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Diffusive Heat Waves in Random Conformal Field Theory
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We propose and study a conformal field theory (CFT) model with random position-dependent velocity
that, as we argue, naturally emerges as an effective description of heat transport in one-dimensional
quantum many-body systems with certain static random impurities. We present exact analytical results that
elucidate how purely ballistic heat waves in standard CFT can acquire normal and anomalous diffusive
contributions due to our impurities. Our results include impurity-averaged Green’s functions describing the
time evolution of the energy density and the heat current, and an explicit formula for the thermal
conductivity that, in addition to a universal Drude peak, has a nontrivial real regular contribution that

depends on details of the impurities.
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Introduction.—Heat transport has been modeled success-
fully by the diffusion equation since Fourier’s time. Still,
the mathematical derivation of diffusion from microscopic
models has remained an outstanding challenge [1]. Recent
efforts addressing this problem in one spatial dimension
(1D) have led to important progress [2], including deriva-
tions in [3,4] of diffusive effects within hydrodynamical
descriptions of integrable quantum many-body systems
[5-8]. Meanwhile, exact results from conformal field theory
(CFT), routinely used to effectively describe universal
properties of 1D quantum many-body systems, show that
standard CFT only supports purely ballistic transport, see,
e.g., [9-12]. This points to the importance of randomness
and impurities. Such a route was recently explored in [13]
with positive results for CFT extended by special impurities
that vary in time and space. This, however, does not shed
light on the questions if and how static impurities in CFT can
lead to diffusion.

In this Letter, we propose and study CFT with random
position-dependent velocity »(x). Such a random CFT,
we argue, emerges naturally as an effective description of
1D quantum many-body systems with static random
impurities that vary on mesoscopic length scales and
are commensurate in the sense that they induce the same
spatial variations in all terms in the Hamiltonian. Defining
this velocity in terms of a Gaussian random function and
using recent generalizations of CFT to inhomogeneous
situations [12,14—17], we obtain exact analytical results
which elucidate how ballistic transport in standard CFT can
acquire normal and anomalous diffusive contributions due
to such impurities.

For example, consider a generalized XXZ spin chain with
uniformly varying couplings J¥ = J? = J; and Ji = J;A
between spins on adjacent sites i and i + 1, with constant A.
As argued in [16,17], if J; varies on length scales much
larger than the lattice spacing and if |A| <1 (gapless

0031-9007/19/122(2)/020201(5)

020201-1

regime), then a generalized Luttinger model with posi-
tion-dependent velocity v(x) provides an effective descrip-
tion of this system. Such a model is an example of
inhomogeneous CFT with central charge ¢ = 1. We propose
to use inhomogeneous CFT with random »(x) to effectively
describe, e.g., generalized XXZ spin chains with couplings
J; modeling static random impurities that are commensurate
(constant A) and vary on mesoscopic scales, see Fig. 1. The
usual derivation in, e.g., [18] is straightforward to general-
ize: the length-scale condition translates to sufficiently fast
decay of J; in Fourier space, meaning only forward and no
umklapp scattering is induced by our impurities, and, since
they are commensurate, the only effect is that the constant
velocity » in the CFT description is replaced by »(x)
obtained from the J;:s in the continuum limit [19].

We study heat transport in our random CFT model in two
complementary ways that make use of established math-
ematical tools from wave propagation in random media
[20]. Approach A: By deriving and exactly solving effec-
tive equations for heat transport. Approach B: By comput-
ing the linear-response thermal conductivity as a function
of frequency and deriving an explicit formula for its real
regular part. Both approaches are nonperturbative, and
Approach A is beyond linear response.

Averaging over impurities, we find heat waves that
deform diffusively, and we obtain exact results for the
thermal diffusivity oy, at long times and the zero-frequency

v(x)
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FIG. 1. Tllustration of a velocity v(x) effectively describing a

lattice system with impurities varying on a mesoscopic scale d;py,
much larger than the lattice spacing a. For the XXZ spin chain
described in the main text, x = ia, and the color and size of the
dots indicate the magnitude of the couplings J;.
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limit Ly, of the real regular thermal conductivity. Our results
show that, in general, there are normal and anomalous
diffusive contributions to heat transport on top of a ballistic
one. We also verify the Einstein relation between a,, and Ly,,
which establishes a link between Approaches A and B.

