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The chiral Majorana fermion is a massless self-conjugate fermionic particle that could arise as the
quasiparticle edge state of a two-dimensonal topological state of matter. Here we propose a new platform
for a chiral topological superconductor (TSC) in two dimensions with multiple N chiral Majorana fermions
from a quantized anomalous Hall insulator in proximity to an s-wave superconductor with nontrivial
band topology. A concrete example is that a N = 3 chiral TSC is realized by coupling a magnetic
topological insulator to the ion-based superconductor such as FeTe(ssSep4s. We further propose the
electrical and thermal transport experiments to detect the Majorana nature of three chiral edge fermions.
A smoking gun signature is that the two-terminal electrical conductance of a quantized anomalous
Hall-TSC junction obeys a unique distribution averaged to (2/3)e?/h, which is due to the random edge
mode mixing of chiral Majorana fermions and is distinguished from possible trivial explanations. The
homogenous system proposed here provides an ideal platform for studying the exotic physics of chiral

Majorana fermions.
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The chiral Majorana fermion, a massless fermionic
particle which is its own antiparticle, could arise as a
one-dimensional quasiparticle edge state of a 2D topologi-
cal states of matter [1-10]. The non-Abelian braiding of
chiral Majorana fermions [11] may be useful in topological
quantum computation [12,13]. A simple example of
hosting a chiral Majorana fermion mode (CMFM) is the
Px + ip, chiral topological superconductor (TSC) with a
Bogoliubov—de Gennes (BdG) Chern number N =1,
which can be realized from a quantum anomalous Hall
(QAH) plateau transition in proximity to a conventional
s-wave superconductor [14-16], and can be driven by an
external magnetic field or electric field in magnetic
topological insulators (MTIs) [17-21]. The single
CMFM backscattering in a QAH-TSC-QAH (QTQ) junc-
tion is predicted to exhibit a half quantized conductance
plateau [15,16,22], which has been recently observed in a
Cr,(Bi, Sb),_,Te; (CBST) thin film QAH system in
proximity with a Nb superconductor [17]. The magnetic
field at coercivity inevitably introduces random domains,
making MTIs strongly disordered in experiments [23]. The
single CMFM in this system is robust against disorder [24].
However, alternative explanations of the half plateau with-
out CMFM under strong disorders have been proposed
[25,26], which arises from incoherence due to disorder.
Therefore, a homogenous system hosting CMFM and the
decisive transport signature are highly desired.

In this Letter, we propose a new platform for an odd
Chern number N chiral TSC, which supports multiple
CMFMs. The random edge mode mixing of CMFMs leads
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to a unique conductance distribution averaged to (2/3)e?/h
in the QTQ junction, which is the smoking gun signature
of CMFMs. This is in sharp contrast to the previous
proposal that chiral TSC is achieved near the QAH plateau
transition [14,16], where strong disorders accompany in
the system. Here the system is homogenous, which pro-
vides an ideal platform for studying the exotic physics
of CMFMs.

Model—The basic mechanism for 2D chiral TSC is to
introduce s-wave superconductivity (s-SC) and ferromag-
netism (FM) into a strong spin-orbit coupled (SOC) system,
such as the spin-helical surface states (SSs) of TIs [27,28].
Instead of inducing superconductivity into a MTI for chiral
TSC, one can introduce the FM proximity effect into
superconducting Dirac SSs, where the CMFM exists at
the boundary between FM and a superconductor [29]. The
latter one is more practical for a homogenous system, since
FM exchange coupling is usually much larger than s-SC
proximity. Therefore, it is natural to ask whether exotic
topological states exist in the heterostructure of MTI and an
s-SC with nontrivial band topology (dubbed as topological
§-SC (Ts-SC)), as shown in Fig. 1(a). The Ts-SC has a fully
bulk pairing gap and an s-SC gap on the single spin-helical
Dirac SS. The prototype Ts-SC materials are the ion-based
superconductors such as FeTe(ssSep4s (FTS) [30]. The
general theory presented here for chiral TSC is generic for
the higher Chern number QAH insulator [31] and Ts-SC.
We would like to start with a simple model describing the
C = 1 QAH in MTIs [32] for concreteness. The low energy
physics of the heterostructure is described by four Dirac
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FIG. 1. (a) The heterostructure for chiral TSC with an odd

number of CMFMs consists of QAH in MTIs and a Ts-SC on top.
Take C =1 QAH e.g., a N =3 TSC is realized when the
exchange field is large enough. When QAH has a higher Chern
number, a higher odd number N TSC may be realized. (b) The
transport configuration of a QTQ (N-N'-N = 2-3-2) junction
device. The arrows on the edge represent CMFMs.

