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Mitigation of the beam hose instability in plasma-based accelerators is required for the realization of
many applications, including plasma-based colliders. The hose instability is analyzed in the blowout
regime including plasma ion motion, and ion motion is shown to suppress the hose instability by inducing a
head-to-tail variation in the focusing force experienced by the beam. Hence, stable acceleration in plasma-
based accelerators is possible, while, by use of proper bunch shaping, minimizing the energy spread and
preserving the transverse beam emittance.
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Plasma based accelerators [1] are able to generate ultrahigh
accelerating gradients, offering the possibility to deliver high
energy charged particle beams over distances orders of
magnitude smaller than achievable with conventional accel-
erator technology. This has attracted considerable interest in
developing a plasma-based collider [2–5]. Transverse beam
stability, i.e., suppressing beam hosing [6], has been identified
as a critical challenge toward realizing aplasma-based collider.
In beam hosing, the excited transverse wakefield of a beam
couples to the beam transverse position, leading to exponential
growth in the beam centroid displacement. This implies that
small asymmetries or misalignments are exponentially ampli-
fied during the accelerationprocess.Variation of the transverse
or longitudinal wakefields along the beam (head-to-tail) can
mitigate hosing [7–9]. This mechanism is similar to the
Balakin-Novokhatsky-Smirnov (BNS) damping of the
beam-breakup instability in conventional accelerators [10].
However, plasma accelerators operate in a strongly beam-
loaded regime for high efficiency, ideally generating non-
varying longitudinal and transversewakefields along the beam
for quality preservation. The stable and quality preserving
acceleration of witness beams therefore poses a crucial
challenge in this strongly beam-loaded regime [11].
The high beam densities associated with collider-rel-

evant beam parameters (high energy, high charge, and low
emittance) induce a space charge force which moves the
background ions on the timescale of the beam duration
[12]. Ion motion has been identified as a potential source of
emittance growth in plasma-based accelerators [12–14];
however, it has been shown that this emittance growth may
be mitigated via slice-by-slice matching the transverse
beam phase space distribution to the nonlinear ion-
motion-perturbed plasma wakefields [14]. Ion motion will
be relevant in near-future experiments (e.g., Ref. [15]).
In this Letter we show that ion motion can allow for stable

and quality-preserving acceleration of witness beams in
plasma-based accelerators. As we describe in this work,
ion motion results in a head-to-tail variation in the focusing

force provided by the background ions. Such a longitudinal
variation results in a BNS-type damping of the hosing
instability. We demonstrate this by deriving a theoretical
model for the coupled evolution of the beamcentroid and rms
width along the beam with ion motion. This model is
successfully compared to three-dimensional (3D) particle-
in-cell (PIC) simulations with the quasistatic code HIPACE
[16] for a case with nonrelativistic ion motion. After
confirming the validity of our model we demonstrate via
PIC simulations that hosing is suppressed within a single
betatron period for witness beams with collider-relevant
beam parameters, which excite relativistic ion motion. In
addition, the preservation of the beam emittance can be
realized through a slice-by-slice matching of the transverse
beam distribution to the nonlinear wakefields [14] while the
small energy spread is preserved by use of a tailored beam
current profile [17].
In the following we consider a monoenergetic witness

electron beam in the ion cavity driven by an intense laser or
electron beam, i.e., in the nonlinear bubble [18] or blowout
[19] regime. The witness beam may experience a constant
accelerating gradient along the beam by shaping the
longitudinal beam distribution [17]. The beam slices with
centroid Xb ¼ hxi are assumed to be Gaussian with an rms
width of σ2x ¼ hðx − XbÞ2i, where h·i represents the slice-
dependent average with respect to the transverse phase
space distribution. The slice emittance is assumed constant
on the betatron timescale. The coupled differential equa-
tions for the first and second order moments for each
longitudinal bunch slice are

d2Xb

dz2
¼ −

kp
γ

hWxi
E0

; ð1aÞ

d2σx
dz2

¼ ϵ2x
γ2σ3x

−
kphðx − XbÞWxi

E0γσx
; ð1bÞ
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where Wx ¼ Ex − By is the transverse wakefield acting on
the beam electrons, ϵx ¼ ½hx2ihp2

xi − hxpxi2�1=2=mc is the
phase-space emittance for each slice, γ the Lorentz factor of
the monoenergetic beam, kp ¼ ωp=c ¼ ð4πn0e2=mc2Þ1=2
the plasma wave number, and E0 ¼ ωpmc=e the cold
nonrelativistic wave breaking field, with e and m the
electronic charge and mass, respectively, c the speed of
light, and n0 the ambient plasma electron density. For
simplicity, the increase of beam energy is neglected here,
which otherwise results in an adiabatic damping of Xb and
σx. In the quasistatic approximation, and assuming non-
relativistic ion motion and beams short compared to the
plasma ion wavelength, an expression for the transverse
wakefield is given by [14]

