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Rare earths, which are fundamental components of modern technologies, are often extracted from
aqueous solutions using surfactants at oil-water interfaces. Heavier lanthanides are more easily extracted,
even though all lanthanides are chemically very similar. Using x-ray fluorescence measurements and
theoretical arguments, we show that there is a sharp bulk-concentration-dependent transition in the
interfacial adsorption of cations from aqueous solutions containing Er3þ or Nd3þ in contact with a floating
monolayer. The threshold bulk concentration of erbium (Z ¼ 68) is an order of magnitude lower than that
of neodymium (Z ¼ 60), and erbium is preferentially adsorbed when the solution contains both ions. This
implies that elemental selectivity during separation originates at the surfactant interface. Electrostatic
effects arising from the interface dielectric mismatch, ionic correlations, and sizes of the ions explain the
sharp adsorption curve and selectivity.
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Lanthanides are rare earths used in high-tech applica-
tions [1–3], in medicine [4], and in biology [5]. The
industrial process of solvent extraction, which is used in
mining and refinement of rare earths, works by placing
an aqueous solution containing lanthanide ions in contact
with an oil phase, with amphiphiles (“extractants”) at the
interface [1]. The ions are transferred from the aqueous
solution to the oil phase during the process. Despite
decades of research [2,3], there is very little understanding
of fundamental aspects of this process. One example is
the lanthanides’ nearly ubiquitous trend of increased
extraction efficiency as a function of atomic number [1],
in spite of the fact that all lanthanides have the same outer
shell and are therefore chemically similar. While no experi-
ments have identified the nanoscale origin of this selec-
tivity, hypothesized explanations include metal hydration
differences [6], and adsorption competition with other salts
present in the solution [7]. The selectivity may be rooted in
the “lanthanide contraction” [8], which is the decrease in
ionic radii r of lanthanide atoms as the atomic number Z
increases [9].
Indeed, the size of metallic multivalent ions is important

in many phenomena, including the interaction between
emulsions containing lanthanides dispersed in an oil phase
[8,10], as well as their adsorption to oppositely charged
floating monolayers where they induce Z-dependent lateral
ordering [11]. Interestingly, at very low or zero monovalent
salt concentration, LaCl3 and other multivalent metallic
salts induce a sharp transition in strongly charged poly-
electrolytes [12] from an extended charged state to a
collapsed electrically neutral ionic structure. This transition

is due to correlations that develop from the “condensation”
(adsorption) of ions to the polyelectrolyte, which is a
function of the ion size and the polyelectrolyte confor-
mation [13,14], as observed in simulations of monovalent
ions [15], of multivalent ions [16], and more recently in
simulations that include the dielectric mismatch caused by
ion condensation [17,18].
Using x-ray fluorescence near total reflection (XFNTR)

[19] measurements, we have observed a sharp bulk-
concentration-dependent transition in the interfacial
adsorption of lanthanide ions from a solution in contact
with an oppositely charged floating monolayer. We see
an order of magnitude difference in bulk concentration at
the adsorption thresholds of two lanthanides, Er3þ and
Nd3þ, whose difference in ionic radius [9] is small:
rðNd3þÞ=rðEr3þÞ≈1.06. The heavier lanthanide ion Er3þ
adsorbs at lower bulk concentrations, consistent with
the known higher extraction efficiency of heavier lantha-
nides. We have determined the conditions for such a sharp
transition using Monte Carlo (MC) simulations. The
observed sharp transition is explained by the dielectric
mismatch at the interface as well as by ion-ion correlations.
The adsorption selectivity is revealed in our model when
the difference in lanthanide sizes is included.
We present the experimental results first. We used

XFNTR to measure the interfacial number densities of
two lanthanides, Er3þ and Nd3þ, adsorbed at floating
monolayers of octadecylphosphonic acid (ODPA), as
functions of their concentration in the bulk aqueous
solution (unadjusted bulk pH∼5.7). The XFNTR method
is described in Ref. [19], and details of our sample
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preparation and fluorescence measurements are in the
Supplemental Material [20].
We first measured the interfacial lanthanide density

when the only lanthanide in the aqueous subphase is
Er3þ. With bulk solution concentrations above ∼5 ×
10−8 M of ErCl3, the surface density of erbium is roughly
constant, at about 0.016 ions=Å2. However, at lower con-
centrations the surface density drops quite sharply to
essentially zero. This is shown in Fig. 1 (top).
Nd3þ ions in solution likewise show an attraction to