In real systems, heat transport is ballistic at very low
temperatures, but diffusion caused by randomness becomes
increasingly important as temperature increases. Our model
allows one to analytically study the interplay between both
kinds of transport. To our knowledge, it is a new quantum
model in condensed matter physics, which has similarities
with models in geophysics and electrical engineering [20].
Importantly, the diffusion mechanism realized in our model
seems to have been largely overlooked in the condensed
matter literature.

Random CFT.—By inhomogeneous CFT we mean a
quantum field theory with Hamiltonian

H—/wwmnw+twL (1)

where v(x) > 0 is a velocity that varies smoothly in space
and 7, (x) are operators satisfying commutation relations
well known from standard CFT [21]:

[T (x).T.(y)] = F2i6' (x=y)T+(y)

is(x=y)Ts (1) 25,10 (x=y) (2)
and [T (x), T+ (y)] = 0, with ¢ > 0 the central charge. The
time evolution of observables O is determined by the
Heisenberg equation 0,0 = i[H, O] (we set i = kg = 1).
In a specific model, T, (x) are represented by operators on
a particular Fock space; there are many examples of
interest, including the Luttinger model already mentioned,
see, e.g., [12]. The special case v(x) = v corresponds to
standard CFT.

We define random CFT as inhomogeneous CFT with
random velocity

v(x) = v/[1 = &(x)] (3)

with &(x) a Gaussian random function [22] specified by
E[¢(x)] = 0 and the covariance

[(x—y) = EEx)EW)], (4)

where E[-] denotes the average over impurities. We assume
that I'(x) is even, has nonnegative Fourier transform, and
has finite Iy = [ dxI'(x). The parameter I'; is nonnegative
and has the dimension of length. We find it convenient to
introduce another length parameter a, > 0 to write
I'(x) = (To/ag)f(|x|/ag), with f(u) some suitable func-
tion of the dimensionless variable u = |x|/aq. Four illus-
trative examples, (a)—(d), of such functions f(u) are given
in Table I. Note that standard CFT can be recovered by
setting [y = 0.

TABLE 1. Examples (a)—(d) of functions f(u) for u >0
defining covariance functions as I'(x) = (To/aq)f(|x|/ao)-
The functions F(u) and F’(u) are discussed in the text. [5(u)
and 0(u) denote the Dirac delta and the Heaviside function.]

f(u) F(u) F'(u)
(a) S(u) u 1
(b) %e u ut+et—1 1—e™
© $6(u)+3i6(1—u) u+540(1-u)—% 1-36(1—-u)
(d) u/(1+ u?)? u — arctan(u) 1-1/(1 +u?)

Equation (3) can be understood as follows. In an
inhomogeneous system, the time for an excitation to travel
a fixed distance dx is changed from dx/v to dx/v(x), and
in our model, this time change is random. We model this
randomness by a Gaussian random function, and, as we will
show, such random time changes lead to diffusion while
preserving exact solvability.

We recall the following well-known property of
Gaussian random functions:

E[e—”ff dfc-f(fr)] — P A-)/2 (5)
for real A with A(x —y) = [dx; [} dx, I(
identity enables us to compute impurity averages in our
model exactly. Note that A(x) is even, > 0, and A(x) =
LoaoF(|x|/ag) with F(u) = [¢dvy [§ dvyf(Jvy — va]); the
latter function is given in Table I for Examples (a)—(d). As
will be seen, certain transport properties will depend on
details of the impurities, i.e., the specific form of the
covariance I'(x) in (4), and this dependence is encoded by
the function F(u) — u. There are also universal results
independent of the latter function, which makes clear that
Example (a) is special in that it describes only the universal
transport properties.

We note that the model with fixed impurities can be
made mathematically precise using Minkowskian CFT on a
circle. As in [12], this model can be solved by straightening
out v(x) using conformal transformations and taking the
thermodynamic limit. However, we will mainly use simpler
arguments to derive our results in the present Letter.