SSs only, for the bulk states in MTI and Ts-SC are gapped.
The generic form of the 2D effective Hamiltonian without
superconducting proximity effect is

H(k) = (Hl v ) (1)

“\vi H,

Here, H, describes the Ts-SC SSs with proximity effect
from MTI, the bulk metallic states in Ts-SC are neglected
since they are gapped with superconducting pairing, and
H, describes the QAH in MTI film,

A
Hl = Ulky0173 - Ulkx(72T3 +5163<1 - T3) + 25,

Hz = UzkyGIT:; - UkaGZTfi + m(k)T] + 1263, (2)

with the basis of g} = (c,1,c,p.cpr. )", (=1, 2),
where ¢ and b denote the top and bottom SSs and 1 and |
represent spin up and down states, respectively. ¢; and z;
(j =1, 2, 3) are Pauli matrices acting on spin and layer,
respectively. v; is Fermi velocity, which have opposite signs
in FTS and MTI [30,33,34]. (The relative sign of velocities
do not affect the results). 4; is an FM exchange field along
the z axis that can be tuned by a magnetic field. The short-
range FM proximity effect only affects the bottom SS of
Ts-SC and 4; < A,. m(k) = mgy + m, |k|? is the hybridiza-
tion between the top and bottom SSs in MTL |,] > |my|
guarantees a QAH state in MTL 26 is the energy band
alignment between two Dirac cones. For simplicity, we set
vy, =—-v; =0, 4y =1, =4, and neglect the inversion
symmetry breaking in each material. V = gz_ is the
hybridization between the bottom Ts-SC and the top
MTI surfaces at interface, where 7_ = (7, — it,)/2, g is
the real constant.

With superconducting proximity effect, a finite pairing
amplitude is induced in MTI and Ts-SC SSs. The BdG
Hamiltonian becomes Hpag = (1/2)3 Wi Hpag (k) Py,

with ¥y = (i, w7, wi = (k. o1 ), and

MK -x AR
oK) = ( e _H*(_k)ﬂ),
(AR 0
A“‘)( 0 A2<k>>’ G)

Here p is the chemical potential relative to the Dirac cone in
MTIL, A, (k) = iA0,, and Ay(k) = i(A}/2)05(1 + &3) +
i(A5/2)6,(1 = £3) with {5 as the Pauli matrix in Nambu
space. A, A}, and A} are the pairing gap functions in SSs
of Ts-SC, top, and bottom MTI. All A; are chosen as k
independent, since they are induced by the s-SC proximity
effect, e.g., from the bulk hole pocket at I" point in an FTS.
Usually A; > A} > A5, Here we set A; = A, =A and
Aé’ = 0, which is realistic in a superconducting proximity
effect between Bi,Te; thin film and FTS with short
coherence length [35].

Phase diagram.—The BdG Hamiltonian in Eq. (3) can
be classified by the Chern number N. Since the topological
invariants cannot change without closing the bulk gap,
the phase diagram can be determined by first finding the
phase boundaries as gapless regions in parameter spaces,
and then calculate N of the gapped phases. We first
consider the phase diagram in the limit ¢ = 0, in which
case the system is decoupled into two BdG models HB¢
and H59C,

HBIG _ (Hi(k) — M

A
IRNPN(Y )

—Hi(=K) +p

Here HBIS is the superconducting Dirac SSs of Ts-SC
with only the bottom SS in proximity to FM. The top and
bottom SSs in Ts-SC are further decoupled. The energy
spectrum of the top SS is £y = ++/(fv[k|—p')>+ A?, and
#' =p—26, which resembles that of the spinless p,+ip,
superconductor but respects time-reversal symmetry [5].
The excitation spectrum of the bottom SS is Ell{’b =
i\/A2 + 24 p? + 2 KPP £ 2E(A2 4 ) + 0P k]
with the gap closing point at k =0 and 1 = /A% + u”.
For |A] < \/A? + u”, the bottom SS is adiabatically con-
nected to the top SS in the 4 =0 limit, so they are
topologically equivalent. Therefore, the whole Ts-SC SS

possesses nontrivial topology, but there is no chiral edge
state, since there is no geometric edge to the 2D surface

of a 3D bulk. For |[A| > \/A? + u”?, the bottom SS is
adiabatically connected to FM with A = y/ = 0, which is
topologically trivial, so there exists a single CMFM at the
edge domain boundary at Ts-SC bottom, and N; = sgn(4)
is the sign of 1. H59C is the superconducting proximity
coupled QAH insulator, which has been studied in
Ref. [16]. For u = 0, N, = 0; for |4| < A7 (which vanishes
when my =0), N, =sgn(1); for A7 < |1 <A, and
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FIG. 2. Phase diagram of the heterostructure with typical
parameters. (a) g=0,6=0.(b) g=03,0=0. (c) u=56=0.
The even N = 0, 2 phases disappear when m, = 0 and the phase
boundary between N = l and N = 3is g = V4> = A%. (d)u = 0,
6 = —0.1. All other parameters v = 1, A = 0.1, mg = 0.2.

