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Gluon parton distribution functions (PDFs) in the proton can be calculated directly on Euclidean lattices
using large momentum effective theory (LaMET). To realize this goal, one has to find renormalized gluon
quasi-PDFs in which power divergences and operator mixing are thoroughly understood. For the
unpolarized distribution, we identify four independent quasi-PDF correlators that can be multiplicatively
renormalized on the lattice. Similarly, the helicity distribution can be derived from three independent
multiplicatively renormalizable quasi-PDFs. We provide a LaMET factorization formula for these
renormalized quasi-PDFs from which one can extract the gluon PDFs.
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Introduction.—Parton distribution functions (PDFs) are
crucial quantities characterizing the structure of hadrons at
high energy. They are defined as momentum distributions
of quarks and gluons in an infinite-momentum hadron, and
provide a necessary input for the description of experi-
mental data from hadron-hadron or lepton-hadron colliders.
However, calculating PDFs from first principles has been
a long-standing problem in hadron physics, since PDFs
are low-energy properties of a hadron defined in terms of
lightcone correlations. Traditional lattice QCD methods
focus on the calculation of their moments, but can only
determine the first few moments due to the power divergent
mixing between different moment operators [1–4]. Recon-
structing PDFs, however, requires information on all their
moments.
In the past few years, a new approach has been proposed

to circumvent the above difficulty, which has now been
formulated as the large momentum effective theory
(LaMET) [5,6]. LaMET provides a possibility to study
parton properties of the hadron in general. For a given
parton observable such as PDFs, one can deconstruct the
lightcone correlations such that the resulting quantity,
known as a quasiobservable, becomes time independent
though no longer frame independent. The quasiobservable
approaches the original parton observable under an infinite
Lorentz boost, and has the same infrared (IR) behavior as

the latter by construction. In a hadron with finite but large
momentum, the quasiobservable can be factorized into the
parton observable convoluted with a hard coefficient, up to
power corrections suppressed by the hadron momentum
[5–11]. Since LaMET was proposed, much progress has
been achieved with respect to both the theoretical under-
standing of the formalism and the direct calculation of
PDFs from lattice QCD (see a recent review [12] and
references therein). The lattice calculations have been
predominantly focused on isovector quark PDFs, since
they do not mix with gluon PDFs. Despite limited volumes
and relatively coarse lattice spacings, the state-of-the-art
nucleon isovector quark PDFs determined from lattice data
at the physical point already show a reasonable agreement
[13–17] with phenomenological results extracted from
experimental data [18–22].
Lattice calculations of gluon parton physics are evenmore

crucial because gluons play an extremely important role in
experiments performed at the Large Hadron Collider (LHC)
and the future Electron-Ion Collider (EIC) in the U.S.
However, in contrast to the intensive work on extracting
quark PDFs usingLaMET,much less effort has been devoted
to the study of gluon quasi-PDFs. In Refs. [23,24], the first
effort was made in understanding the renormalization prop-
erty of gluon quasi-PDFs, where it was discovered that the
gluon quasi-PDF suffers from a mixing with other gluon
operators allowed by symmetries of the theory. While on the
other hand, in the first exploratory attempt to calculate the
gluon unpolarized PDF [25], the authors assumed a multi-
plicative renormalization of the gluon quasi-PDF used in
their lattice calculation.
In this Letter, we perform a systematic study of the

renormalization of gauge-invariant nonlocal operators
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defining the gluon quasi-PDFs, focusing on their power
divergence structure. Following an earlier work involving
two of us [26] (see, also, [27,28]), we introduce a general
framework in which the Wilson line in the adjoint repre-
sentation is replaced by a product of two auxiliary “heavy
quark” fields. Such a theory with an auxiliary heavy
quark can be shown to be renormalizable to all orders in
perturbation theory. Then, we show how to construct a
multiplicatively renormalizable gluon quasi-PDF operator
and explain how to calculate the renormalization factors
nonperturbatively on lattice. The analysis is also extended
to the polarized case. At last, we present a factorization
formula for the renormalized gluon quasi-PDF, from which
one can extract the gluon PDF. Our findings remove the
obstacle to define a continuous gluon quasi-PDF through
lattice simulations.
Auxiliary adjoint heavy quark approach.—Let us start

with the gluon quasi-PDF defined in Ref. [5]

g̃ðx; PzÞ ¼
Z

dz
2πxn · P

eixzn·PhPjOðz; 0ÞjPi;