Wx

E0

¼ kpðx−XpÞ
2

−Zi
m
Mi

k2p

Z
ζ

∞
dζ0ðζ−ζ0ÞEb;xðζ0Þ

E0

; ð2Þ

where ζ ¼ z − ct is the longitudinal comoving coordinate,
Zi denotes the ionization level of the background ion
species, Mi the ion mass, and Eb;x the beam transverse
electric field. Here Xp is the centroid of the plasma
wake [20,21]. Figure 1 illustrates the relative centroids of
a witness beam slice and the plasma wakefield. Ion
motion causes a nonlinearity of the wakefield, which,
in general, is shifted from the beam and plasma wake
centroids.
We consider a cylindrically symmetric beam distribution

with a small slice-dependent centroid perturbation δXb ¼
Xb − Xb0 with respect to the beam propagation axis Xb0 ¼
Xbðζ ¼ ζ0Þ (ζ0 being the location of the bunch head),

nb ≃ n�b − δXb cosðθÞ
∂n�b
∂r ; ð3Þ

where n�bðζ; rÞ ¼ ÎbgkðζÞg⊥ðζ; rÞ=ec is the cylindrically
symmetric distribution with the peak beam current Îb,
an arbitrary longitudinal profile gkðζÞ ≤ 1, and a
slice-dependent Gaussian transverse profile g⊥ðζ;rÞ¼
exp½−r2=2σ2xðζÞ�=2πσ2xðζÞ, where r¼½ðx−Xb0Þ2þy2�1=2 is
the radius with respect to the beam propagation axis.
The transverse electric field of the beam with a centroid
perturbation is

Eb;x ≃ cosðθÞE�
b;r − δXb

�
cos2ðθÞ ∂

∂rþ
sin2ðθÞ

r

�
E�
b;r; ð4Þ

where E�
r;b is the radial field induced by the relativistic

cylindrically symmetric Gaussian beam [14],

E�
b;rðζ; rÞ
E0

¼ 2Îb
IA

gkðζÞ
exp ½−r2=2σ2xðζÞ� − 1

kpr
; ð5Þ

with the Alfvén current IA ¼ mc3=e ≃ 17 kA. Combining
Eqs. (2)–(5) yields

hWxi
E0

≃
kp½XbðζÞ − XpðζÞ�

2

þ Zi
m
Mi

Îb
IA

kp

Z
ζ

∞
dζ0ðζ − ζ0Þgkðζ0Þ

XbðζÞ − Xbðζ0Þ
σ2xðζÞ þ σ2xðζ0Þ

ð6Þ
and

kphðx − XbÞWxi
E0

≃
k2pσ2xðζÞ

2

þZi
m
Mi

Îb
IA

k2p

Z
ζ

∞
dζ0ðζ − ζ0Þgkðζ0Þ

σ2xðζÞ
σ2xðζÞ þ σ2xðζ0Þ

:

ð7Þ

In Eqs. (6) and (7), terms O½δX2
bðζÞ� ≪ Oðσ2xÞ and

O½δXbðζÞδXbðζ0Þ� ≪ Oðσ2xÞ were neglected. Employing a
model for the plasma wake centroid evolution along the
beam, e.g., Refs. [20,21], Eqs. (1a) and (1b), with Eqs. (6)
and (7), form a closed set of equations for σxðζ; zÞ, Xbðζ; zÞ,
and Xpðζ; zÞ.
Note that for straight beams, Eq. (8) implies that hWxi is

identical to kpðXb − XpÞ=2. However, if slices are mis-
aligned with respect to the head of the beam, e.g., owing to
hosing, various slices experience differing average wake-
fields. This head-to-tail variation in average wakefields
can result in decoherence and suppression of the hosing
(beam centroid) growth. Despite having the same effect of
suppressing hosing through a head-to-tail decoherence, the
above described mechanism is fundamentally different
from the mechanism in the regime of linear plasma
waves. In the linear regime, the decoherence is induced
by a head-to-tail variation of the transverse wakefield and

