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Frohlich discovered the remarkable condensation of polar vibrations into the lowest frequency mode

when the system is pumped externally. For a full understanding of the Frohlich condensate one needs to go

beyond the mean field level to describe critical behavior as well as quantum fluctuations. The energy

redistribution among vibrational modes with nonlinearity included is shown to be essential for realizing the

condensate and the phonon-number distribution, revealing the transition from quasithermal to super-

Poissonian statistics with the pump. We further study the spectroscopic properties of the Frohlich

condensate, which are especially revealed by the narrow linewidth. This gives the long-lived coherence and

the collective motion of the condensate. Finally, we show that the proteins such as bovine serum albumin

and lysozyme are most likely the candidates for observing such collective modes in THz regime by means

of Raman or infrared spectroscopy.
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Introduction.—The collective properties in both physical
and biological systems attracted attention during the past
decades and are of importance for understanding many
peculiar phenomena, such as the phase transition of polar-
itons [1-3], superefficient energy transfer in photosynthesis
[4-7], and cognitive function of some molecular machinery
at work in living cells [8,9]. The latter possibly stems from the
collective oscillations of biomolecules, making giant dipole
moments that activate long-range electric forces. To under-
stand these, Frohlich suggested a condensation of energy at
the lowest mode of polar vibrations once the external energy
supply exceeds a threshold [10], and this idea was further
followed by others for detailed investigation over three
decades [11-14]. Provided the sufficient energy pump, this
large accumulation of phonons considerably builds up at the
lowest mode. Though this seems a reminiscence of Bose-
Einstein condensate (BEC) [ 15—18], but in detail the Frohlich
condensate is more like a laser. We note however the close
relation between the quantum theory of laser and a BEC
[19-23]. Recent simulations based on Wu-Austin Hamiltonian
specified the parameter regime for weak, mediate, and
strong condensates in various proteins [24,25].

To achieve such out-of-equilibrium condensate, the energy
redistribution essentially plays an important role in introduc-
ing the nonlinearity [10,25,26]. The emergence of Frohlich
condensate is analogous to laser operation [23,27], which
offers new insight to understand the cooperative phenomena
in various systems [28,29]. The coherent nature of laser is
manifested by narrow linewidth. Thereby, under proper
conditions the Frohlich condensate would show the coherent
feature which is one of the main tasks of this work.
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The combination of recent advance on x-ray crystallog-
raphy [30] and THz radiation offers effective tools for
visualizing the structural change associated with low-
frequency collective vibrations in the materials, i.e., lyso-
zyme protein crystals [31,32]. The structural change has
been observed to sustain for micro- to milliseconds, which
is several orders of the magnitude longer than the one
induced by the redistribution of THz vibrations toward
thermal distribution [31]. It seems plausible to attribute this
phenomena to Frohlich condensate that causes nonthermal
distribution. The most recent experiment demonstrated in
bovine serum albumin (BSA) protein the remarkable
absorption feature around 0.314 THz, when driving the
system by optical pumping [33]. Understanding these
interesting and intriguing experiments will lead us to the
deeper understanding of Frohlich’s mechanism, because
the cooperativity has been shown to exist in some non-
physical systems [34,35]. On the other hand, this out-of-
equilibrium cooperativity manifests itself even at classical
level, e.g., the long-survived limit cycle oscillation in gene
network [36,37]. Thus, it is important to obtain a detailed
understanding of the coherence of the Frohlich condensate,
which is still obscure, especially in THz regime. Clearly a
full understanding can come solely from a quantum theory
which would give not only the mean but also quantum
fluctuations as well as linewidth information, crucial in
spectroscopic measurement.

In this Letter, we develop a full quantum statistical
theory for Frohlich condensate. We analytically find that
the phonon-number distribution evolves with external
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energy pump, from quasithermal to the statistics found in
Scully-Lamb theory of the laser [19,20]. Besides, the long-
lived coherence of the condensate is observed, i.e., the
dramatic increase of the lifetime by ~10 times for BSA
under room temperature (~50 times under low temper-
ature). This subsequently characterizes the narrow line-
width in the spectroscopic signal. We suggest some
possible candidates for observing the Frohlich condensate,
such as lysozyme and BSA proteins rather than the
longitudinal vibrations of microtubules. Moreover, the
phonon statistics paves the road for evaluating the quantum
fluctuations in the condensate particles, which have been
reported in recent experiments on exciton polaritons [38].

