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Thermalization in a quenched one-dimensional antiferromagnetic spin-1 Bose gas is shown to proceed
via a nonthermal fixed point through annihilation of Flemish-string bound states of magnetic solitons.
A possible experimental situation is discussed.
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Introduction.—Ultracold atomic gases offer an ideal
playground for studying universal nonequilibrium dynam-
ics due to their high controllability and isolation from the
environment [1–3]. Indeed, fundamental aspects of univer-
sal thermalization dynamics near critical points at equilib-
rium phase transitions have been studied in terms of the
Kibble-Zurek mechanism [4–9] and dynamical critical
phenomena [10]. Even far from critical points, isolated
systems are found to exhibit universal thermalization in
the decay of turbulence [11,12] and coarsening dynamics
[13–31]. However, unlike the dynamics near critical points
[32,33], a unified framework for understanding the uni-
versal behavior is yet to be established.
Recently, a nonthermal fixed point (NTFP) [11,12,34,35]

has attracted growing interest as a universal thermalization
scenario in isolated quantum systems. It is expected to
provide a unified framework of different nonequilibrium
phenomena in diverse systems ranging from cosmology to
cold atoms [34,35]. As illustrated in Fig. 1(a), a system
with a strongly quenched initial state undergoes relaxation
via a NTFP at which the scale-invariant thermalization
dynamics emerges transiently. The NTFP is characterized
by a universal scaling of an equal-time correlation function
Cðx; tÞ as Cðx; tÞ ¼ s−γCðxsβ; tsÞ with an arbitrary param-
eter s and scaling exponents β and γ. Setting s ¼ t−1, we
obtain the dynamical scaling

Cðx; tÞ ¼ tγfðxt−βÞ; ð1Þ
where fðyÞ ¼ Cðy; 1Þ is a universal function. After passing
through the NTFP, the system relaxes toward a thermalized
or stationary state. This scenario has been studied theo-
retically in two- and three-dimensional Bose gases [36–42]
and a relativistic OðNÞ model [43–45] in the context of
wave turbulence [46–48] and coarsening dynamics [49,50].
Here weakly interacting waves or topological objects such
as vortices and domain walls play essential roles in
thermalization processes. Very recently, the universal
scaling in Eq. (1) in momentum space was observed in

one-dimensional (1D) ultracold atomic gases [51,52].
However, it remains to be fully understood under what
conditions a system shows universal behavior especially in
an experimentally controllable manner. For example, a
weak quench in Fig. 1(a) generates a small number of
elementary excitations and may become thermalized with-
out passing through a NTFP.
In this Letter, we theoretically study quench dynamics in

a 1D spin-1 Bose gas with an antiferromagnetic (AFM)
interaction, unveiling universal thermalization dynamics
through a NTFP caused by exotic bound states of twisted
magnetic solitons, which we refer to as Flemish strings [see
Figs. 1(b) and 1(c)]. Since the spin-exchange interaction is
AFM, the relaxation dynamics after the quench in Fig. 2(a)

(a)

(b) (c)

FIG. 1. (a) Schematic illustration of a NTFP. An isolated
strongly quenched quantum system undergoes thermalization
via a NTFP, where the universal scaling relation (1) emerges en
route to a thermalized or stationary state. However, a weakly
quenched system may undergo nonuniversal thermalization.
(b) Schematic illustration of formation of a Flemish string.
A collision between two magnetic solitons with opposite signs
of magnetization creates a Flemish string, which has a twisted
magnetic structure. The solid (dashed) arrows show the direction
of magnetization (trajectories of magnetization). (c) Spatiotem-
poral distribution of Ŝz;j showing formation of a Flemish string,
which is obtained from the multicomponent Gross-Pitaevskii
equation for the Hamiltonian in Eq. (2) subject to the periodic
boundary condition.
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is characterized by nematicity [53–56]. We find that a
nematic correlation function transiently exhibits the
dynamical scaling (1) with β ≃ 0.32 and γ ≃ 0.11. The
underlying physics of this universal thermalization through
a NTFP is highly nontrivial cooperative soliton dynamics,
where two oppositely charged magnetic solitons, which are
stable individually [57–60], undergo pair annhilation by
forming a Flemish string. While there are a number of
studies for quench dynamics of an AFM spinor Bose gas
[26,61–71], universal thermalization through Flemish
strings has never been reported.
Our results reported here present the first clear evidence of

the soliton-inducedNTFP. InRef. [72], aNTFP in a 1DBose
gas is theoretically discussed, but the dynamical scaling (1),
which is regarded as the hallmark of a NTFP [34], is not
confirmed. In Ref. [52], a relation between the observed
universal thermalization dynamics and a random gray
soliton model in a 1D repulsive Bose gas [72] is discussed.
However, the observed exponent β deviates by 50% from the
exponent obtained by assuming the theoretical model, and
the other key exponent α ¼ β þ γ is not explained from the
perspective of solitons. Thus, the relation between theNTFP
and solitons has remained unclear.
Furthermore, we address an unsolved issue raised in