FIG. 1. Illustration of a wakefield Wx with hosing and non-
relativistic ion motion. The zero crossing of the homogeneous ion
channel wakefield (dashed blue line) is shifted by the plasma
electron centroid Xp due to hosing. In addition, ion motion causes
a nonlinearity of the wakefield [solid blue line; see Eq. (2)]. Also
depicted is a Gaussian distributed beam slice (black curve) with
centroid Xb, subject to the force exerted by Wx.
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the decoherence length depends only on the length and
position of a monoenergetic beam in the plasma wave [9].
As seen from Eq. (6) and as illustrated in Fig. 1, ion motion
has the effect of perturbing the wakefield, forcing beam
slices to follow the head of the beam, and thereby inducing
a head-to-tail variation of the average wakefield. The
strength of this effect depends on the relative displacement,
rms size, and current profile along the beam.
To gain further insight on the physics of the system,

we consider the evaluation of Eqs. (1a), (1b), (6), and
(7) with a simple two-particle (or two-slice, head-tail) model
of the witness beam in the plasma wakefield: gkðζÞ ¼
½δðζ − ζ0Þ þ δðζ − ζ1Þ�Lb=2, where Lb ¼ jζ0 − ζ1j is the
length of the two-particle beam and ζ0 and ζ1 are
the positions of the head and tail particles, respectively.
The head particle oscillates according to Xb0ðzÞ ¼
X̂b;0 cosðkβ0zÞ, where X̂b;0 is the initial offset of the particles
and the betatron wave number of the head particle is
kβ0 ¼ kp=

ffiffiffiffiffi
2γ

p
. The transverse size of the beam head is

matched to the homogeneous ion channel, such that σ2x0 ¼
ϵxk−1p

ffiffiffiffiffiffiffi
2=γ

p
. The tail particle is assumed to be matched to

the perturbed wakefield. The equilibrium solution of
Eq. (1b) yields a matched rms size of σ2x1 ≃ σ2x0ð1 − Λ=4Þ
for Λ ≪ 1, where Λ ¼ Ziðm=MiÞðÎb=IAÞðL2

b=σ
2
x0Þ is a

parameter that characterizes the amplitude of the ion motion
perturbation. For σx1 ¼ const, the analytic solution of the
centroid of the trailing particle using Eqs. (1a) and (6) is

Xb1

X̂b;0
≃ cosðkβ1zÞ þ α½cosðkβ1zÞ − cosðkβ0zÞ�; ð8Þ

where k2β1 ≃ k2β0½1þ Λ=2� and α ¼ −2Iζ=Λ, for Λ ≪ 1.
Here Iζ ¼ Xpðζ1Þ=Xb0 is a blowout-geometry-dependent
constant, e.g., for the adiabatically generated blowout with
nonrelativistic electron sheath, considered in Ref. [6],
Iζ ¼ 1 − cosðkpLb=

ffiffiffi
2

p Þ. The difference of the betatron
wave numbers in Eq. (8) isΔkβ ¼ kβ1 − kβ0 ≃ kβ0Λ=4, such
that the decoherence length is kβ0Ld ≃ 4π=Λ for Λ ≪ 1.
For a hydrogen plasma with density n0 ¼ 1017 cm−3,
Λ ≃ 6.0 × 10−5ÎbðkAÞ½LbðμmÞ�2½EðGeVÞ�1=2½ϵxðμmÞ�−1.
For example, a beam with ϵx ¼ 1.0 μm, a current of
Îb ¼ 17 kA, a length of Lb ¼ 20 μm, and an energy of
E ¼ 1 GeV yields Λ ≃ 0.36, such that a full head-to-tail
decoherence is reached after a distance of kβ0Ld ¼ 34.9, or,
equivalently, after ∼6 betatron periods.
We validated the proposed model by comparing its

predictions with results from 3D PIC simulations per-
formed with the quasistatic code HIPACE [16]. We con-
sider a witness beam with the parameters above, causing
nonrelativistic ion motion (Λ ≃ 0.36). The beam has a flat-
top current profile with Îb=IA ¼ 1.0, a length kpLb ¼ 1.2,
energy of γ ¼ 1000, and emittance kpϵx ¼ 0.07 such that
σx0 ¼ ðϵx=kpÞ1=2ð2=γÞ1=4 ¼ 0.047k−1p ¼ 0.79 μm in the
blowout wake with background density n0 ¼ 1017 cm−3.