N,=2sgn(4) for |A|>Af. Here AX=(\/4m}+A*+A)/2.
A finite u enlarges the odd N, TSC phase. The total Chern
number of the heterostructure without V is N = N + N,.
The phase diagram with parameters (p,4) is shown in
Fig. 2(a), where different chiral TSC phases are denoted by
the corresponding Chern numbers.

Next, we study the effect of V at interface. Similar to the
g = 0 case, we determine the phase boundaries by gapless
regions in Eq. (3), whichis always atk = 0 point. Therefore,
any k-dependent pairing [36,37] will not affect the phase
diagrams. As show in Fig. 2(b), when the g term is turned on,
it makes the chiral TSC phase with the same Chern numbers
simply connected. Meanwhile, it shrinks the N = 0 phase
and enlarges the N = 1 phase, and further pushes the phase
boundary between N = 2 and N = 3 towards a larger A. For
a given exchange field, 4 will drive the system into TSC
phases with smaller N. Therefore, one optimal condition
for N = 3 TSC is u = 0, which corresponds to an undoped
QAH system. This is just the opposite to the optimal
condition y # O for obtaining the N = 1 TSC phase from
QAH plateau transition [16]. As shown in Fig. 2(c), g
enlarges the N = 1 phase and shrinks all other N phases.
This can be understood from the band crossing at the
interface. The single-particle Hamiltonian at the interface
is Hyy, = vkyo| — vk,6, 4 Aos + gty + 6(1 + 73), with the
energy spectrum Ey, = 8+ (\/¢? + 6° + VA2t olk). g
splits the two copies of Dirac bands up and down in energy.
Whenever the Dirac band edge crosses the chemical poten-
tial, N reduces by one. As shown in Fig. 2(d), § enlarges the
trivial even N TSC, and shrinks the nontrivial odd N TSC
towards larger A. Similarly, m, enlarges N = 0 TSC and
shrinks N # 0 TSC. Thus my = 6 = 0 is preferred for a
higher N TSC. For a simple case my = 6 = 0 and infini-
tesimal A, a simple sum rule for the Chern number of the
heterostucture is

N =Ny +sgn(|4] - |g])N1. (5)

In general, the coupling g will strongly modify the Chern
number of the heterostructure from that of the decoupled
systems. The chiral TSC with higher odd Chern numbers
requires a large enough exchange field, and is simply
obtained by growing the multilayer heterostructure or by
using a higher Chern number QAH following the above
recipe.

Transport.—To probe the multiple neutral CMFMs, we
consider the electrical and thermal transports in an N = 3
chiral TSC. The Hall bar device we shall discuss is a QTQ
junction as shown in Fig. 1(b), which has been studied for
N = 1and N = 2 chiral TSCs. Both the left and right QAH
regions have a Chern number C = 1, and thus have a
charged chiral fermion mode on their edges with a vacuum.
The charge chiral fermion mode can be equivalently written
as two CMFMs, 7, and y,, as shown in Fig. 1(b), and the
electron annihilation operators a, @', b, b’ on the left (right)
bottom (top) QAH edges are locally related to the CMFMs
asa,d’,b,b’ =y, + iy,. There exists a third CMFM y3 on
the vertical edges between C =1 QAH and N = 3 TSC,
which merges with y; and y, on the top and bottom
TSC edges.

We assume the current is only applied at terminals 1, 2,
and 3, while terminals 4 to 7 are only used as voltage leads.
The lead on electrode 3 is connected to the TSC bulk, while
all the other leads are on the edge. The electrical transport
of the superconducting junction is governed by the gen-
eralized Landauer-Biittiker formula [15,16,38,39], which
takes the form among leads 1-3 as

[}

==+ )V = V) + (= )V, = Va)l.
62
L=l =r M) (V2= V) 4 (1= )V, = V1))
I3 =-1) — I, V=V, (6)

where /; and V; are the inflow current and voltage of lead i,
V, is the voltage of the TSC, and we have assumed the
contact resistance vanishes between lead 3 and the TSC
bulk, which is appropriate when the electrodes are good
metals. Here r,r4, ¢, and ! are the normal reflection,
Andreev reflection, normal transmission, and Andreev
transmission probabilities between leads 1 and 2, respec-
tively, satisfying r + r4 + 1+ 14 = 1.