Oðz2; z1Þ ¼ Fzμ
a ðz2ÞLabðz2; z1ÞFz

b;μðz1Þ: ð1Þ

Fμν
a ¼ ∂μAν

a − ∂νAμ
a − gfabcA

μ
bA

ν
c is the field strength ten-

sor. Unless otherwise stated, the quantities defined in this
section are all bare ones. The index μ can be summed either
over transverse components, as in the gluon PDF [29], or
over all Lorentz components. Since Fzz ¼ 0 and Fzt gets
power suppressed in the large momentum limit, both
summations can be used to define the gluon quasi-
PDF and they fall into a universality class of the gluon
quasi-PDF operators (for discussion on the universality
class of the gluon polarization operator, see Ref. [30]).
Pμ ¼ ðP0; 0; 0; PzÞ is the momentum of the external
hadron, and nμ ¼ ð0; 0; 0; 1Þ is a spacelike vector specify-
ing the direction of the gauge link Lðz; 0Þ ¼
P exp½−ig R z

0 dλn
μAμðλnÞ� with Aμ ¼ Aμ;aTa being defined

in the adjoint representation.
Alternatively, the gluon quasi-PDF can be defined using

fundamental gauge links Uðz2; z1Þ [31]

Oðz2; z1Þ ¼ 2Tr½Fzμðz2ÞUðz2; z1ÞFzμðz1ÞUðz1; z2Þ�; ð2Þ

where Fμν ¼ Fμν
a ta and ta is the generator in the funda-

mental representation. While Eq. (1) facilitates the study of
renormalization, Eq. (2) is more straightforward for lattice
implementations. We will mainly focus on the definition in
Eq. (1) below, but the results also apply to Eq. (2).
To renormalize Oðz2; z1Þ, we introduce an auxiliary

adjoint heavy quark field, denoted as Q, into the QCD
Lagrangian, following our study of the quark quasi-PDF
[26]. This heavy quark has trivial spin degrees of freedom.
The Lagrangian with the auxiliary field reads

L ¼ LQCD þ Q̄ðxÞðin ·D −mÞQðxÞ; ð3Þ

where Dμ ¼ ∂μ þ igAμ is the covariant derivative in the
adjoint representation, and a “residual mass” is introduced
for the auxiliary field Q for reasons that will become
clear later.
With the auxiliary heavy quarkQ, the Wilson line can be

replaced by a product of two such fields [26]

Oðz2; z1Þ ¼ Fzμ
a ðz2ÞQaðz2ÞQ̄bðz1ÞFz

b;μðz1Þ
¼ Jzμ1 ðz2ÞJ̄z1;μðz1Þ: ð4Þ

The renormalization of the nonlocal operator in Eq. (1) now
follows from that of the product of two local composite
operators (LCOs) in Eq. (4).
Renormalization in auxiliary field approach.—The

renormalization of the effective Lagrangian Eq. (3) is in
complete analogy to that with a fundamental auxiliary field
[26,32], and suffices to render Green’s functions of the
elementary fields finite. However, extra complications arise
when renormalizing the LCOs J1, J̄1 in Eq. (4). First, we
consider the perturbative renormalization in dimensional
regularization (DR) in a covariant gauge. In such a case,
gauge-invariant LCOs can, in general, mix with operators
of the same or lower mass dimension under renormaliza-
tion. The mixing operators can be of the following three
types: (1) gauge-invariant operators, (2) BRST exact
operators, (3) operators that vanish by equation of motion
(EOM) [29]. For the LCO formed by a quark and a
fundamental auxiliary field, such a mixing does not occur
because the operator appearing there is already of the
lowest dimension and, if chiral symmetry is preserved, the
mixing between operators of the same dimension is
forbidden [33]. This is no longer true in the present case.
In DR, the operators allowed by BRST symmetry to mix

with Jμν1 are

Jμν2 ¼ nρðFμρ
a nν − Fνρ

a nμÞQa=n2;

