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During defect-antidefect scattering, bound modes frequently disappear into the continuous spectrum
before the defects themselves collide. This leads to a structural, nonperturbative change in the spectrum of
small excitations. Sometimes the effect can be seen as a hard wall from which the defect can bounce off. We
show the existence of these spectral walls and study their properties in the ϕ4 model with Bogomol’nyi-
Prasad-Sommerfield preserving impurity, where the spectral wall phenomenon can be isolated because the
static force between the antikink and the impurity vanishes. We conclude that such spectral walls should
surround all solitons possessing internal modes.
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Motivation.—The detailed understanding of soliton inter-
actions in nonintegrable models is a difficult and only
partially resolved problem. The prototypical ϕ4 model in
1þ 1 dimensions, e.g., reveals kink-antikink collisions with
a chaotic structure, typically associated with the existence of
one or several internal modes which may be excited during
the scattering process [1–5]. These modes can store energy,
binding the solitons for a while, and may eventually transfer
their energy back to the translational degrees of freedom.
This energy exchange has many properties of a resonant
phenomenon, leading to an intriguing fractal-like pattern of
multiple bouncewindows as a function of the initial velocity.
A similar mechanism was observed in other solitonic
models, including soliton-impurity collisions [6,7], multi-
component fields [8,9], and quasinormal modes [10].
A bound oscillational mode can even be excited when there
are no such modes on the original solitons (asymptotic
states). This may happen, e.g., in a model with two vacua
with two different mass parameters [11].
An effective model was proposed in Ref. [1] and later

studied and modified by many others, where the relative
position a of the colliding defects and the amplitude of the
bound (vibrational) mode A were introduced as collective
coordinates. Initially, this model seemed to confirm the
above results quite well. Recently, however, a typographi-
cal error in Ref. [1] was corrected [12,13], and the resulting

picture did not correctly describe the multibounce windows
characteristic for soliton collisions. As pointed out in
Ref. [2], one reason is that all analytical attempts assumed
that the field can be written as a simple superposition of the
kink, antikink, and mode profiles.
However, this picture is not correct, in general, because

of several related problems. (i) The separated kink-antikink
pair is not a static solution; therefore the solitons are
deformed by mutual interactions (static forces) before they
collide. (ii) As none of the intermediate states is static, the
eigenproblem for the bound modes is not well defined.
(iii) At the moment of the collision a ¼ 0 the solitons
vanish, which is identified as a zero vector problem.
(iv) When solitons momentarily vanish, there can be no
bound states.
Actually, the bound modes vanish even earlier, see, e.g.,

Fig. 1, upper panel, where we plot the spectral structure of
the kink-antikink configuration ϕ0 ¼ tanhðx − aÞ −
tanhðxþ aÞ þ 1 in the ϕ4 model. This configuration is
not a solution, in general, but it is a solution in the limits
a → �∞ and a → 0. Figure 1(a), therefore, demonstrates
that the modes must change and, in particular, disappear
into the continuum as the solitons approach each other.
Thus, the collective coordinate dynamics does not

correspond to the real dynamics of the process. Even
beyond the effective model, the mixing of the kink-mode
interaction with the (static) forces between solitons, which
change the soliton profiles and their spectral properties,
renders any analytical treatment very difficult.
This mixing problem could be avoided for a theory with

static multisoliton solutions of the Bogomol’nyi-Prasad-
Sommerfield (BPS) type. Then, individual solitons of a
static multisoliton configuration do not interact, like, e.g.,
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the vortices in the Abelian Higgs model at critical coupling.
These vortices can be placed at arbitrary positions, leading
to a finite-dimensional moduli space. Different multivortex
configurations on this moduli space, however, have in
general different overall profiles (shapes) and, therefore,
they vibrate differently; i.e., their spectral structures differ.
The low energy scattering of BPS solitons can be described
as a geodesic motion on moduli space. In a next step, a
mode on a scattered soliton can be excited. In this way, one
could disentangle the soliton-mode interaction from the
intersoliton forces.
In soliton models in 1þ 1 dimensions, however, only

one-soliton solutions belong to the BPS sector. The
corresponding moduli space is trivial and given by trans-
lations of the kink. In particular, the spectral structure
remains unchanged along this very simple moduli space.
Very recently it has been observed that this situation may