Refs. [73,74], where thermalization dynamics after the same
quench as ours in Fig. 2(a) was experimentally studied in
trapped 1D AFM Bose gases of 23Na. The experiments
investigate the observed dynamics in terms of coarsening
[49,50], but universal aspects of thermalization have

remained an unsolved issue. We argue that the universal
thermalization dynamics characterized by the NTFP did not
emerge in the experiments of Refs. [73,74] because the
quench was so weak that only a few solitons were created.
We will show that the NTFP due to Flemish strings should
emerge for stronger quench.
Universal thermalization dynamics in a uniform

system.—We consider a translation-invariant spin-1 Bose-
Hubbard model [75] subject to the periodic boundary
condition with the lattice constant a and the number of
latticesM. We denote the annihilation (creation) operator of
spin-1 bosons with magnetic quantum numberm at site j as
b̂m;j (b̂

†
m;j). Then, the Hamiltonian is given by

ĤBH ¼ −J
X

m;j

ðb̂†m;jþ1b̂m;j þ H:c:Þ þ q
X

m;j

m2b̂†m;jb̂m;j

þ U0

2

X

j

ρ̂jðρ̂j − 1Þ þ U2

2

X

j

ðŜ2j − 2ρ̂jÞ; ð2Þ

with the hopping parameter J, the quadratic Zeeman
coefficient q, the density interaction coefficient U0, and
the spin interaction coefficient U2. Here, ρ̂j ≔

P
mb̂

†
m;jb̂m;j

is the total particle-number operator and Ŝα;j ≔P
m;nb̂

†
m;jðsαÞmnb̂n;jðα ¼ x; y; zÞ with the spin-1 spin matri-

ces ðsαÞmn is the spin-vector operator.
We focus on the AFM interaction (U2 > 0), so that the

mean-field ground-state phase is either polar (q > 0) or
AFM (q < 0) [see Fig. 2(a)]. Since both phases are non-
magnetic, the spinor order parameter is a second-rank tensor
of the spin matrices [53–55] described by the nematic tensor
N μν;j ≔ hN̂μν;ji with N̂μν;j ≔ 1

2

P
l;m;nb̂

†
m;j½ðsμÞmnðsνÞnlþ

ðμ ↔ νÞ�b̂l;j. Here, h� � �i means the average over the state
vector jψðtÞi. In theAFMphase, the nematic tensor becomes

N AFM
μν ¼ N

2M

0
B@

1 − cosð2αÞ −sinð2αÞ 0

−sinð2αÞ 1 − cosð2αÞ 0

0 0 2

1
CA; ð3Þ

where α is the azimuthal angle in spin space and N is the
number of condensed bosons. When we quench q from
the polar phase to the AFM phase as shown in Fig. 2(a), the
system gets highly excited and starts relaxation.
We employ the truncated Wigner approximation (TWA)

[76–78] to numerically study the thermalization dynamics
of a quenched AFM Bose gas with J=U0 ¼ 40, M ¼ 512,
and N ¼ 2 × 104, where the system is in a deep superfluid
regime and the TWA should work well [77,78]. The initial
state is chosen to be the Bogoliubov vacuum for the polar
phase [29], and we suddenly quench q from qi ¼ NU2=M
to qf ¼ ð1 − ΓÞNU2=M, where Γ controls the strength of
the quench.
Figure 2(b) shows the spatiotemporal distributions

of nematicity N̂xy;j (left) and magnetization Ŝz;j (right)

FIG. 2. (a) Quench protocol. A spin-1 antiferromagnetic Bose
gas with a quadratic Zeeman term has two mean-field ground
states: AFM and polar, where ηAFM and ηP are the corresponding
spinor wave functions. We suddenly quench the strength q of the
quadratic Zeeman term from qi to qf. (b) Spatiotemporal dis-
tributions of nematicity N̂xy;j (left) and spin Ŝz;j (right) calculated
from a single trajectory in the TWAwith U2=U0 ¼ 0.050, Γ ¼ 2,
and τ ¼ 4ℏ=J. The left panel shows the growth of nematic
domains. The bright and dark lines in the right panel show
positively and negatively charged magnetic solitons, respectively.
The number of solitons decreases in time [see also Fig. 4(c)]
as Flemish strings enclosed by solid circles are annihilated.
(c) Enlarged figure of Ŝz;j in (b). The arrow shows the direction of
motion of a Flemish string.
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obtained from a single trajectory. The typical domain size of
N̂xy;j grows in time, while the number of locally magnetized
domains, which are magnetic solitons [57–60], decreases in
time [see Fig. 4(c)]. As shown in Fig. 2(c), magnetic
solitons can form a Flemish string in which two magnetic
solitons form a virtual bound state and evolve in time in a
twisted manner. The formation of a Flemish string is
essential for thermalization as discussed later.
To investigate the universal scaling in Eq. (1), we