Jμν3 ¼ ð−inμAν
a þ inνAμ

aÞ½ðin ·D −mÞQ�a=n2; ð5Þ

where Jμν2 is gauge invariant, Jμν3 is proportional to the
EOM of Q and, therefore, vanishes in a physical matrix
element (for m ¼ 0 the above mixing pattern has been
given in [31]).
In the presence of mixing, the renormalized operators

can be written in a triangular mixing form

0
BB@

Jμν1;R
Jμν2;R
Jμν3;R

1
CCA ¼

0
BB@

Z11 Z12 Z13

0 Z22 Z23

0 0 Z33

1
CCA
0
B@

Jμν1
Jμν2
Jμν3

1
CA: ð6Þ

The renormalization constants in Eq. (6) are not all
independent. When ν ¼ z, Jzμ2 becomes degenerate with
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Jzμ1 ; therefore, they must have the same renormalization,
implying

Z11 þ Z12 ¼ Z22; Z13 ¼ Z23: ð7Þ

This is consistent with explicit one-loop calculations [31].
The above result indicates that the individual components
of Jμν1 renormalize independently with the following
simplified renormalization equations:

� Jzμ1;R
Jzμ3;R

�
¼

�
Z22 Z13

0 Z33

��
Jzμ1
Jzμ3

�
; Jti1;R ¼ Z11Jti1 : ð8Þ

Jij1 shares the same renormalization with Jti1 . The reason
that (Jti1 , J

ij
1 ) and Jzμ1 operators have different renormaliza-

tions is because the presence of a four-vector nμ breaks
Lorentz symmetry. Note that Jμi2 is not independent and,
henceforth, will be neglected.
Our calculations show that no linear divergences occur in

the one-loop correction to Jμν1 . Actually, the power diver-
gence structure of this operator has been considered in
Refs. [23,24], but using a simple cutoff regularization. One
has to be cautious when dealing with power divergences in
cutoff regularization, since it, in general, breaks gauge
invariance in QCD (except for the lattice cutoff) and might
obscure the structure of genuine power divergences of the
theory. To avoid this, we have chosen to work in DR and
kept track of linear divergences by expanding around
d ¼ 3, as they appear as poles at d ¼ 3. In this way, we
can extract linear divergences, gauge invariantly, and
confirm that no linear divergences occur in the one-loop
correction to Jμν1 . The same conclusion can actually be
reached in Ref. [24], too, if a gauge-invariant regulator is
used. We have explicitly checked this following the
procedure outlined above.
In Eq. (3), we also introduced a residual mass term for

the auxiliary field Q. The reason is to keep track of
potential mass renormalization, which might be absent in
DR when expanded at d ¼ 4, but nevertheless, appears in a
cutoff regularization such as lattice regularization. In a
cutoff regularization, an effective mass for the auxiliary
heavy quark will be generated by radiative corrections
even if it does not exist at leading order. Indeed, this is
what happens in our present case, and we have m ¼ δm ∼
Oð1=aÞ with a being the inverse cutoff or lattice spacing
[34]. In perturbation theory, δm appears fromOðαsÞ. Such a
mass term serves the purpose of absorbing power diver-
gences arising from the Wilson line self energy when
integrating out the auxiliary field, as will be seen below.
Apart from this, there is no other power divergence in the
theory. Moreover, for dimensional reasons, there is no other
antisymmetric operator that can mix with Jμνi discussed
previously. Therefore, in a gauge-invariant cutoff scheme,
the operator renormalization remains the same as in DR.