ODPA monolayers, but to a lesser extent (Fig. 1, top). The
surface density at high bulk concentrations is roughly the
same as that of Er3þ at equivalent concentrations, but at
∼5 × 10−7 M NdCl3 and below, the surface density
decreases sharply to zero. Thus, the bulk concentration
thresholds of these very similar ions differ significantly.
Mixtures of Nd3þ and Er3þ in aqueous solution were

also studied. When there are equal above-threshold

concentrations (10−4 M of NdCl3 and ErCl3), there is
5 times as much Er3þ compared to Nd3þ at the interface
(Fig. 1, bottom). When the Er3þ concentration is reduced
while the Nd3þ concentration is constant, there is a
continuous decrease in Er3þ surface density and a roughly
equal increase in Nd3þ density (i.e., the total surface
density is approximately constant). To achieve a 50%
reduction in Er3þ surface density, the bulk Er3þ concen-
tration must be lower than the bulk Nd concentration by an
order of magnitude.
A previous report [11] showed that ODPA molecules

have an area of ∼0.21 nm2 when spread over lanthanide
salt solutions. In pure solutions, the data reported here
mean that above the “steps” in Fig. 1, there are approxi-
mately three ODPA molecules for every lanthanide ion at
the interface. When both cations are present in the subphase
(Fig. 1, bottom), the total surface number density remains
almost constant while the relative bulk concentrations are
varied. Here again there is approximately 1 lanthanide ion
per 3 ODPA molecules.
Neither the sharp jumps in the surface adsorption as a

function of bulk concentration, nor the large difference in
the surface adsorption thresholds of Er3þ and Nd3þ, are
intuitive or easy to explain. However, they follow from the
model we will now discuss. Since we are at an interface,
we cannot assume a homogenous dielectric medium with
an overall relative dielectric constant (εr). The dielectric
environment changes dramatically in the vicinity of inter-
face [21–23], and the presence of dissolved ions also results
in a different bulk dielectric constant [24]. For example, at
an interface between water (εwater ≈ 80) and air (εwater ¼ 1)
the interaction between charges at the interface is governed
by the mean dielectric media value (εwater ≈ 40), and even
when the head groups are charged and thus totally immer-
sed in water, the concentration of charge is high enough to
approach local molarity at which the water dielectric
constant is highly reduced (e.g., εr ≈ 45 at 3M of NaCl
[25]). Moreover, the electrostatic interactions are modified
by the concentration of charged groups, including both the
charge dissociated from the head groups of the amphiphiles
and the charge of the adsorbed ions. Though full atom
simulations are the best tool to study electrostatic inter-
actions in systems with dielectric inhomogeneity, they lack
a mechanism to dynamically change the degree of charge
dissociation of molecules. Therefore, the adsorption of
lanthanide ions under surfactant monolayers is determined
here self-consistently by using Monte Carlo (MC) simu-
lations [24] that account for the degree of charge dissociation
near a surface [26]. Indeed, if one amphiphile dissociates
near the interface, then due to the strong electrostatic
repulsion between the neighboring charges, it will become
harder for its immediate neighbors to dissociate. However, if
one positively charged lanthanide ion is absorbed, it will be
easier for nearby amphiphiles to dissociate. Therefore, the
actual dissociation and adsorption rates depend on the range

FIG. 1. Top: Surface density of lanthanide under the floating
monolayer vs bulk concentration in the aqueous subphase, when
there is only one lanthanide present (Er3þ or Nd3þ). In each case
adsorption increases sharply at a threshold bulk concentration,
but the threshold is an order of magnitude lower for Er3þ.
Bottom: Surface densities of Er3þ and Nd3þ when the solution
contains a mixture of the two lanthanides, and the Nd3þ

concentration is fixed at 10−4 M while the Er3þ concentration
is varied. The lines are polynomial fits, intended only as guides to
the eye.
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of electrostatic correlations, the dielectric environment,
and the specific arrangement of amphiphiles and ions; see
Fig. 2(a).
In order to use the MC lattice model [24] to determine