calculate the nematic correlation function defined by

CNðj; tÞ ≔
1

M

XM−1

k¼0

hN̂xy;jþkN̂xy;kiðtÞ: ð4Þ

Here, we consider the xy component of N̂μν;j because
Eq. (3) shows that the order parameter of the AFM phase
can be characterized by α alone. The time evolution of
CNðj; tÞ shows that the correlation length LcðtÞ monoton-
ically increases in time as shown in Fig. 3(a). Here, LcðtÞ is
determined from CNðj ¼ LcðtÞ=a; tÞ ¼ 0.5CNðj ¼ 0; tÞ.
When the abscissa and the ordinate are normalized by
LcðtÞ=a and CNð0; tÞ, respectively, the correlation func-
tions at different times collapse into a single universal curve
as shown in Fig. 3(b). This dynamical scaling indicates the
emergence of a NTFP.

The universality class of the NTFP can be classified by
the exponents β and γ in Eq. (1), which are derived from
power laws LcðtÞ ∝ tβ and CNð0; tÞ ∝ tγ [79]. Figures 3(c)
and 3(d) show LcðtÞ and CNð0; tÞ for four sets of
parameters U2 and Γ, from which we obtain β ≃ 0.32
and γ ≃ 0.11 by the least-squares fit. These exponents are
independent of the parameters and thus universal.
These exponents have never been reported in literature.

To compare them with the wave-number representation
of previous studies [36–42,51,52], we perform the Fourier
transformation of Eq. (1) in 1D systems, obtaining
C̄ðk; tÞ ¼ tαgðktβÞ with some function gðxÞ. Then, we find
an exponent α ¼ γ þ β with α ≃ 0.43, which does not agree
with the results in Refs. [36–42,51,52].
The universality of the thermalization dynamics emerges

from two different types of soliton solutions: i.e., magnetic
solitons and Flemish strings. The magnetic soliton is a
solution of the integrable Gardner equation [80], which can
be derived from application of singular perturbation theory
to the continuous classical model of Eq. (2) [57] (see
Supplemental Material [81]). As shown in Fig. 4(a), it has a
locally magnetized stable object and separates the two
different nematic orders, thereby decreasing the nematic
correlation length. The thermalization dynamics would be
promoted if a single magnetic soliton could be annihilated.
However, it is, in fact, stable and cannot disappear
spontaneously.

FIG. 3. (a) Time evolution of a correlation function CNðj; tÞ for
U2=U0 ¼ 0.05 and Γ ¼ 2, and (b) the same quantity with the
abscissa and the ordinate normalized by LcðtÞ=a and CNð0; tÞ,
respectively. In (b), all curves collapse to a single universal curve
consistent with the dynamical scaling described by Eq. (1). (c),(d)
Time evolution of (c) CNð0; tÞ and (d) LcðtÞ for four sets of
spin interaction and quench strength parameters: ðU2=U0;ΓÞ ¼
ð0.075; 2Þ (green circle), (0.05, 2) (blue square), (0.05, 2.2)
(yellow diamond), and (0.05, 2.4) (red pentagon). The insets
show the same results for the unnormalized axes. For comparison,
all axes in the main panels of (c),(d) are multiplied by different
constants L0, C0, τ0 for each run. These results show that the
exponents β ≃ 0.32 and γ ≃ 0.11 are universal and independent of
system’s parameters. The power laws transiently appear and
finally disappear when the system is close to a stationary state,
which is consistent with Fig. 1(a). Color bands show 3σ error bars
in the TWA calculation.

FIG. 4. (a) Magnetic soliton and (b) Flemish string. The left and
right panels show the spatiotemporal distributions of Ŝz;j and
N̂xy;j obtained from the mean-field solution to Eq. (2) subject to
the Neumann boundary condition. (a) A magnetic soliton is a
locally magnetized stable object and separates the nematic order
into two regions. (b) A Flemish string is a bound state of two
magnetic solitons which periodically change their relative posi-
tions. In contrast to (a), it does not divide the nematic order into
two regions having different nematicity. (c) Time evolution of a
measure of the magnetic-soliton number nsolðtÞ for U2=U0 ¼
0.05 and Γ ¼ 2, showing nsol ∝ t−0.31, which is almost the inverse
of LcðtÞ ∝ tβ found in Fig. 3(d). Color bands show 3σ error bars
in the TWA calculations.
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The annihilation of solitons proceeds through that of a
Flemish string. This is a soliton solution of the integrable
Manakov equation [92–95], which is a continuous classical
model of Eq. (2) with U2 ¼ 0 (see Supplemental Material
[81]). In contrast to magnetic solitons, it does not separate
the nematic order as shown in Fig. 4(b). This string is
unstable for U2 ≠ 0, so that it eventually vanishes and
nematic domains can grow. We have confirmed that
Flemish strings are formed through collisions of magnetic
solitons, as indicated by the solid curves in Fig. 2(b). The
formation of Flemish strings and their subsequent
decay constitute the main mechanism for soliton annihila-
tion. The details including the lifetime and the number
of Flemish strings are discussed in the Supplemental
Material [81].
Another numerical evidence for the nematic domain