change when an impurity is added. In particular, there exist
BPS-impurity models in 1þ 1 dimensions [14,15] whose
moduli spaces resemble the higher-dimensional cases in
that the spectral structure of the soliton-impurity solution
depends on its position on moduli space. This gives us the
unique opportunity to disentangle the abovementioned
mixing between the kink-mode interaction and the inter-
kink force.
The aim of this Letter is to analyze the interaction of the

excited mode with the BPS soliton in the BPS-impurity ϕ4

theory. We discover a universal phenomenon, a spectral
wall, which denotes a spatially localized region, defined by
the point where an oscillation mode enters the continuous
spectrum. At this point, a nontrivial modification of the
soliton interaction occurs. In the simplest case, it is just a
hard-wall reflection, but other, more complicated patterns
are possible, depending on the modes carried by the
incoming soliton.

BPS-impurity model.—The BPS-impurity model is
defined by the following Lagrangian:

L ¼
Z

dx

�
1

2
ϕ2
t −

1

2
ðϕx þ

ffiffiffi
2

p
W þ

ffiffiffi
2

p
σÞ2

�
; ð1Þ

where ϕðt; xÞ is a scalar field and W ¼ WðϕÞ is a
prepotential such that the potential of the original model
without impurity is UðϕÞ ¼ W2. Finally, σ ¼ σðxÞ is a
spatially localized impurity. The model is a half-BPS theory
in the sense that half of the solitons (here the antikinks) of
the no-impurity field theory remain BPS solitons, that is,
saturate a pertinent topological bound and obey the
corresponding Bogomol’nyi (first order static differential)
equation. Furthermore, the BPS sector also contains topo-
logically trivial solutions (lumps) which are the counter-
parts of the vacuum solutions ϕ ¼ ϕv ¼ const (minima of
U) of the model without impurity. The trivial moduli space
(spatial translations) of the model without impurity now
transforms into a nontrivial one-dimensional moduli space
M of generalized translations in the BPS sector [15,16]. It
can be parametrized, e.g., by a point a ∈ R measuring the
distance between the static BPS soliton and the impurity
(no static force between them). Concretely, we locate the
impurity at x ¼ 0 and choose for a the position x ¼ a
where the field of the antikink vanishes.
In the present work, we analyze the BPS-impurity version

of the ϕ4 model. Hence, we assume W ¼ ð1 − ϕ2Þ= ffiffiffi
2

p
.

Further, we choose the impurity σ ¼ α= cosh2 x [15] (α is a
real parameter whichmeasures the strength of the impurity).
Owing to the generalized translational symmetry, the
Bogomol’nyi equation,

1ffiffiffi
2

p ϕx þWðϕÞ þ σðxÞ ¼ 0; ð2Þ

is solved by a one-parameter family of BPS antikink
solutions ϕ0ðx; aÞ. Therefore, in the BPS-impurity model
the spectral structure is well defined for any a. The modes
can be found by a small perturbation around the static BPS
solution ϕ ¼ ϕ0ðx; aÞ þ Aηðx; t; aÞeiωt,

−ηxx þ 2½W2
ϕ þWϕϕðWϕ þ σÞ�η ¼ ω2η; ð3Þ

where themode amplitudeA is assumed to be small. Further,
W and its derivatives are calculated for ϕ ¼ ϕ0. Obviously,
the spectral structure depends on a, i.e., on the position on
moduli space.
In this Letter, we consider two examples of the simplest

case with one discrete mode (plus one zero mode for the
generalized translational symmetry). In the first example,
α ¼ 0.3, the mode exists for all points on the moduli space
and its frequency grows while we approach the impurity;
see Fig. 1 (lower panel, dotted curve). In the second
example, α ¼ 3, we choose the impurity such that, at a

FIG. 1. (a) Spectral structure of the KK̄ superposition in ϕ4.
(b) Spectral structure of the static BPS K̄ solution in the BPS-
impurity model for two values of α.

PHYSICAL REVIEW LETTERS 122, 241601 (2019)