the fraction of charge dissociated from the amphiphile head
groups and the adsorption of ions, we choose hexagonal
lattices for both ODPA molecules and lanthanide ions (i.e.,
we assume commensurability in lateral order, though the
amphiphile lattice and the adsorbed multivalent ion lattice
are not always commensurate [11]). One layer represents
the ODPA molecule headgroups, while the other represents
the lanthanide ions [Fig. 2(b)]. For the molecular layer,
each site can have -1e (dissociated) or 0 (neutral) charge;
for the ionic layer, each site can have þ3e (adsorbed) or 0
(not adsorbed) charge. Two nearby sites are separated by
σ ¼ 0.5 nm, comparable to the size of hydrated ions. The
distance between two layers dinter is approximately the size
of the hydrated lanthanide ions, which we set as dinter ¼ σ
for Er3þ and dinter ¼ 1.07σ for Nd3þ, close to the reported
Er3þ and Nd3þ size [9].
The MC model introduces several parameters to

capture the dielectric inhomogeneity. The Bjerrum length
lB ¼ ðe2=4πε0εrkBTÞ, where εr is the relative permittivity
of the medium, e is the unit charge, and kBT is the thermo
energy, determines the strength of the screened electrostatic
interaction between two charges separated by a distance rij,
ðE=kBTÞ ¼ lBðzizj=rijÞe−κrij , where zi is the valence of the
i species (amphiphile head group or lanthanide), and κ is
the inverse of Debye screening length λD ¼ κ−1. Here, we
assume λD is solely determined by the bulk salt concen-
tration. To capture the dielectric inhomogeneity, we intro-
duce lþB , l

−
B , and linterB , which represent the electrostatic

strength of positively charged ion-ion interactions, neg-
atively charged molecule-molecule interactions, and inter-
layer molecule-ion interactions, respectively.

The Hamiltonian in our MC simulations is then given by

H
kBT

¼ −nþ lnðcV0Þ þ
μ

kBT
n− − linterB

X
þ−

ZþZ−
rþ−

e−κrþ−

þ l−B
X
−−

Z−Z−
r−−

e−κr−− þ lþB
X
þþ

ZþZþ
rþþ

e−κrþþ ; ð1Þ

where nþ is the number of absorbed ions (i.e., how many
lattice sites have þ3 charge), c is the bulk concentration
of lanthanide ions, κ ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffi
3πlBc

p
with lB the Bjerrum

length of water in the bulk, and V0 is the volume of each
þ3 ion [for Er3þ: V0 ¼ ð4π=3Þðσ=2Þ3 and for Nd3þ:
V0 ¼ ð4π=3Þð1.07σ=2Þ3]. Here,

P
þ− is the summation

over all charged ion-molecule pairs, and the chemical
potential μ that controls the dissociation of acid molecules
is a constant given by [4] μ=kBT ¼ − ln 10ðpH − pKaÞ.
This phenomenon cannot be described by “metalliclike

bonding” adsorption models of point multivalent ions onto
continuously charged surfaces [27]. In ionic systems, a
nonzero size of the ions and discrete charge separations
between charges are required to evaluate ionic correlations
(as in the “ionic bonding” two-state thermodynamic model
of collapsed polyelectrolytes due to multivalent ions [14]).
Besides the ion size, we need to provide the values
of liB, i ¼ inter, þ and −. Since the bulk concentration
of ions is highly diluted, we set the bulk water value to
lwaterB ¼ 0.7 nm. Now, since the amphiphiles are close to the
air-water boundary with εaverage ≈ 40, we assume their
interaction is given by the mean dielectric constant between
water and air, giving l−B ¼ 2lwaterB (as stated above, this
rough approximation is reasonable since when the amphi-
philes are charged they are in water with a highly decreased
dielectric constant [25]). Simplified MC simulations of
a small system size [L2 ¼ ð80σÞ2] are used to provide