The blowout wake is generated by an electron drive beam

with nðdÞb =n0 ¼ 4, σðdÞx ¼ σðdÞy ¼ 0.8k−1p , and σðdÞz ¼ ffiffiffi
2

p
k−1p

in a hydrogen plasma. The witness beam current profile
starts at a distance of 5k−1p behind the center of the drive
beam. To isolate the effect of the ion motion on hosing,
and for an easier comparison with theory, the witness beam
was initialized monoenergetic and its energy was kept
constant in the PIC simulation in this case. Initially, the
witness beam is misaligned by X̂b;0 ¼ 0.1σx0 from the
drive beam propagation axis. In the PIC simulations, we
use a box with dimensions 16 × 16 × 11.5k−3p , and cell size
0.031 × 0.031 × 0.02k−3p . In the witness beam region we
employ a refined mesh with a resolution of Δx ¼ Δy ¼
1.1 × 10−3k−1p and Δζ ¼ 6.4 × 10−3k−1p . The witness beam
consists of 107 numerical particles. The plasma electrons
are rendered with 4 numerical particles per cell (p.p.c.) in
the center and 1 p.p.c. close to the transverse computational
box boundaries. The plasma ions are sampled with 9 p.p.c.
in the center and no particles (assuming a static ion
background) close to the transverse computational box
boundaries. The quasistatic time step is 5ω−1

p , and a tenfold
subcycling is used to push the witness beam particles. PIC
modeling results were compared with numerical solutions
of Eqs. (1a) and (1b), with Eqs. (6) and (7), where the
model presented in Ref. [21] was used to describe the
plasma wake centroid Xp. Figure 2 shows the displacement
of the witness beam tail centroid versus propagation
distance kβ0z, with and without ion motion as predicted
by the model and obtained with PIC simulations. We see
that ion motion suppresses the growth of the centroid
displacement. The suppression occurs over a decoherence
length, approximately ∼6 betatron periods, as predicted by
the simple two-particle model.
For collider-relevant witness beam parameters (i.e., high

energy, high charge, and low emittance), the motion of the
ions may be relativistic, i.e., Λ ≫ 1. In this regime ion

FIG. 2. Beam tail centroid displacement predicted by the model
presented in this Letter (dashed lines) and by 3D PIC simulations
(solid lines), with and without ion motion. Ion motion suppresses
hosing and the suppression occurs over the decoherence length
kβ0Ld ¼ 34.9, approximately after ∼6 betatron periods for the
parameters considered, as predicted by the two-particle model.
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motion in a plasma-based accelerator will also suppress the
hosing. To demonstrate this, we consider a PIC simulation
of a beam with an initial energy of 25 GeV (γ0 ¼ 49000)
and an emittance ϵx ¼ 0.26 μm, in a blowout wake (the
background plasma is hydrogen with n0 ¼ 1017 cm−3)
such that the linearly matched rms size, i.e., the matched
beam size assuming a homogeneous ion channel, is
σx0¼ðϵx=kpÞ1=2ð2=γ0Þ1=4¼0.01k−1p ¼0.17μm. The beam
has a length of Lb ¼ 2.0k−1p ¼ 33.6 μm, and a trapezoidal
current profile ranging from 27 kA at the head to 17 kA at
the tail such that the blowout wake is optimally loaded,
generating a constant longitudinal electric field along the
beam, so that the energy spread (initially zero) remains
small (< 0.1%) during acceleration. The blowout wake is

generated by a particle drive beam with nðdÞb =n0 ¼ 4,

σðdÞx ¼ σðdÞy ¼ 0.8k−1p , and σðdÞz ¼ ffiffiffi
2

p
k−1p in a hydrogen

plasma. The witness beam current profile starts at a distance
of 5k−1p behind the center of the drive beam. Initially, the
witness beam is misaligned by X̂b;0 ¼ σx0 from the drive
beam propagation axis. For the above parameters Λ ∼ 35,
so that in this regime we expect ion motion to suppress the
beam centroid growth within a single betatron period.
In the PIC simulations, we use a box with dimensions