growth due to solitons is the number of magnetic solitons.
We calculate nsol ≔

P
M−1
j¼0 hθðŜ2z;j − S2thÞi with Sth ¼ 0.7ρb

for the bulk particle number ρb [96], where θðxÞ is the unit-
step function. This should be proportional to t−β if LcðtÞ
obeys the power law tβ. We find nsol ∝ t−0.31 as shown in
Fig. 4(c), which is consistent with β ≃ 0.32 obtained from
LcðtÞ. This confirms the fact that annihilation of magnetic
solitons is essential in the universal thermalization
dynamics through the NTFP. This universal behavior
appears when many solitons are generated. However, for
longer times, the universal relaxation stops and LcðtÞ
and CNð0; tÞ saturate because the number of solitons
becomes small.
Analysis of the experimental thermalization dynamics.—

Let us examine the experiments [73,74] where the thermal-
ization dynamics in trapped 1D AFM spinor Bose gases
was investigated using density correlation functions. One is
naturally led to ask whether or not the observed thermal-
ization dynamics is universal. By numerically solving the
spin-1 Gross-Pitaevskii (GP) equation with initial noises in
the finite-temperature TWA method [77,97–99], we obtain
results in good agreement with the experiments [81]. We
calculate the correlation function CNðz; tÞ with the param-
eters used in the experiments as shown in Fig. 5(a) [100].
Although CNð0; tÞ shows the power-law behavior in a short
time (200–350 ms), we find neither the dynamical scaling
of CNðz; tÞ nor the power law of LcðtÞ. We therefore
conclude that the universal thermalization dynamics does
not emerge in the experiments.
The absence of the universal scaling in Eq. (1) is

attributed to a weak quench in the experiments, where
qðtÞ is quenched from 2.8 to −4.2 Hz [101]. The energy
scale of this change is given in terms of the spin interaction
coefficient c02 of the GP model and the bulk density ρb;exp
by 0.06c02ρb;exp, which is too small to excite a sufficient
number of magnetic solitons.
To investigate the universal thermalization dynamics, we

need a strong quench whose energy scale is of the order of
the spin interaction energy c02ρb;exp. We numerically quench

q from 2.8 to −117 Hz. Figure 5(b) shows the dynamical
scaling in Eq. (1) and the power laws with the same
exponents as those of the uniform system. Hence, we can
confirm the universal thermalization dynamics through the
NTFP. These results are consistent with the NTFP scenario
in Fig. 1(a), where the strong quench leads to the NTFP but
the weak one does not. While the spatial distribution of
N̂xy;j has not been observed, Ŝz;j can be measured exper-
imentally. Thus, it is possible to estimate the exponent β
from nsol. The inset of Fig. 5(f) confirms nsol ∝ t−β, which
is an experimentally observable signature of the NTFP.
Conclusion.—By numerically studying the 1D thermal-

ization in an antiferromagnetic spin-1 Bose gas, we find the
universal nematic thermalization dynamics through a NTFP
with scaling exponents β ≃ 0.32 and γ ≃ 0.11 in Eq. (1). We
identify the thermalization mechanism to be annihilation of
Flemish strings of magnetic soliton pairs. The universal
thermalization dynamics is discussed in the experimental
settings in Refs. [73,74]. In 1D ultracold atomic gases,
several different types of solitons other than magnetic
solitons have experimentally been created [102–110]
and their dynamics has extensively been investigated
[111–127]. It is interesting to investigate other NTFP
universality classes with these solitons.

FIG. 5. Numerical results for (a) CNðz; tÞ, (b) CNð0; tÞ, and
(c) LcðtÞ following weak quench with the experimental param-
eters of Refs. [73,74]. They show neither the universal thermal-
ization dynamics characterized by the dynamical scaling for
CNðz; tÞ nor the power law for LcðtÞ. (e)–(f) show the corre-
sponding results for strong quench. We confirm the dynamical
scaling and the power laws with the exponents found in the
uniform system (see Fig. 3). The inset in (f) shows nsol ∝ t−0.32 ∝
LcðtÞ−1 which is a measure of the number of magnetic solitons.
Color bands show 3σ error bars in the TWA calculations.
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