FIG. 2. (a) Schematic diagram of the system being simulated. (b) Sample Monte Carlo simulation setup (smaller 20 × 20 system
shown here for clarity) in the model of two sharp interfaces separated by distance dinter. The upper interface is in contact with air and the
lower interface is in contact with water. The upper hexagonal lattice layer is the molecular monolayer and the lower hexagonal lattice
layer is composed of lanthanides. Red indicates charged molecules, blue is absorbed lanthanides, and white is neutral molecules (upper
layer) or empty lanthanide sites (lower layer). The separation in the z direction (dinter) is exaggerated here for clarity.
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reasonable values for the simulation parameters. With the
experimental threshold concentration for erbium we fit
lþB ¼ 1.769lwaterB , linterB ¼ 1.963lwaterB , with dinterðEr3þÞ ¼
σ ¼ 0.5 nm, which are reasonable values given that the
large interfacial charge concentration [25] requires
l−B ≈ linterB , and geometry requires lþB > lwaterB . Note that
the interlayer interaction strength decreases with decreasing
linterB and/or increasing dinter. Therefore, for Nd3þ, which
saturates at higher concentrations, we set dinterðNd3þÞ ¼
1.07σ ¼ 0.535 nm (consistent with Er3þ=Nd3þ radius
difference of ≈6%) [9], leave lþB unchanged, and vary
linterB from 1.963lwaterB to 1.93lwaterB .
In order to demonstrate that the adsorption is described

by a first order transition at a particular concentration of
trivalent ions, c�, we perform Monte Carlo simulation with
H in Eq. (1) starting from two initial scenarios and fix λD to
be independent of bulk concentration from 22σ to 16σ. In
case I the surface before the adsorption of the multivalent
ions is assumed to be fully charged, and in case II the initial
surface charge is assumed to be zero. We find that the
sharp transition concentration c̃f for case I is 4 orders of
magnitude lower than c̃e for case II at λD ¼ 22σ. As λD
decreases the differences between the two sharp transition
values decrease. Moreover, though case II shows a sharper
transition, the sharpness of the transition decreases as λD
decreases and at λD ¼ 16σ both cases display a continuous
adsorption profile (see Fig. S1 in the Supplemental Material
[20]), that is, the hysteresis disappears. These observations
demonstrate that in order to observe a first order adsorption
transition, long range electrostatic interactions are required,
and at the experimental values of λD ≈ 200σ, would expect
an unphysically low c̃f value for case I, supporting the
assumption that the initial charge surface before the 3þ ions
are added is indeed zero and the experiments are best
described by case II. The hysteresis is analyzed further by
computing the constraint free energy

Fðn̂þÞ ¼ −kBT ln

�
Trfnþ¼n̂þgexp

�
− H
kBT

��
;

using the Wang-Landau algorithm [28] (see
Supplemental Material [20] for details). The free energy
landscapes Fðn̂þÞ between the two transition points c̃e
and c̃f show two local stable macrostates n̂þ1 and n̂þ2,
separated by a large energy barrier that exponentially
reduces the probability of changing from one macrostate
to the other (see Fig. 3). Based on this observation we can
define a point c� between c̃e and c̃f where two local
minima have same Fðn̂þÞ value, which is further demon-
strated to be the concentration at first order transition. The
constraint free energy can be further rewritten as

Fðn̂þ; εÞ
kBT

¼ F�ðn̂þÞ
kBT

− εn̂þ;

where F�ðn̂þÞ ¼ − ln½Trfnþ¼n̂þgexpð−H�=kBTÞ�, ε ¼
lnðc=c�Þ, and H� ¼ Hðc ¼ c�Þ.
In the thermodynamic limit, N → ∞, when ε > 0

we obtain FðεÞ=kBT ≈ ln 2 − εn̂þ2, and when ε < 0,
FðεÞ=kBT ≈ ln 2 − εn̂þ1, which demonstrates that the tran-
sition is first order since n̂þ1 < n̂þ2 ∼ N.
We obtained the adsorption curves for case II via MC

simulations at various λD for Er3þ and Nd3þ. Though at
λD ¼ 40σ the transition is sufficiently sharp (see Fig. S3 in
the Supplemental Material [20]) we are not close to the
experimental value of λD ¼ 200σ, which requires simu-
lations of exceedingly large system sizes. As mentioned
earlier, the transition moves to lower values of c̃e when
increasing λD. Following the trends observed, we expect
the shift to saturate to a c̃e value (that is, larger λD will give
the same c̃e) for Er3þ at roughly c̃e ∼ 10−11 (see Fig. S4 of
the Supplemental Material [20]). Without polarization
effects and keeping the same Bjerrum lengths, the largest
λD ¼ 40σ simulated gives a difference in c̃e between Er3þ