In Ref. [26], it was shown that BRST invariance of the
Lagrangian requires a dependence of m on the signature
of n [35], which yields a vanishing mass for a lightlike nμ

and a real mass for a timelike nμ. When nμ is spacelike,
m ¼ δm ¼ iδm is imaginary. The value of δm at OðαsÞ can
be easily obtained from Ref. [26] as δm ¼ παsCA=ð2aÞ.
Gluon quasi-PDF operators.—Now, we are ready to

construct an appropriate gluon quasi-PDF operator. To this
end, we need to identify one of the indices in Jμν1 with z or t
and let the other run either over all Lorentz components
or over transverse components only. At this stage, it is
worthwhile to point out that the operator Jμν3 only yields
contact terms when integrating out the heavy quark field.
This can be seen from the fact that the EOM operator acting
on the heavy quark propagator yields a δ function. The
contact terms do not vanish only when z2 ¼ z1, indicating
that an extra renormalization is required when two LCOs
shrink to one spacetime point. For the renormalization of
the nonlocal gluon quasi-PDF operator, Jμν3 is irrelevant and
can be ignored.
From the discussions above, we identify the following

building blocks, Jzi1;R, J
ti
1;R, J

zμ
1;R, for the gluon quasi-PDF

operator. A multiplicatively renormalizable gluon unpolar-
ized quasi-PDF operator can be constructed from

O1
Rðz2; z1Þ≡ Jti1;Rðz2ÞJ̄ti1;Rðz1Þ;

O2
Rðz2; z1Þ≡ Jzi1;Rðz2ÞJ̄zi1;Rðz1Þ;

O3
Rðz2; z1Þ≡ Jti1;Rðz2ÞJ̄zi1;Rðz1Þ;

O4
Rðz2; z1Þ≡ Jzμ1;Rðz2ÞJ̄z1;R;μðz1Þ: ð9Þ

After integrating out the auxiliary heavy quark field [26],
these operators renormalize multiplicatively as

O1
Rðz2; z1Þ ¼ Z2

11e
δmΔzFtiðz2ÞLðz2; z1ÞFtiðz1Þ;

O2
Rðz2; z1Þ ¼ Z2

22e
δmΔzFziðz2ÞLðz2; z1ÞFziðz1Þ;

O3
Rðz2; z1Þ ¼ Z11Z22eδmΔzFtiðz2ÞLðz2; z1ÞFziðz1Þ;

O4
Rðz2; z1Þ ¼ Z2

22e
δmΔzFzμðz2ÞLðz2; z1ÞFz

μðz1Þ; ð10Þ

with Δz ¼ jz2 − z1j.
In the large momentum limit, the operators Oi

Rði ¼
1; 2; 3; 4Þ differ from each other only by power corrections.
Therefore, they belong to the sameuniversality class defining
the gluonquasi-PDF.Given the above four operators, one can
use any combination of them to study the gluon quasi-PDF;
however such combinations are usually not multiplicatively
renormalizable. A notable example is

O5
Rðz2;z1Þ¼−O1

Rðz2;z1Þ−O2
Rðz2;z1Þ−O4

Rðz2;z1Þ; ð11Þ

which (minus the trace term) has been used in the recent
simulation [25]. However, since the renormalizations for
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O1
Rðz2; z1Þ and O2;4

R ðz2; z1Þ are different, O5
Rðz2; z1Þ is not

multiplicatively renormalizable.
In the above discussion, we considered the gluon quasi-

PDF only. If we insert the gluon quasi-PDF operator into a
quark state, it gives rise to UV finite contributions,
provided that all subdivergences have been renormalized.
The reason is that the quasi-PDF is defined at spacelike
separations; therefore there is no nonlocal UV divergence
apart from the exponential mass renormalization. It indi-
cates that the gluon quasi-PDF does not mix with the quark
ones under renormalization in the above sense, while the
mixing occurs at the factorization stage. This has been
confirmed by the one-loop calculations in Ref. [23], where
the quark matrix element of the gluon quasi-PDF operator
is UV finite, but contains lnP2

z=p2 (p2 is an IR regulator)
terms associated with the corresponding splitting kernel.
This will be matched to the quark PDF to ensure the
cancellation of IR divergences between the quasi-PDF and
the PDF.
Gluon helicity distribution.—Following the same pro-

cedure, we can define three operators that can be used to
calculate the gluon helicity distribution

ΔO1
Rðz2; z1Þ ¼ Z2

11e
δmΔzϵijFtiðz2ÞLðz2; z1ÞFtjðz1Þ;

ΔO2
Rðz2; z1Þ ¼ Z2

22e
δmΔzϵijFziðz2ÞLðz2; z1ÞFzjðz1Þ;