Model and equation of motion.—For the low-frequency
vibrations in molecules, i.e., THz intramolecular vibrations
of proteins and low-energy phonon modes in DNA,
the surrounding medium (like solvent or water) acts
as a thermal environment, resulting in the energy dissipa-
tion and redistribution. The latter shows the nonlinearity
which is substantial in biological functions involving the
low-loss energy transport through protein in DNA [39].
Besides, these vibrational modes are excited by a continu-
ous energy supply, shown in Fig. 1. We may model the
system as a group of harmonic oscillators with the
frequency spectrum w;, (j =0,1,2,...,D) where D > 1
denotes the total number of vibrational modes. The effect
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FIG. 1. (a) Schematic of molecular vibrations driven into far-
from-equilibrium regime; (b) Vibrational modes absorb energy
from external source at rate of r and surrounding medium acting
as thermal bath causes the dissipation at rate of ¢, corresponding
to the 1st term in Eq. (1). Bath is also responsible for the energy
redistribution (nonlinear) at rate of y, corresponding to the 2nd
term in Eq. (1); (c) Feynman diagrams for those 1st and 2nd order
processes.
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The pumping field is characterized by a broad spectrum
(Fs(t)F;i (1)) = (r/2)846(t — ') with a pumping rate of r,
Ak = o, — w; — vy, and A¥ = @ — v;. a, and by, stand for
the bosonic annihilation operators for molecular vibrations
and bath modes, respectively. The first term in Eq. (1)
describes the energy exchange between the vibrational
modes and environment, giving the dissipation (one-pho-
non process). The second term in Eq. (1) quantifies the two-
phonon process, causing energy redistribution between the
vibrational modes [24]. Defining the density matrix
Prgmy = Z{n,} <n0; {nl}|p|m0; {nl}> for the mode @o, the
equation of motion may be derived [23,40,41], and all the
details are given in the Supplemental Material [42]. The full
master equation results in the equation which the total
phonon number N =32 (ala,) obeys: N =
(D +1)(r + ¢n) — ¢N showing that the total phonon
number is solely dictated by the external pumping and
dissipation. r and ¢ = 2zf2D(w) refer to the rates of
energy pumping and dissipation, respectively. 7 =
[exp(fiwy/kgT) — 1]~ is the Planck factor. Thus, N does
not depend on the processes (iii) and (iv) in Fig. 1(c).
We can then replace N by its stationary value as the
timescale of interest # > ¢~!. Thereby, N can be partitioned
into N=N,+ Ny, where N,=(D+1)r/¢p and
Ny = (D + 1)a. This manifests the contributions to the
total excitation from external pumping r and thermal
distribution 7. Such observation enables us to derive a
simple equation for the population at the lowest vibrational
mode w,, assuming (noN) =~ (ng)N.

= —=(r+ i+ xNy) (10 + 1)pugn,
+ (r + it 4y N yy-1) 0Py 1 g1
= [r+ ¢+ 1) +x M, Jnopu, n,
+ [r +¢(n+1) +)(Mn0+1](”0 + l)pn0+1,n0+lv
(2)

from the reduced master equation, where y = 27G2D(w
refers to the rate of energy redistribution A no =

Zle(ﬁwjo + 1)(n;),, M= ?=1ﬁw,0<”j+1>n0- There
are varying degrees of rigor to evaluate A/, and M, .
We will choose the one assuming My, =1 which leads to
Ny =(i+1)(N=ngy), M, ~ia(N—ny+D). Equation (2)
has a nice interpretation in terms of the probability flows as
depicted in Fig. 2.