and Nd3þ of about 0.06 orders of magnitude (see Figs. S3
and S4 of the Supplemental Material [20]). Moreover,
when linterB for Nd3þ decreases from 1.963lwaterB to 1.93lwaterB ,
the transition threshold increases 0.78 orders of magnitude
(see Figs. S3 and Fig. S4 of the Supplemental Material
[20]). In total we can get 0.84 orders of magnitude
difference in the transition concentration for Nd3þ and
Er3þ. However, the values of c̃e for both Er3þ and Nd3þ are
too low. When the polarization is included [29] (see Fig. S5
of the Supplemental Material [20]) c̃e moves to higher
values at least by 2.4 orders of magnitude. Therefore, we
expect the transition to be described by roughly the values
of c̃e at λD ¼ 40σ with an increase of at least 1.1 orders of

FIG. 3. Constraint free energy (kBT) landscape of n̂þ near the
concentration of the first order transition for Er3þ. These curves
are obtained by the Wang-Landau algorithm, with λD ¼ 20σ. The
green curve corresponds to the transition point (c� ¼ 10−9.17 M).
The red curve corresponds to a higher bulk concentration ε > 0

(c ¼ 10−9 M > c�) and the blue curve to a lower bulk concen-
tration ε < 0, (c ¼ 10−9.4 M < c�). The large values of energy
barriers Δ1 and Δ2 imply hysteresis at this first-order transition.
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magnitude to account for both the fact that experimentally
λD ¼ 200σ and the effect of the polarization.
The results of the simulation using λD ¼ 40σ and

a system size of 200 × 200 are shown in Fig. 4. The
conclusion is that a large screening length is required to
obtain a first order transition and that the threshold
concentration depends on the surface polarization (See
Fig. S3 of the Supplemental Material [20]). Moreover, the
vastly different threshold concentrations for Er3þ and Nd3þ
are due to the different electrostatic interaction strengths
resulting from their slightly different hydrated ion sizes and
the changes in linterB due to the confinement of the water in
that region.
Clearly, full atom models [30] are required to validate the

assumption of three different dielectric constants associated
with liB, i ¼ inter, þ as well as MC simulations [31] that
account for dielectric inhomogeneities [32] to compare
with our results. However, full-atom potentials of hydration
of trivalent metallic ions were only recently optimized [33]
and more work is still needed to get interactions between
the ions and the charged head groups. Therefore, this study
provides a basis for further theoretical study of absorption
transitions reported in the experiments.
As shown in Fig. 1 (bottom), a mixture of Nd3þ and Er3þ

does not show any sharp transition with increasing bulk
concentration. From the computational point of view, the
three-component system (Nd3þ, Er3þ, and ODPA) is too
complicated to obtain any simple physical insight.
However, the simulations for the one component system
show the transition becomes continuous when the screen-
ing length decreases (see Supplemental Material [20]),
supporting the experimental results.
In summary, this study shows a strong elemental

selectivity in the adsorption of dissolved rare earths at

amphiphile-containing interfaces. Electrostatic effects aris-
ing from the inhomogeneity of the interfacial medium,
ionic correlations and small size differences between ions
are responsible for the strong selectivity and for the
observed sharp adsorption transitions. The transition, when
occurring in very dilute solutions of multivalent cations and
with no monovalent cations, is first order. It occurs when
the surface charge is at a maximum and the adsorption of
ions neutralizes the surface charge, reminiscent of the sharp
transition of strongly charged chains in multivalent ions.
This work shows the importance of including dielectric
mismatch, ionic sizes and correlations in electrostatic
models, and it unifies various models that account for
these effects in different contexts to the ubiquitous pro-
blem of adsorption of multivalent metallic ions to charged
amphiphiles.
Our study indicates that the known strong dependence of

lanthanide extraction efficiency on atomic number origi-
nates at the surfactant interface, rather than in the bulk or in
dynamic effects during the extraction process. We expect
that a better understanding of the basic physics of these
systems will help improve the methods and materials used
in these commercially important processes, and that
approaches such as that described in this Letter will be
useful in studies of other systems involving ions at aqueous
interfaces.
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