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We propose the idea of a spin-lattice liquid, in which spin and lattice degrees of freedom are strongly
coupled and remain disordered and fluctuating down to low temperatures. We show that such a state arises
naturally from a microscopic analysis of a class of molybdate pyrochlore compounds, and is driven by a
giant magnetoelastic effect. Finally, we argue that this could explain some of the experimental features

of Y2M0207 .
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Introduction.—Frustration is at the heart of the search
for unusual states of matter, and can promote spin-liquid
behavior, in which the spins remain disordered and
fluctuating down to low temperature [1-3]. However, the
interaction of spins with lattice degrees of freedom (d.o.f.)
is typically expected to result in long-range order via an
“order-by-disorder”’-type mechanism [4,5]. For example,
magnetoelastic coupling can drive a structural distortion
that selects a small subset of the otherwise extensively
degenerate spin configurations [6—13]. Nevertheless, there
is the intriguing possibility that spin and lattice d.o.f. can
become tightly coupled, but, rather than ordering, remain
fluctuating at low temperature, and we dub the resultant
state a spin-lattice liquid.

In order to identify candidate materials for such a spin-
lattice liquid state, there are a number of characteristic
features that are required. These include strong magne-
toelastic coupling, an absence of spin ordering at temper-
atures well below the interaction energy, and evidence for
incoherently disordered lattice d.o.f. at low temperature.
All of these characteristics have been experimentally
observed in the pyrochlore molybdates, R,Mo,0;
(R=Y.Tb,Dy,Ho,Er, Tm, Yb,Lu [14,15]), of which
Y,;Mo,05 is the best studied example [16-28]. However,
many aspects of their low-temperature behavior remain
mysterious, despite more than three decades of study.

In this Letter we analyze the Mo pyrochlores and show
that at intermediate temperatures they may support a state in
which spin and lattice d.o.f. become strongly coupled and
explore an extensive manifold of degenerate configurations.
This state, which we refer to as a spin-lattice liquid, both
serves as a first example of a class of states, as well as
providing an explanation for the unusual behavior of the
R,Mo,0; materials. We use microscopic analysis to show
that spin-orbital and lattice d.o.f. would individually be
expected to show behavior similar to the classical spin-liquid
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“spin ice” [29]. However, due to strong magnetoelastic
coupling, a spin-lattice liquid phase emerges at low temper-
ature. Since the magnetoelastic coupling plays a decisive
and nonperturbative role in selecting the low-energy con-
figurations, we refer to it as a “giant” magnetoelastic effect.

The R,Mo0,0; materials crystallize into the well-known
Fd3m space group, where Mo** ions form a pyrochlore
lattice of corner-sharing tetrahedra and are surrounded by
oxygen octahedra [17] [see Figs. 1(a) and 1(b)]. At low
temperature (7' ~ 20 K) a spin-glass transition is observed
[16,20], whose origin remains an open question [15].
However, this occurs well below the Curie-Weiss temper-
ature (6., = —200 K for Y,Mo0,0; [30]), which approx-
imately measures the strength of magnetic interactions. As
such there is a wide temperature range, 7, < T < 0, in
which spin correlations are expected to be significant, but
no spin ordering is observed.

At the same time, extensive studies of the crystal structure
have shown that there are significant low-temperature local
distortions away from the average Fd3m structure that
survive up to temperatures in excess of 6, but no structural
phase transition [22-26,28]. Recent pair-distribution func-
tion analysis has shown that for each tetrahedron two Mo**
ions move towards and two away from the tetrahedral center,
forming a highly degenerate “2-in-2-out” distortion pattern
[28] [see Fig. 1(c)]. There is a concomitant distortion of the
O octahedra, such that both the Mo—O bond length and
the local crystal field remains almost invariant. However, the
nearest-neighbor Mo—Mo distances and the Mo—O—Mo
bond angles change significantly.

