, where
Fpop(o) = [)drg... o2 dry [[i-, o(z)*7}* and where
@ denotes addition modulo 2.

The same integral Eq. (11) appears in the analysis of the
UDD scheme for a single qubit [13,41]; in particular, it is
known that the times [Eq. (6)] are a solution. Thus we
obtain a bosonic decoupling scheme (for an arbitrary
number of modes) by using the times of the single-qubit
UDD sequence.

Multiple qubits and multiple bosonic modes.—The proof
of Theorem 2 relies on a connection between multiqubit
systems and bosonic systems: we identify elements of
Sp(2 x 2™) and a basis of its Lie algebra 8p(2 x 2™) which
satisfy commutation relations analogous to those obeyed by
the Pauli matrices. We associate mode operators with basis
vectors of R2>?" = R? ® (R?)®" by

Q(u] ..... V) <~ |Q> ® |ezz1> Q- ® |evm>
P(p, ..... V) <~ |p> ® |€V1> R - ® |eum>'

Here we use an orthonormal basis |g), | p) of R? for the first
factor (which we will later identify with “qubit 0”), as well
as an orthonormal basis |ey), |e;) for each of the remaining
m factors (which will be identified with “qubits 1 to m”).
On RZ2, let us define the matrices
(i o)
1 0/

(o 1)

I = , X
0 1

0 -1 1 0
y—<1 0)’ Z‘(O —1>

that we also write as S(,0), S(1.0)> S(1,1)» S(0,1)» respectively.
For a = (ag. ay. ..., a,) € (Z3)™"" the matrix S, = S, ®
S, ®--®S, onR?*Q (R?)®" satisfies: (i) there is a
subset I' C (Z3)™*! such that {S,} ,er is a basis of the Lie
algebra 8p(2 x2™). And (ii) let " be the set of a=
(ag,ay, ..., a,) € (Z3)™" such that a, € {(0,0),(1,1)}.
Then S; is orthogonal symplectic for every p € . We
prove these properties in the Supplemental Material [17].

Using the commutation relations between x, y, z it is
straightforward to verify that

S518,85 = (-1)@As,

3 forallael, pel, (12)

where (a, ) = > alJ b, is the symplectic inner prod-
uct on (Z3)™*!. The relations [Eq. (12)] are analogous to
the commutation relations 0/;10(,6/; = (=1){*Pig,, of Pauli
operators for m + 1 qubits [42].

Bosonic homogenization from qubit DD.—The close
resemblance of the commutation relations [Eq. (12)] with
those of Pauli matrices is key to our construction of
homogenization schemes. We remark that for qubit DD

schemes with Pauli pulses, it is precisely the phases
(=1){#) that lead to a cancellation of unwanted terms in
the effective evolution. However, in contrast to the qubit
setting, the available pulses in the bosonic setting are
restricted to S; where S, € {I,y}. This motivates the
substitution rules [Eq. (10)], where on qubits 1, ...,m we
replace o,, 6, 6, by x, y, z, while on “qubit 0” we only
allow I and y.

In the following, we analyze the effect of the resulting
pulse sequence on a decoupled evolution. By assumption,
the generator of the uncontrolled evolution satisfies
X°'(1) = X3(1) @ XZ(1) € 8p[2(2" + np)] and

X(1) =) Bu(1)S,. where By(t) =Y byt
a€el’ r=0

for b, , € R and where we use the basis of 3p(2 x 2™) from
(i). Since it is decoupled, restricting to the system only
(omitting the index S) is sufficient. Consider a general pulse
sequence defined by the times {#;}%_, and a function
pAl, ..., L} - I specifying which pulse S () 18 applied at
time 7;.