241601-2



certain point on the moduli space (a certain critical distance
between the BPS antikink and the impurity) the mode
enters the continuous spectrum, becoming a quasinormal
mode; see Fig. 1 (lower panel, solid curve). Here it happens
for a ¼ acr ¼ �1.68. Obviously, there is a fundamental
qualitative difference between the two cases. While for
α ¼ 0.3 we expect a smooth evolution (captured by an
effective model), for α ¼ 3 we expect some novel effects.
Indeed, as we will see below, this drastic change in the

spectrum of discrete modes leads to the appearance of a
spectral wall; i.e., a spatially well-localized region (barrier)
at which the BPS antikink with the pertinent mode excited
may bounce back or be trapped, even though the unexcited
BPS antikink goes through this point without any inter-
ference (no energy loss due to the geodesic motion on
moduli space).
Of course, the spectral structure can reveal even more

complicated patterns with a bigger number of modes
entering the continuous spectrum at different points.
This may lead to more involved structures and new effects
which, however, we leave for future investigations.
Effective model.—The standard collective coordinate

method (CCM) consists in expressing the field as a
superposition of known profiles such as kinks and their
bound modes [1], leaving the positions and mode excita-
tions as the only dynamical variables (collective coordi-
nates). As explained in the introduction, this approach has
important problems, in general. Let us now consider the
CCM for the BPS model. It corresponds to taking a field of
the form

ϕðx; tÞ ¼ ϕ0(x; aðtÞ)þ AðtÞη(x; aðtÞ): ð4Þ

Some problems of the CCM are avoided in the BPS model
because both the static solution and the spectral structure
are well defined for all a. Inserting the above expression
into the Lagrangian, we get at quadratic order in a and A:

L ¼ 1

2
_A2 þ 1

2
I1A2 _a2 þ 1

2
M _a2 þ A _a2I2 −

1

2
ω2A2; ð5Þ

where

M ¼
Z

ðϕ0
aÞ2; I1 ¼

Z
η2a; I2 ¼

Z
ηaϕ

0
a: ð6Þ

MðaÞ is the effective mass of the BPS soliton or a metric on
moduli space and, therefore, is well defined for any
position on M. However, the two other integrals can be
divergent as a approaches a critical separation acr, simply
because the mode becomes non-normalizable at ω ¼ 2,
when it enters the continuum (Fig. 2). Obviously, at this
point the effective model Eq. (5) must break down and
some new effects are expected. So, while the CCM breaks
down also in the BPS case for some parameter values, it
contains all the relevant information about its possible

range of validity and the points in parameter space where its
breakdown occurs. Even within its range of validity, the
CCM will provide quantitatively reliable results only for a
sufficiently slow (adiabatic) evolution, such that additional
degrees of freedom (not included in the CCM) are not
excited too much in the full-time evolution. We shall see
below to what degree this adiabatic condition can be met in
the BPS model.
One way to understand the problem of the mode entering

the continuum is that two different sets of independent
variables are required on both sides of acr, and there is no
obvious way to match effective models in both regions.
Moreover, the bound mode entering the continuous spec-
trum becomes a quasinormal mode. In Ref. [10] it was
shown that such modes can also be responsible for creating
a resonance structure. But constructing an effective model
with a quasinormal mode is not as straightforward as in the
case of bound modes.
Spectral wall.—We have collided the BPS antikink

initially separated by að0Þ ¼ −10with the impurity for α ¼
0.3 and α ¼ 3.0 (Fig. 3). (In fact, we have considered many
more values of α, all leading to the same results. For
simplicity, we only present two values, covering the two
generic cases of qualitatively different behavior.) In both
cases, the unexcited solitons smoothly travel through the
impurity, as expected from the geodesic flow on moduli
space. However, when the internal mode of the antikink is
excited, we have found that the soliton can bounce back for
small velocities v ¼ _að0Þ. For α ¼ 0.3, the position of the
turning point is changing smoothly both with the amplitude
of the excitation and with the velocity reaching the origin.
The situation in the α ¼ 3 case is different. Increasing

the amplitude of the excitation for fixed velocity, the soliton
is slowing down at the position of the spectral wall
acr ¼ −1.68. If the excitation is large enough, the antikink
bounces from the wall. Decreasing the amplitude slightly

FIG. 2. Regular (a) and singular (b) terms in the Lagrangian of
the effective model. The singularities in (b) occur at the spectral
wall acr ¼ �1.68.
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we have found another intriguing effect. The soliton can go
through the wall but is reflected from the second (sym-
metric) wall behind the impurity. Sometimes even a few
internal reflections can be observed. When the perturbation
of the antikink is radiated out, it can finally pass one of the
walls. Effectively there is a small window in the amplitude
range, inside which the soliton can bounce back or go
through the impurity after a series of internal reflections.
This suggests that, even after a long time, the energy stored
in the mode is still attached to the kink in some way, and it
takes time to radiate it out. Indeed, after entering the
continuous spectrum, the normal mode attached to the
antikink turns into a quasinormal mode whose frequency
and width increase and admit the highest value ω ¼ 3.72þ
0.11i for a ¼ 0 (determined using Prone’s method). The
existence of such a mode can prevent the immediate
emission of energy. We also have found that the condition
for the bounce, for small velocity, obeys a linear scaling
law A ≈ 1.70v.
We have compared the results of the numerical simu-