Magnetoelastic coupling provides a link between the
spin and lattice d.o.f., and there is evidence from NMR
and usr measurements that it is significant in Y,Mo0,0,
[23,24,26]. As a consequence, the experimental prerequi-
sites appear to be in place to think the R,Mo,0; materials
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FIG. 1. R,Mo,0; pyrochlores. (a) Average Fd3m structure of
R>Mo0,05, showing the Mo pyrochlore lattice (purple) and
surrounding O octahedra (gray) within a unit cell (black cuboid).
(b) Jg/ff = #£2 states are represented by arrows pointing in or out
of the Mo tetrahedron along the 7’ local axes. (c) 2-in-2-out lattice
displacements (black arrows) create one long (blue), four medium
(red), and one short (green) Mo—Mo bond on each tetrahedron.
(d) =-type d pd hopping path, shown for idealized regular oxygen
octahedra. The path shown is d\° — (p]:p3) — d5°, where Mo
sites are labeled 1 and 2 and have associated local coordinates
(x, red; y, green; z, blue). (e) o-type hopping path allowed by
trigonal distortion of the oxygen octahedra and exemplified by

d\* = (pi:p3) — 5.

may realize a spin-lattice liquid state. In order to explore
whether this is the case, we use microscopic arguments to
understand the interplay between spin, orbital, and lattice,
and derive a simple effective model in an attempt to capture
the essence of their low-temperature behavior.

Local electronic states.—The starting point is to consider
the local physics of the Mo** ions. Mo** has two electrons in
the 4d shell, and these are localized by an on-site Coulomb
repulsion U that is large compared to the bandwidth [15]. The
local cubic crystal field due to the surrounding O®~ octahe-
dron [see Figs. 1(a) and 1(b)] splits the 4d energy levels into a
low-energy f,, manifold of xy, yz, and zx orbitals that point
between the O ions, and a high-energy e, manifold of orbitals
pointing towards O ions [31]. The #,, manifold is split by
Hund’s coupling (J ~ 0.5 eV [32]), which favors parallel
spins, and therefore selects a ninefold degenerate set of low-
energy states, labeled by spin S =1 and effective orbital
angular momentum L.y = 1 [33]. This is further split by a
noncubic component of the crystal field with trigonal
symmetry that results from a compression of O octahedra
along the local 7’ axes pointing into or out of Mo tetrahedra
[see Fig. 1(b)] and spin-orbit coupling. The characteristic
energy scales are, respectively, Ay, ~# 160 meV and Ago =
40 meV [32]. The result is a low-energy doublet, labeled as

ngf_f = 42, where J.; = S + L4, that is separated from the
first excited state by an energy gap AE = Ago[l — Aso/
Ayig + ...] # 30 meV~300 K (kg = 1) [34].

Exchange interaction.—An effective low-energy model
can be derived by considering superexchange interactions
between neighboring Jé/ff = +2 doublets. This is different
from previous approaches that assume an isotropic S = 1
spin on every site [40—42]. The geometry is simplest in the
case of idealized undistorted oxygen octahedra, where local
cubic axes can be aligned with the O octahedra [Fig. 1(d)].
Superexchange occurs via a single intermediate oxygen

with Mo—O—Mo bond angle a = 2 arctan 2\/5 ~ 141°.
Within the local cubic axes the dominant hopping channel
is off diagonal, bond dependent, and follows paths of the
type di° — (p) :p3) — d5', where pj and p} denote orbitals
on the same oxygen ion but in the local axes of the two
different Mo ions [1 and 2 in Fig. 1(d)]. It can be seen that
the d—p bonds involve a lateral overlap of orbitals, and this
is known as z bonding [43].

We work in the Mott insulator picture, where, for two
electrons in the 7,, manifold, the derivation of a spin-orbital
Hamiltonian from a multiorbital Hubbard model is a

standard procedure [34,44-46]. Projection into the Jgff =
+2 doublet results in the effective Hamiltonian taking the
form of a classical Ising model, H;; = J; Z<,- 5 0i0; [34],
where ¢ = =£1 labels the doublet states in terms of an Ising
“spin” pointing into or out of tetrahedra [see Fig. 1(b)].
Jis > 0 favors antiferromagnetic alignment in the local
trigonal axes, and low-energy states consist of the exten-
sively degenerate spin-ice configurations with a 2-in-2-out
arrangement. J;; < 0 favors ferromagnetic alignment in the
local trigonal axes, and therefore unfrustrated all in or all
out arrangements on tetrahedra. In the case of undistorted
cubic octahedra we find J;, < O for any value of J/U.