ΔO3
Rðz2; z1Þ ¼ Z11Z22eδmΔzϵijFtiðz2ÞLðz2; z1ÞFzjðz1Þ;

ð12Þ

where ϵij is the two-dimensional antisymmetric tensor.
Implementation on lattice.—To define a renormalized

gluon quasi-PDF on the lattice, one needs to determine the
renormalization factors Z11, Z22, and ¯δm nonperturbatively.
Each of them can be calculated separately [36]. Alter-
natively, the renormalization factor can be calculated as a
whole in the regularization-independent momentum sub-
traction (RI/MOM) scheme [37], as was done in the quark
case in Refs. [38,39].
In the RI/MOM scheme, the renormalization factor of

the gluon quasi-PDF can be determined by calculating the
amputated Green’s function of the corresponding operator
in a far-off-shell gluon state and requiring that the counter-
term cancels all loop contributions to this Green’s function
at a specific gluon momentum. Schematically, one can
write (a detailed investigation of the RI/MOM renormal-
ization will be given elsewhere [40])

½eδmjzjZ2
11Z3�−1ðzn; pR

z ; 1=a; μRÞ

¼ Pab
ij h0jT½Aa;iðpÞO1ðz; 0ÞAb;jð−pÞ�j0ijamp

Pab
ij h0jT½Aa;iðpÞO1ðz; 0ÞAb;jð−pÞ�j0iamp;tree

������p2 ¼ −μ2R
pz ¼ pR

z

;

ð13Þ

in the case of O1. Here, Aa;iðpÞ denotes the momentum
space gluon field with momentum p. Z3 is the gluon field
renormalization constant. ForO2;3;4, Z2

11 should be replaced
by Z2

22, Z11Z12, and Z2
22, respectively. P

ab
ij is a projection

operator with color indices a, b and Lorentz indices i, j.
A simple example of the projection is Pab

ij ¼ δabg⊥;ij. μR
and pR

z are unphysical scales introduced in the RI/MOM
scheme [38,39].
After the nonperturbative renormalization, we can write

down the factorization for the renormalized gluon or quark
quasi-PDFs

g̃ðx;Pz;pR
z ;μRÞ¼

Z
1

0

dy
y

�
Cgg

�
x
y
;
μR
pR
z
;
yPz

μ
;
yPz

pR
z

�
gðy;μÞ

þCgq

�
x
y
;
μR
pR
z
;
yPz

μ
;
yPz

pR
z

�
qjðy;μÞ

�

þO
�
M2

P2
z
;
Λ2
QCD

P2
z

�
;

q̃iðx;Pz;pR
z ;μRÞ¼

Z
1

0

dy
y

�
Cqiqj

�
x
y
;
μR
pR
z
;
yPz

μ
;
yPz

pR
z

�
qjðy;μÞ

þCqg

�
x
y
;
μR
pR
z
;
yPz

μ
;
yPz

pR
z

�
gðy;μÞ

�

þO
�
M2;
P2
z
;
Λ2
QCD

P2
z

�
; ð14Þ

where the momentum fraction of all parton distributions is
within [0, 1]. A summation of j over all quark-antiquark
species is implied. Like the renormalized quasi-PDFs, the
hard coefficients Cgg, Cqg, Cqiqj , and Cgq also depend on
unphysical scales, e.g., μR, pR

z and the hadron momentum
Pz. But PDFs extracted from Eq. (14) are independent of
these scales. For polarized quasi-PDFs, the factorization
takes a similar form as Eq. (14). Details of the proof of the
above factorization formula using the operator product
expansion [9] as well as the perturbative calculation of the
hard coefficients at one-loop accuracy will be presented in a
separate publication [40].
Conclusion.—In summary, we have performed a sys-

tematic study of the renormalization property of the gluon
quasi-PDF defined in LaMET, using an auxiliary adjoint
heavy quark Lagrangian. We have shown that all power
divergences in the gluon quasi-PDF arise from the Wilson
line self energy, and can be removed by a mass renorm-
alization. We have also identified a set of multiplicatively
renormalizable gluon quasi-PDF operators appropriate
for lattice simulations. Our findings provide a theoretical
basis for directly extracting the gluon PDFs from lattice
simulations.
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