lation of the full partial differential equation problem with
predictions from the effective model Eq. (5). In the α ¼ 0.3
case, when the effective model is applicable for all
separations, we have found a very good agreement for
small initial velocities, implying that the evolution is
adiabatic; i.e., the velocity and acceleration are sufficiently
small during the whole time evolution. For example, for an
initial velocity v ¼ 0.01, the critical excitation Að0Þ sepa-
rating bounce from passage agrees with an accuracy of
about 1% with the full numerics (Afull ¼ 0.0186 versus
Aeff ¼ 0.0188). Even for α ¼ 3, for low velocities the

effective model works well until the antikink gets close
to the wall. For v ¼ 0.05, e.g., we found a critical excitation
Afull ¼ 0.0847 and Aeff ¼ 0.0878, which is slightly less
accurate, but the integrals calculated near the wall have
larger numerical errors.
Higher, relativistic velocities require a higher mode

excitation. However, in nonlinear models the frequency
of the highly excited mode depends on the amplitude, and
usually is lower than the eigenfrequency found from the
linearization. The frequency shift means that the highly
excited mode enters the continuous spectrum for smaller
values of a. This effect was also observed numerically;
when Acr > 0.2 the wall shifts visibly. This may be
important in the more general, non-BPS case, because
the colliding objects can attract each other; therefore there
should exist some minimal Acr below which the full
collision would take place even with zero initial velocity.
Note that in the pure ϕ4 model the resonant structure can be
observed for relativistic velocities 0.18 < v < 0.26 mea-
sured in the center of mass. Such high velocity collisions
mean that both the intersoliton interaction and the mode
excitation are very large.
A similar wall was also found when the system under-

goes a transition from three to two oscillating bound
modes (α < −0.35).
Summary.—In this Letter, we investigated in detail how

soliton scattering is affected by the interaction of the
colliding solitons with an internal, vibrational mode, in
particular, when this mode disappears into the continuum.
For this purpose, we chose the simplest possible setting, the
BPS-impurity model, which allows us to isolate the soliton-
mode interaction, because, owing to the BPS property,
static intersoliton forces are absent. We found that, at the
point where the mode crosses into the continuum, the
dynamics of the scattering experiences a drastic modifica-
tion, in the simplest case a hard-wall reflection (“spectral
wall”). We expect the spectral wall to be a generic
phenomenon for the interaction of solitons in nonintegrable
theories, if a discrete mode undergoes a transition to the
continuous spectrum. Of course, its effects might be less
visible than in the BPS-impurity model, because other
interactions may interfere. In the case of solitons with long-
range tails, e.g., it is practically impossible to find an
unperturbed initial state; therefore all collisions in such
systems are collisions of excited states [17]. Furthermore,
in more realistic physical systems solitons are always
excited due to quantum or thermal fluctuations.
The spectral wall should be especially easy to find in

BPS theories (if a mode transition occurs) like the Abelian
Higgs model in 2þ 1 dimensions at critical coupling. Our
results, therefore, provide new insights into the dynamics of
BPS solitons beyond the geodesic approximation, where
the spectral wall effect may play a significant role.
Moreover, we show that the disappearance of the bound

modes may be responsible for the failure to construct a

FIG. 3. Comparison between the smooth evolution for α ¼ 0.3
and v ¼ 0.01 (a) and a meandering kink trapped between spectral
walls for α ¼ 3 and v ¼ 0.05 (b) for different excitations of the
mode. Dashed lines correspond to the positions of the spectral
walls.
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reliable collective coordinate model for kink-antikink
collision processes in theories like the ϕ4 model.
Finally, we remark that kink-impurity scattering in a ϕ4

model coupled to a δ function impurity (in a non-BPS
preserving way) was studied in Ref. [6], both numerically
and within the CCM. In principle, the CCM also in that
case faces the problems mentioned above, like static kink-
impurity forces or the fact that, in general, the kink-
impurity mode does not factorize into a kink mode and
an impurity mode. Nevertherless, it turns out that the
CCM describes the numerical scattering results reasonably
well. The spectral wall phenomenon was not discussed
in Ref. [6].
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