In reality the oxygen octahedra are trigonally distorted,
and in Y,Mo,0; the Mo—O—Mo bond angle in the average
Fd3m structure is a = a,, = 127° [17,25,28]. The dis-
placement of the O relative to the undistorted case opens
up a o-type hopping channel, where orbitals directly
overlap one another [43], and this is exemplified by the path
d* = (pi:p5) — d5° shown in Fig. 1(e). The o channel
becomes comparable to the original z-bonding channel for
a relatively small trigonal distortion, and as a result J;; > 0
for @ = 127°, favoring a 2-in-2-out set of low-energy
configurations [34].

Due to the competition between the 7z and ¢ channels,
the value of Jj is extremely sensitive to the bond angle,
as shown in Fig. 2(a). Serendipitously, the bond angle at
which the exchange interaction cancels is close to
a = a,, = 127°, both in our simple analytical calculations
and also in more involved band structure calculations
[32]. Deviations of the Mo—O—Mo bond angle from its
average value thus lead to very large relative changes
in J ise
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FIG.2. Dependence of the Ising exchange interaction J;; on the
Mo—O—Mo bond angle a. (a) Ji, is plotted for J; /U = 0.15 and
measured in units of 2/U, where 1 = V2, /Ay, is the hopping
integral along a Mo—O—Mo z-type bond [34,47]. For ¢ bonds we
use Vg, = —2.2V 4, [43]. The experimentally determined bond
angles for Y,Mo,05 are marked [28] and J; passes through zero
close to the average bond angle, a,, ~ 127°. (Inset) Dependence
of Ji, on Jy/U for a=116° (green), a = 127° (red), and
a = 139° (blue). (b) Experimentally determined bond angles
for Y2M0207 [28]

In addition to the trigonal distortion, it is also necessary
to take into account the 2-in-2-out distortions of the Mo
ions, and concomitant movement of the O octahedra, which
leaves the Mo—O bond length and local crystal field almost
invariant, but significantly changes the Mo—Mo distances
and the Mo—O—Mo bond angles [28]. The result is three
classes of Mo—Mo bonds with significantly different
exchange couplings [see Fig. 1(c)]. Combining the pair-
distribution-function analysis with the calculations yields
on each tetrahedron one short bond with o < a,, and
Jis > 0, four medium bonds with a ~ a,, and J;; > 0 and
one long bond with a > a,, and J;; < 0. The magnitude of
J;s 1s significantly larger on the short and long bonds than
the medium bonds, resulting in a very strong magnetoe-
lastic coupling effect.

Spin-lattice model.—Next, we consider the minimal
effective model that captures the essence of the microscopic
analysis. Mo lattice sites are allowed to displace in a 2-in-
2-out pattern [Fig. 1(c)], corresponding to the triplet normal
mode of a tetrahedron [6,8,11]. The resultant bond angles
are @ = a,, + oa on the long bond, & = a,, on the medium
bonds, and @ = a,, — éa on the short bond, with da > 0
[see Fig. 2(b)]. For simplicity, éa is allowed to vary
globally but not locally. Spins are constrained to point
into or out of tetrahedra and described by ¢ = £1. The
resultant spin-lattice Hamiltonian is

Hg = Z{[‘Iis(aav) - gbajjloio; 4+ Kéaz;}, (1)
(ij)

where J;;(a,,) is the superexchange interaction for undis-
torted bonds, g = 0J;;/9al,_,  describes at first order the
angular dependence of the interaction, éa;; € {—da, 0, ba},
and K is the elastic energy cost of distorting the lattice.