It is convenient to change into the toggling frame. By
exploiting the symplectic group and algebra parametriza-
tions from (ii) and (i) and using the relations Eq. (12), we
find that the toggling frame evolution is generated by

th(t) = ZFa(t/T)Ba<t)Sa’ (13)

ael’

where we have defined the functions

Fo(t)T) = (1) 2= g r e 10,71, (14)

With the generator’s form [Eq. (13)], the toggling frame
evolution SY(T) = 7 exp [ I X"()dt] can be expanded in
a Dyson series as

Stf(T) — f: f:

7, ,
dr, H F,, (T)7)

Hence we can directly read off the Nth order term from
Eq. (15) and obtain the following Nth order homogenization
condition: fors € N, ry,...,r; €Ny, and «, ...,a, €', we
have

s+>% r; <N and
Z./fl J (16)

FL({F,}) =0 if
a({ }) ' { H}i:] Sak ¢ {:l:IS’ j:JZ”’}'
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Single-qubit pulses

m  0,-pulse
o o,-pulse

Single-mode pulses

" (QP)=(-PQ)

(QP) = (7Q77P)

Two-mode pulse

- I (Qo, By) < (@1, Pr)

(a qubit 1 : : . -
qubit 0 ; § . ; i : 5 :
(b) mode 1 o 0 = =
mode 0 Fa—a—s——s—s—s .
time T'/t } | : : :
0 0.25 0.5 0.75 1
FIG. 1. Bosonic homogenization scheme (b) of suppression order N = 2 for two modes and the corresponding order-2 NUDD scheme

(a). The evolution describing decoherence (horizontal straight lines) is interleaved with instantaneous control pulses.

The last step follows since a symplectic evolution of the form
ciIg + cyJom for ¢y, ¢, € R can be written as e’/ [17].

A similar analysis applies to (m + 1)-qubit DD
schemes with Pauli pulses. Consider a pulse sequence
on m + 1 qubits defined by L € N pulses U; = op; for
p:{1,....,L} > (Z3)™"! that are applied to the system at
times #;. Then it achieves Nth order DD [13] if the

functions F3"*" defined by Eq. (14) for @ € (Z2)™*! satisfy

s+ 5, r; <N and
@i:lak ?é (0, ,0)

forall s €N, ry,....ry €Ny, and ay, ..., a, € (Z5)" "

The associated bosonic scheme obtained using the
substitution rule [Eq. (10)] then has toggling frame gen-
erator specified by functions F2°8 defined as

FLUFI™™) =0 if { (17)

Fgos(t/T) = (—I)Zj:r,-g(a'ﬁ/(/))

forr € [0, 7]

for all @ €. Here f/'(j) € (235)™*! differs from S(j) €
(Z3)™+! only in the first entry (associated with qubit 0),
where (1,0) [respectively (0,1)] is replaced by (1,1)
[respectively (0,0)] as prescribed by Eq. (10). Because
the symplectic form is J» = =81 1,...0), it is straightfor-
ward to verify that the property [Eq. (17)] of the functions
F 2”bit implies the desired property [Eq. (16)] for the
functions F2°8 (cf. Ref. [17]). In other words, the decou-
pling property in the qubit setting translates to homogeni-
zation of bosonic modes.

Having established a general connection between uni-
versal (m + 1)-qubit DD schemes and bosonic homogeni-
zation of 2" modes, Theorem 2 follows immediately by
applying this to the NUDD sequence which achieves Nth
order decoupling of (m + 1) qubits with (N + 1)20m+1)
Pauli pulses [17]. An example is shown in Fig. 1.

Conclusions.—Our Letter introduces novel, highly effi-
cient dynamical decoupling schemes for bosonic systems.
Instead of applying finite-dimensional (qubit) decoupling
procedures to distinguished subspaces, our schemes are of a
genuinely continuous-variable nature. This leads to remark-
ably simple schemes involving only passive Gaussian

unitaries. On a conceptual level, our work establishes a
tight connection between qubit- and continuous-variable
schemes. In particular, it implies e.g., that considerations
related to pulse imperfections such as finite widths (see,
e.g., Refs. [41,43]) translate immediately to our bosonic
schemes. More generally, this analogy may be used to lift
other qubit protocols to the bosonic context. On a practical
level, we believe that our protocols could become a powerful
tool for continuous-variable quantum information process-
ing as they pose minimal experimental requirements.
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