Pny.ng
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FIG. 2. Transition diagram in accordance to Eq. (2), showing
the flow of probability in and out of the |n) state from and to the
neighboring |ny + 1) and |ny — 1) states. (r+¢n)(nyg+1) and
(r+¢(i+1))(ny+1) represent the respective phonon emission
and absorption, due to the one-phonon processes (pumping and
dissipation);  y(i+1)(Np—ng)(ng+1)=¢n(ng+1)(x(a+1)/
¢n)(Nr—ng) corresponds to the process in which phonons are
emitted owing to both dissipation and energy redistribution;
XNy —no+D—1)(ng+1) = (A +1)(ng + )[y7t/ (7 +1)]x
(N7 —no—+ D —1) corresponds to the process in which phonons
are absorbed owing to both dissipation and energy redistribution.
Similar explanations exist for the other terms.

Out-of-equilibrium condensation of phonons.—To illus-
trate the condensation of phonons and their critical behav-
iors, we essentially obtain the rate equation for phonon
number (ny) at the lowest mode

(o) = (N —=p—x)(no) —x(ng) + [r+ i+ (a+1)N).
(3)

The mode o experiences gain due to the pumping of all the
modes and loses energy via the terms (¢ + y)(ng) as well
as y(n3). The last bracket in Eq. (3) leads to the residue
number of phonons in mode @, even below the pumping

threshold
rC:L(l—I—?), (4)
D+1 X

as indicated by y N, — (¢ + x) > 0in Eq. (3). The equation
for (ngy) has a structure which is a reminiscence of the
photon number for a single mode laser.

Further simplification neglects the fluctuation of n,
namely, (n3) =~ (n,)?, which gives the steady-state phonon
number at mode @, shown in Fig. 3(a) where the param-
eters are taken from recent experiment [33].

Coherence of condensate and linewidth.—As a collec-
tive mode, the in-phase motion should be maintained in the
condensate. This is featured by the long-lived or long-range
coherence, which may be deeply connected to the so-called
off-diagonal long-range order in superconductivity and
superfluidity [43]. The coherence of our condensate is
quantified by the off-diagonal elements of density matrix
Pnyno+1- 10 probe such coherence properties, we can use
infrared or Raman spectroscopies. From the reduced master
equation, the coherence dynamics obeys

Pngng+1 = (lw() - Yno)pno,no+1 + Cny—1Pny—1.n,

- (cno + dno)pno,n0+1 + dn0+1pn0+1,n0+2’ (5)
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FIG. 3. (a) Phonon numbers at the lowest mode w, and excited

modes w; (I > 1) normalized by total phonon number N vary with
external energy supply. (b) Damping rate y, of condensate varies
with external energy supply. Lifetime 1/y, is plotted in small
panel. In (b), dashed red line is for the case with no Frohlich
condensate when turning off the nonlinearity. Solvent temper-
atures T = 280 K, corresponding to 77 = 16. Parameters are
taken from Ref. [33] for BSA protein: wy, = 0.314 x 2z THz,
¢ =6 GHz, y = 0.07 GHz, and D = 200.

where

_1(r+¢(ﬁ+1)+)(ﬁ(N—no+D)

YA Vgl 1) A+
r+z/)ﬁ+}((fz+l)(N—n0))
Vg +1)(ng+2) +ng+3/)

(6)

and ¢, =+/(ng+1)(ng+2)[r+¢n+y(i+1)(N=ny)],
d,, = /no(ng + 1)[r +¢(i + 1) + yii(N — ny + D)]. To
solve Eq. (5), we have the ansatz p, , .1(f) = expliwyt —
D, (1)lpo1(0) [Ty ¢;-1/d, by imposing the detailed
balance into the initial condition ¢, Py, .+1(0) =
dyy1Pny+1.p+2(0) [41]. The slow variation of y, with
respect to ¢ gives |D,, _; — D,, | < 1yielding D, (1) ~y,,1.
We can thereby safely replace n, in y,,, by (n,). Hence, the
vibrational coherence of the lowest mode is approximated
t0 Py g1 (1) eli@o=r0)t where the lifetime is given by

g+
o= 4(no)

for the energy supply much above threshold. Equation (7)
elucidates the considerable suppression of the damping rate
by large condensation of phonons. This is further supported
by the numerical calculations displayed in Fig. 3(b). It
shows that the coherence lifetime when driving system into
far-from-equilibrium regime (r ~ 200 GHz) is ~10 times
than the expected one induced by the redistribution of THz
vibrations toward thermal distribution. This, in other
words, will result in a remarkably sharp peak in the infrared
and Raman spectroscopies.