The nature of the ground state can be understood starting
from a single tetrahedron, and depends on the ratio
7/ [4KJis(ay,)]. For ¢*/(4K) < Jis(ay,) it is energetically
favorable to have a(T = 0) = days = 0 combined with a
2-in-2-out spin configuration on each tetrahedra, and as a
result a spin ice forms at low 7. For ¢*/(4K) > Jis(a,,) the
lowest energy is reached with da,, = g/(2K), and writing
Jis(a) = Jis(aay) £ 6J5, one finds 6J;, > 2J;(at,,) on long
and short bonds. For a given lattice distortion a tetrahedron
has four degenerate low-energy 3-1 spin configurations,
where 3 spins point in and 1 out or vice versa, as shown in
the inset of Fig. 3 [48]. The combined manifold of spin and
lattice configurations is extensive [34], and so a spin-lattice
liquid may be realized at low 7.

The full phase diagram can be explored using
Monte Carlo simulation, and is shown in Fig. 3 [34].
We set g/(2K) = 0.2, since this corresponds to the exper-
imental findings at low 7' [28]. As expected, for g/ (4K) <
Jis(ayy) there is no lattice distortion at any temperature,
and, below a specific heat peak at 7'~ 0.8/, the system
shows the characteristic behavior of spin ice.

For ¢*/(4K) > Jis(a,,) there are two transitions as the
temperature is reduced, and this can be seen in simulations
of the heat capacity shown in Fig. 4(a). At T = T, there is a
first-order liquid-gas-like transition in which éa(T) jumps
discontinuously from éa(T > T,)~0 to éa(T =T7)~
Jis(aay)/g. Below this there are three classes of bonds,
long and short bonds with coupling Ji (e, ) £ géa(T) and
medium bonds with coupling Jis(a,,) (Fig. 3). For a fixed
lattice configuration, the long and short bonds form
nonintersecting loops that visit every lattice site and on
which the sign of the coupling alternates. Strong spin

3 &) Paramagnet
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Q
2 4
e I
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1 4
Spin Ice
0
0.0 0.5 1.0 1.5 2.0
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FIG. 3. Phase diagram of H [Eq. (1)] from Monte Carlo
simulation. For ¢?/(4K) < Jjs there is no lattice distortion and a
crossover (dashed line) to spin-ice behavior occurs at low 7. For
¢*/(4K) > Jis an incoherent lattice distortion occurs (Sa > 0)
and a spin-lattice liquid (SLL) forms below a first-order transition
(red). At lower T a likely second-order transition (blue) picks out
loops of length lj,o, = 4m +4, m=1,2,... [34]. (Inset) Four
degenerate 3-1 ground states of a tetrahedron in the SLL state
with a fixed lattice distortion (short bond in green and long bond
in blue), and with spins pointing in (orange) and out (blue).
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FIG. 4. Physical characteristics of Hy [Eq. (1)] from
Monte Carlo simulation for ¢?>/(4K) = 2J,. Error bars are
smaller than the point sizes. (a) Lattice distortion da and heat
capacity C/T showing two transitions. Results are shown for
L = 3 (total number of spins N = 16L3), for which equilibration
is possible across the lower-T transition, and are consistent
with simulations with larger L [34]. (b) Fraction of tetrahedra
displaying 2-in-2-out (red), 3-1 (blue), or 4-0 (green) spin
configurations. (c) Loop-based order parameters showing spin
correlations on loops Oy, and mismatch between loops of length
ligop = 4m + 2 and lioo, = 4m + 4, Opyis [34]. (d) Inverse mag-
netic susceptibility. The fitto 1 /y < T — 0., gives 0., = —0.1J;,.

correlations form on these loops at the transition temper-
ature, favoring alternating pairs of ¢ = 1 [34]. The
correlations increase on further decreasing 7', and this is
related to the increasing density of tetrahedra with a 3-1
spin configuration [see Fig. 4(b)]. The loops themselves are
not static, but constantly rearrange themselves subject to
the 2-in-2-out constraint on the lattice displacements [34].

At lower T there is a transition at 7 = T, that is likely
second order, and in which the system excludes loops with
length [jo,, = 4m +2 (m = 1,2, ...) in favor of those with
length [jo,, =4m +4, which we call loop symmetry
breaking [see Fig. 4(c)and [34]]. This occurs because
loops with length /,,,, = 4m + 2 cannot simultaneously
minimize the energy of every bond, unlike loops with
length [ipo, = 4m + 4 [34]. Below T =T, essentially all
tetrahedra adopt a 3-1 spin configuration [Fig. 4(b)] and the
energy saturates, but the number of allowed configurations
remains extensive.