Approach A: Heat waves in random media.—In standard
CFT, the energy density and heat current operators are
E(x) = [T (x) + T_(x)] and J (x) = v*[T; (x) = T_(x)],
and their expectation values in an arbitrary state, E(x, ) =
(E(x,1)) and J(x,t) = (T (x,1)), satisfy O,E(x,t)+
0J(x,t) =0 and 9,J(x,t) + v*0,E(x,t) =0, see, e.g.,
[12]. It is straightforward to generalize this to inhomo-
geneous CFT [23]:

X| — X5). This

OE(x,t) + 0. J(x,1) =0, (6a)

0, J(x, 1) + v(x)0,[v(x)E(x, )] = 0. (6b)
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We are interested in the situation where energy is
injected into an equilibrium state at time ¢ = 0. This
corresponds to the initial conditions E(x,0) = ¢y(x) and
J(x,0) =0, where eq(x) describes an initial energy dis-
tribution. This function ey(x) is arbitrary and independent
of v(x).

Inspired by [24,25], we use tools from wave propagation
in random media to compute e(x,?) = E[E(x,?)] and
Jj(x, 1) = E[J(x, t)]. Note that translation invariance, which
is broken by the impurities, is recovered after averaging.
Our results can be written in terms of the impurity-averaged
Green’s functions

Gunt) =0 g
X, 1) = X)) ——
- 27A(x)

as follows [23]:

e(x1) = / dy [GE (x = y.1) + GE(x -y, 1)]eoy).  (8a)

jxt) = / dy (G (x=y.0) + GI(x—y.)]eg(y).  (8b)

with
6 =3 (1-ET )6 . ow
(ﬁ@ﬁzi%&@ﬁ (9b)

A few remarks are in order: (i) Since G, (x,1) — (x)
as t — 0T, the initial conditions are satisfied. (ii) Since
Gi(x,1) = 0(£x)5(x F vr) as Ty — 0, the standard CFT
results of [12,26] are recovered. (iii) Total energy is con-
served in (8a) [23].

The functions in (7) are Gaussian distributions with
variance A(x). They provide an explicit description of how
heat spreads in our system: G.(x,) describe waves
moving to the right (+) or left (—) with speed wv.
However, different from standard CFT, these heat waves
are not purely ballistic: in general, as they move, their
widths increase gradually, which indicates diffusion.

To characterize this diffusive behavior we note that
G (x,1) solves the propagation-diffusion equation [27]

[v710, £ 0, = y(x)97]G(x.1) = 0 (10)

for +x>0 and t>0, with y(x)=+A(x)/20* =
(To/2v%)F'(|x|/ag) > 0 becoming constant for large |x]|.
Phenomena described by a partial differential equation of
the form in (10) are referred to as temporal diffusion in [27],
with y(x) a temporal diffusion coefficient [28]. This is

similar to the usual notion of diffusion, the difference being
that space and time have switched roles.

It is important to note that one can also interpret
the above as standard diffusion in a frame of reference
moving with a heat wave. To see this, change variables to
¥ =xFot, 1=|x|/v, and define G, (%,7) = G, (x,1).
This is a natural choice: X is the coordinate of the observer
moving with the wave, and 7 is her time measured by the
position of the wave. Equation (10) then becomes

(07 — o (03] G s (%.7) = 0 (11)

for 7> 0 and +X% > —vt, with the thermal diffusivity
an(?) = (Tov/2)F'(vi/ay). In general, ay,(7) is time de-
pendent, see Table I for F'(u) in our examples. The
exception is Example (a), where it is equal to the constant

(12)

Ay = 7 )
while it converges to this value for large v7/a, in Examples
(b)~(d).

Equation (11) is a diffusion equation in a moving frame
(the underlying ballistic motion) with heat waves changing
according to a diffusion process given by ay, (7). Equivalently,
the variance of this process is A(x), which in the new
coordinates equals 2 [J dfay, (1) = TyagF(vi/ay) and thus
goes as [y v plus a nonlinear correction term, see Table I. This
indicates that there are both normal and anomalous diffusive
contributions [29] on top of a ballistic one. The normal
diffusion is determined by the leading term u of the function
F(u) and is in this sense universal. The anomalous diffusive
part is determined by the subleading term F(u) — u and is
thus nonuniversal.

Approach B: Linear-response theory.—We consider
the linear-response thermal conductivity kg, (w) averaged
over impurities as a function of frequency w [23,30].
In general, its real part can be partitioned as Re kg, (@) =
Dynd(w) + Reky®(w), where Dy, is the thermal Drude
weight and «i°(w) is the regular part, see, e.g., [12,31].
A nonzero Dy, corresponds to a ballistic contribution, while
a nonzero Rek,*®(w) for @ =0 (#0) corresponds to a
normal (anomalous) diffusive contribution [29].