From the standard definition, we find the infrared
fluorescence spectra governed by (u(*)(£)u(=)(0)) where
+(—) denotes the raising (lowering) part of the dipole
operator

; (7)
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where y;l stands for the lifetime of the jth vibrational
mode. |u;| refers to the magnitude of electric dipole
moment of the jth mode. Q is the bulk volume and M
stands for the amount of molecules. The j = 0 term in
Eq. (8) shows a high-intensity peak and a narrow linewidth
associated with Frohlich condensate as supported by
Fig. 3(b).

Phonon statistics of Frohlich condensate.—To gain more
information about the out-of-equilibrium condensate of
phonons obtained above, we proceed via the fluctuations
of phonon number which is governed by the phonon
distribution

'\ "o T (% = ng)
P("o)::fwo)<ﬁ> f?%;:7i5fi%5’ )

at steady state where P(ng)=p;),. X =71+ ¢+
ya+1D)(N+1), Y=r+¢(mn+1)+ya(N+D) and
a=y(n+1), p = yn. The nonmonotonic feature of pho-
non distribution appears when n., > 1 such that P(ny) >
P(ng—1) as ny<ng while P(ng) <P(ny—1) as
ng > ng, where n,, = N + 1 — (¢p/y) — aD. The condition
n, > 1 implies a threshold of energy supply, which
coincides with the one predicted by Eq. (4) when
D > 1. Hence, we can evidently conclude that the out-
of-equilibrium condensate is featured by the nonthermal
distribution of phonons, showing an analogy to the photon
number statistics for a single mode laser rather than the
atomic BEC [23,41].

In terms of P(ng) given by Eq. (9), we are able to obtain
the fluctuation of n in further and the higher moments (n{))
will be presented elsewhere. For the energy pump appreci-
ably above threshold, we have the condensate ratio defined
asn = (ny)/N and Mandel parameter Q = (An3)/(ng) — 1

$(¢ + x1iD)
x(D+1)(r + ¢n)
(r+ ¢n)l¢ —x(D + )] + ¢(7 + 2)(¢ + x7D)
XD+ 1)r+¢(n—p)

n=1-

0=

(10)

Increasing the external energy pump, Q will become
negative as long as (y/¢) > (1/D+ 1), so that sub-
Poissonian distribution of phonons will show up, manifest-
ing the nonclassical properties. This is supported by the
numerical calculations of phonon statistics shown in the
Supplemental Material [42].

Figure 4 illustrates the phonon statistics of the lowest
vibrational mode @, of BSA protein at room temperature,
with respect to various rates of energy supply. The
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FIG. 4. Phonon distribution of the lowest vibrational mode
where the solvent temperature is 7 = 280 K corresponding to
i1 = 16. Energy pump (a) r =220 GHz, (b) r = 0.55 GHz;
orange dots correspond to Poissonian distribution. Other param-
eters are the same as that in Fig. 3.

super-Poissonian distribution is shown in Fig. 4(a) with
the condensate ratio (ngy)/N =~69%, when protein is
pumped at the rate of r ~ 220 GHz above the threshold.
This would be feasible because the energy pump is still not
strong compared to the vibrational frequencies ~0.3 THz
of BSA protein. However, the threshold for sub-Poissonian
statistics is estimated to be r = 2.98 THz, which consid-
erably exceeds its vibrational frequencies ~0.3 THz. This
indicates a strong-field pump that would however cause
other effects, such as anharmonicity and ionization. Hence,
the observation of condensate of phonons at the lowest
mode would be feasible under room temperature, but the
nonclassical distribution will be smeared out. This is more
feasible when cooling the surround medium, which is
shown in Fig. S1 of the Supplemental Material [42].