The essence of the resultant spin-lattice liquid state is
that it is built by nonperturbatively coupling two classical
spin liquids, which in the present case are both spin ice.
As with classical spin liquids, spin-lattice liquids can be
described by a coarse-grained gauge theory, and, while this
inherits some of the structure of the underlying spin-liquid
gauge theories [53,54], the nonperturbative coupling pro-
vides additional constraints on the allowed configurations.
A detailed exploration of such an effective field theory is
left for future work.

Relation to experiment.—In order to determine an ap-
proximate value of the control parameter ¢?/[4KJis(aty )]
for Y,Mo,05, the calculated value of g/J;(a,,) ~ 20 can
be combined with the experimentally determined Say, =
g/(2K) =~ 0.2 [28], to give ¢*/[4KJis( )] ~ 2, placing the
material on the right of the phase diagram in Fig. 3.

The predictions of the model are predominantly aimed
at understanding the intermediate temperature regime of
Y,Mo,0;, above the spin-glass freezing temperature 7',
but below the energy of the first crystal-field excitation AE.
This should be compared with the model in the region
T, <T < T,. Here, the discreteness of the Ising d.o.f.,
coupled with the discrete distortions of the Mo ions provide
an explanation for the multiple peaks observed in NMR
spectra of Y nuclei [23]. It is also consistent with the
finding in usr and NMR 1/7T, measurements that the lattice
distortions are temperature dependent and respond strongly
to magnetic field [24,26].

At lower temperatures the degeneracy of the model
means that other subdominant effects are likely to play a
role. To understand the experimentally observed spin-glass
region (T < Ty) it is likely necessary to take into account
some combination of disorder, further-neighbor inter-
actions and additional exchange couplings arising from
higher-energy crystal-field levels. In particular, small local
changes in the Mo—O—Mo bond angle (i.e., in da) will
result in additional disorder in the exchange couplings. One
promising feature of the model is that its highly correlated
low-temperature dynamics likely make it very susceptible
to spin-glass freezing, particularly in the vicinity of
T,, where Monte Carlo simulations become difficult to
equilibrate.

At high temperatures (7'~ AE ~ 300 K) the excited
crystal-field levels become thermally populated, and there-
fore the approximation of being in the low-energy doublet
breaks down. Since AE is smaller than the temperature at
which NMR linewidth extrapolations determine that the
lattice distortion dies away (~430 K) [23], the first-order
transition predicted by the model is likely smeared out due
to the additional local d.o.f. and the opening of new
hopping pathways.

A particular mystery in Y,Mo,0; is why susceptibility
measurements show a negative (AFM) Curie-Weiss tem-
perature of 6., ~ —200 K in the high temperature range
500-800 K [30], a different Curie-Weiss temperature of
0., & —41 K in the intermediate range 50-300 K [27] but
ring features surrounding the I' point in low-temperature
neutron-scattering measurements that can only be
explained by including FM coupling [27]. Our model
provides a resolution by proposing a mechanism by which
AFM and FM interactions can coexist. Simulations in the
temperature range T, < T < T| show an emergent Curie-
Weiss behavior with 6., < 0 [see Fig. 4(d)], despite the
presence of strong correlations. Above 7'~ 300 K the local
electronic state is no longer confined to the ground state
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doublet, and a change in the Curie-Weiss behavior is
unsurprising.

In conclusion, we have proposed the idea of a spin-lattice
liquid state, arising from strong coupling between two
“spin” liquids, one associated with the spin-orbital and the
other with the lattice d.o.f. Furthermore, we have shown
that it may be realized in Y,Mo0,0 and related compounds,
driven by a giant magnetoelastic coupling effect. According
to our theory, the strength of the magnetoelastic coupling is
the main thing that distinguishes the molybdate pyrochlores
from f-electron spin-ice compounds such as Dy,Ti,O,
[29]. Finally, we end with the hope that other materials may
be found, in which the dance of spin and lattice extends
down to even lower temperature.
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