16 × 16 × 11.5k−3p , and cell size 0.031 × 0.031 × 0.02k−3p .
In the witness beam region we employ a refined mesh with
resolution Δx¼Δy¼5.9×10−4k−1p and Δζ¼6.4×10−3k−1p .
The witness beam consists of 107 numerical particles. The
plasma electrons are sampled with 4 p.p.c. in the center
and 1 p.p.c. close to the transverse computational box
boundaries. The plasma ions are sampled with 9 p.p.c. in
the center andnoparticles (assuming a static ionbackground)
close to the transverse box boundaries. The quasistatic time
step is≥ 15ω−1

p , where a dynamic time-step adjustment and a
tenfold subcycling to push thewitness beamparticles is used.
Figure 3 (top) shows the growth the centroid dis-

placement observed in the PIC simulation at the tail of
the witness beam versus propagation distance kβ;0z, where
kβ;0 ¼ kpð2γ0Þ−1=2 is the initial betatron wave number.
Shown are the results from a simulation neglecting ion
motion (gray dashed curve) and from two simulations with
ion motion for different transverse beam distributions (red
dashed curve and green curve). It can be observed that
hosing is suppressed in the cases with ion motion while,
neglecting ion motion, hosing results in an amplification of
the beam centroid.
As shown in Fig. 3 (bottom), hosing leads to a continual

growth of the projected transverse emittance owing to the
increasingly misaligned slices along the beam for the case
where ion motion is neglected (gray dashed curve). A beam
which is conventionally (linearly) matched, i.e., assuming a
homogeneous ion channel and injecting at the respective
beta function of k−1β ¼ k−1p ð2γÞ1=2 (the rms size is thereby
constant along the beam), also undergoes an emittance

deterioration as shown by the red dashed curve in Fig. 3
(bottom). Since hosing is suppressed and since the ion
motion is symmetric with respect to the symmetry axis of
the beam, the mechanism of emittance growth is solely due
to the ion-motion-induced nonlinearity of the transverse
wakefields, discussed in Refs. [12–14]. The beam emit-
tance grows over the first few betatron periods owing to a
betatron phase decoherence and saturates as soon as the
beam distribution is matched to the nonlinear fields owing
to complete phase mixing (red dashed curve for kβ;0z≳ 5).
However, emittance growth can be completely eliminated
by using a witness beam with a transverse phase-space
distribution that is, slice-by-slice, nonlinearly matched to
the ion-motion-perturbed transverse wakefields (green
curve). The transverse phase space distribution of such
nonlinearly matched beams is slice by slice an equilibrium
solution of the Vlasov equation for the respective ion-
motion-perturbed wakefield, as described in detail in
Ref. [14]. Such slice-by-slice matched distributions can
be generated adiabatically from linearly matched distribu-
tions during the acceleration in the plasma without signifi-
cant emittance deterioration [22]. Hence, ion motion
suppresses the hose instability, and a proper slice-by-slice
transverse matching also ensures the emittance preservation
in the ion-motion perturbed wakefields.
In this Letter, we have demonstrated that the ion motion

induced by a witness electron beam in the nonlinear

FIG. 3. Top: Comparison of the centroid amplitude at the tail of
a witness beam, computed using 3D PIC simulations, for a
linearly matched beam (red dashed) and a nonlinearly matched
beam (green solid). As a comparison, a simulation result
neglecting ion motion effects is shown (gray dashed). Bottom:
Respective evolution of the projected beam emittance for the
three cases.
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blowout wake of an intense driver (laser or particle beam)
will suppress the hosing instability owing to the ion-motion-
induced head-to-tail variation in the focusing force. Amodel
was developed to describe the beam motion (beam centroid
and spot size evolution) in the plasma wakefield including
the influence of ion motion. This model was compared to
PIC simulations in the regime of validity, and good agree-
ment was found. Suppression of the hosing instability
occurred over a decoherence length. For collider-relevant
beam parameters (high energy, high charge, and low emit-
tance) the ion motion is relativistic and hosing suppression
occurs within one betatron period. By using a witness beam
with a transverse phase-space distribution that is slice-by-
slice matched to the ion-motion-perturbed wakefield, emit-
tance growth from both hosing and ion motion may be
eliminated. If the bunch current distribution is also shaped to
beam load the longitudinal wake such that a constant
accelerating gradient is achieved, energy spread growth will
also be minimized. Hence, by proper beam shaping, ion
motion may be employed to provide stable and quality-
preserving plasma-based acceleration of electron beams.
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