For random CFT, our result is as described above with
Dy, = nve/3p and

Rex(w) = % {1 + (C;—f) 2}

“ / d e~(/2@/vPAR) COS(%) (13)
v

if [y > 0 and zero otherwise [23]. The Drude weight is the
same as in standard CFT, see, e.g., [12]. This corresponds
to the well-known universality of ballistic heat transport in
CFT, which extends to our situation with impurities.
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FIG.2. Rex;®(w) in (13) for Examples (a)—(d) in Table L. In all
plots, wg = v/, T'y/ag = 0.6 is fixed, and the parameter varied
is fw, equal to 1.8 (blue solid line), 1.2 (red dotted), and 0.6
(yellow dashed).

In addition, we obtain a nontrivial diffusive contribution
described by Rex®(w) in (13), which is plotted for dif-
ferent A(x) in Fig. 2.

For A(x) =T|x| [our Example (a)] one can compute
the integral in (13) analytically to obtain Rek,*(w)=
(mc/6P)[1+(wp/27)?|Ty/[1+ (wDy/2v)?], which implies

C

Ly = lim Re () = g—ﬁro. (14)
This is actually true independent of details of the impurities
[23], and thus, in particular, also for Examples (b)—(d).
Since Ly, characterizes normal diffusion, this confirms that
the normal diffusion in our model is universal. Moreover,
(12) and (14) imply Ly, = (zc/3pv)ay,, which provides a
link between our two approaches. Since the volume specific
heat capacity can be shown to be ¢, = z¢/3pv in both
random and standard CFT, this verifies the Einstein relation
Ly, = cyay, for heat transport.

The behavior of Re k. * (w) for @ # 0 depends on impurity
details, see Fig. 2. In particular, while Re k;* (@) becomes
constant for large @ in Examples (a), (c), and (d) in Table I, it
grows linearly in Example (b), and it can be seen to grow
sublinearly in the example f(u) = e™V*/4\/u. It would be
interesting to explore this dependence on details more
systematically.

Conclusions.—We proposed and studied an exactly
solvable CFT model with random position-dependent
velocity. Such a model, we argued, naturally emerges as
an effective description of 1D quantum many-body systems
with commensurate static random impurities varying on
mesoscopic length scales. We presented two exact results
for heat transport that prove, in complementary ways, that
such impurities can lead to diffusive contributions on top of

the well-known ballistic one of standard CFT. In particular,
we found a universal normal diffusive contribution and, in
general, nonuniversal anomalous diffusive contributions
that depend on details of the impurities.

Our impurities do not lead to umklapp or backward
scattering. This is different from more common impurity
models, but those are also generally more difficult to treat.
Our model shows that impurities leading to only forward
scattering can be included in CFT without spoiling the
exact solvability, and that they can lead to diffusion. It is
important to investigate if this captures universal features of
real systems. However, there are good reasons to be
optimistic: different scattering mechanisms often manifest
themselves in the same way on larger scales, e.g., heat
transport in different systems is modeled successfully by a
Boltzmann equation with the same approximate collision
term [32].

The diffusion mechanism in our model has a simple
interpretation as follows. For fixed impurity configuration,
consider a source at position x emitting a deltalike heat pulse
at time ¢, and monitor its arrival time #; at position £x; > 0.
If v(x) and the positions x, and x; were known accurately on
microscopic scales, one could compute t = t; — 1, deter-
ministically. However, we are interested in situations where
Xo and x; are macroscopic lengths, i.e., only known to
accuracies much larger than the average impurity distance.
The region between x,, and x; thus has to be modeled as a
random medium, and the propagation time 7 is given by a
probability distribution G (x, #) with x = x; — x,. By gen-
eral probabilistic arguments, one expects that this distribu-
tion satisfies a partial differential equation as in (10) [27],
which our results confirm.

Previous works deriving diffusion from static impurities
in microscopic models using precise mathematical argu-
ments include [33-35] for classical systems and [36] for a
noninteracting quantum system. As far as we know, there
are no such previous rigorous results for interacting
quantum systems. We thus stress that our exact results
are for quantum systems that include interacting ones.

We finally note that models similar to the generalized
XXZ spin chain discussed in the introduction have received
a lot of attention in the context of many-body localization
[37]. It would be interesting to investigate if potential
signatures of many-body localization can be established in
random CFT, similarly as in [13].
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