It should be noted that the quantum fluctuations beyond
the mean field treatment raised much attention in atomic
BEC thanks to the experimental advance during last two
decades [17]. The large fluctuations especially in the
vicinity of critical point often makes the mean-field theory
breakdown, but is crucial for understanding the critical
phenomenon, e.g., superfluid-insulator transition. The
phonon-number fluctuation in Frohlich condensate would
become experimentally accessible by measuring the sta-
tistics of photons scattered by the condensate. The photon
statistics can be then reconstructed and has been demon-
strated in recent experiments on different system, e.g.,
exciton polaritons [38].

Discussion and conclusion.—To experimentally imple-
ment the Frohlich condensate, many systems were sug-
gested, i.e., microtubules [44-47], BSA, and lysozyme
proteins [31-33] as the most favorite ones. But the
feasibility of these samples is still in debate. First let us

see BSA protein with the size 140 A x 40 A x 40 A. The
area that the sub-THz laser with the wavelength A ~
400 ym focuses on the sample is taken as A~ A?/4 ~
40000 um?, in accordance to the diffraction limit. Using
the parameters for Fig. 3, our quantum theory leads to the
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estimation of energy supply to produce the condensate ratio
of 50%: P, ~ rhiwy ~ 20 pW given by r ~ 101 GHz. With
the cross section of light scattering for resonance absorp-
tion ¢ ~ 10713 cm?, we proceed via the number of photons
captured by protein molecules N = A/c ~ 4 x 10!, which
yields the laser power P ~ P,N ~ 8 W. This would be
feasible for the recent development of high-power laser
using frequency mixing [48].

To overcome the difficulty of using very strong laser
power is to induce the optical excitations of some fluo-
rochromes (i.e., Alexa488) covalently bound to each
protein molecule [33]. The excited fluorochromes create
fluorescence, resulting in the transfer of some residue
energy into the vibrational modes of protein. In practice,
this method takes the advantage of avoiding the optical
transition of protein and suppressing the absorption by
surrounded water molecules which causes the laser-
induced heating up, when pumped by the Argon laser
with wavelength of 488 nm. Also, such indirect pumping
scheme would demand much less laser power than the one
using infrared laser, due to the fact that the smaller laser
spot can be achieved in optical regime. For creating the
condensate with ratio of 80% in BSA, the Argon laser
power is estimated to be ~155 mW within the focusing
area 10 x 10 ym.

For lysozyme protein, the recent advances in both
experiments and theory found the sub-THz excitation at
@y =04 x2x THz and the damping rate ¢~ 1 GHz
[31,49]. Because of the diffraction limit, the area that
the sub-THz laser with the wavelength A ~ 400 pm focuses
on the sample is taken as A ~ 4>/4 ~ 40000 gm>. Under
the room temperature, the full quantum theory estimates the
energy supply for the condensate ratio of 50%: P, ~
4.2 pW given by r ~ 16 GHz. Then the number of photons
captured by the sample reads N = A/c ~ 4 x 10!, yield-
ing the laser power P~ P, N ~ 1.6 W. This would be
feasible for cw THz laser [48].

In conclusion, we have developed a full quantum
statistical theory using nonequilibrium equations of motion
for the Frohlich condensate. Our model goes beyond the
precedent results by providing a description of the critical
behavior of the phase transition toward the condensation of
phonons. Furthermore, the model led us to the phonon-
number distribution of the condensate with the energy
pumping, evolving from quasithermal to laser statistics.
This yields an analogy to laser operation. Moreover, the
long-lived coherence as manifested allows the experimental
probe of such collective mode, evident by the remarkably
sharp peak with narrow linewidth, as in a laser. The
development of quantum statistical theory for Frohlich
condensate, especially the fluctuation aspects, offers the
new insights and perspective for the driven-dissipation
systems that would stimulate the research on novel proper-
ties of low-frequency vibrations of the materials far from
equilibrium.
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