To examine the normal and Andreev probabilities,
consider the charged chiral fermion mode a = y; + iy,
incident from lead 1. When propagating on the bottom TSC
edge A-B, it could randomly mix with y5; due to unavoid-
able edge disorders. Therefore, when the incident charge
mode a reaches corner B, it has the normal and Andreev
probabilities #; and # to become @’ and @7, but also has a

remaining probability p(!) = 1 — ¢, — #{ to propagate as 7.
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The y; mode will then circulate along the TSC edge, and
has a propagation probability into charge modes »’, b'" (or
a', a’™) whenever it reaches corner D (or B), thus contrib-
uting probabilities r, and 74 (or ¢, and 4) during its nth lap.
Summing over n then yields the total r, 7, ¢, and 4. Such a
summation is difficult. However, since y5 is charge neutral,
its propagation probability into electron and hole states will
always be equal, so we conclude that r, = 7/ for any n, and
t, = t4 for all n>2. Therefore, we find r—* =1, -/, and
r —r = 0, which are the only quantities needed in Eq. (6).
Quite different from the interference [29,40-43], here we
assume that the system size is large, so that the CMFMs
lose coherence during their propagations.

Next we calculate 7, —#}. The chemical potential,
hopping, and pairing on TSC edge A-B yields a term
Hp = iyT L(x)y in the Hamiltonian, where y = (y1,7,,73)"
is the CMFM basis, and L(x) is a 3 x 3 real antisymmetric
matrix. In terms of the SO(3) group generators T =
(T\,T,,T3), one can rewrite it as L = iwn - T, where
In| = 1. For a given edge, one expects @ = (@) + dw(x)
and n = (n) + én(x) to fluctuate, where we assume the
fluctuations |6n(x)| < |(n)|. This leads to a SO(3) trans-
formation Q ~ ™7 of y, where ¢~ [B w(x)dx/vy is
uniformly random in [0, 27) when edge A-B is longer than
the dephasing length (due to thermal noise, etc.), and v, is
the average Majorana velocity [44-46]. The Majorana
velocity anisotropy leads a deviation of Q away from
SO(3) [22], but the deviation is irrelevant in long distances
[47,48]. The average normal and Andreev transmissions
along the edge are thus the mean value over ¢:

t, = |ufQul?, = |u' Qu

g ()

where u = (1,i,0)7/ /2 is the electron annihilation
operator under the Majorana basis. The result gives
t, — t1 = cos? 0, where 0 is the angle between (n) and
the y; axis (see the Supplemental Material [47]). By
defining 6\, = I/(V, = V) for the current I =1, = —I,
applied between leads 1 and 2 (I3 =0), and o3 =
I/(V| = V3) for the current I = I, = —I; applied at leads
1 and 3 (I, =0), we obtain 61, = (1 + cos?6)/2 and
613 = 1 —cos* @ in units of e?/h. Note that (n) depends on
samples and physical conditions, so if we assume that (n)
distributes uniformly on the unit sphere S?, we obtain the
probability distributions of ¢, and o;3 among various
samples or physical conditions

1 1
plon) = \/Ti—l’ ploz) = m7 (8)

where 61, € [}, 1] and 643 € [0, 1] in units of e?/h. The
average values of 6, and o3 can then be derived to be
51> = (2/3)e*/h and 6,5 = (4/5)e*/h. Moreover, if the
TSC edge is in the strong fluctuation limit |dn(x)| > [(n)]

Gy (&/h) (b)

! T N
[L - ! 7

G, (¢ /n) (@)

1

AL
2/3
12

0 0
0 H 0 H

FIG. 3. (a) The average value 5, generically shows a plateau
transition 2/3 -1 —->1/2-50—-1/2—>1—-2/3 in units of
€2 /h during the hysteresis loop. (b) The average value 5,3 shows
4/5 and 1 peaks for [N| =3 and |N| = 1 TSC phases, respec-
tively. Here only one cycle of hysteresis loop is shown.

(induced by strong static disorders, etc.), we would have
t = 14, leading to quantized conductances ¢, = e>/2h and
613 = e*/h [47]. For disorders that affect both bulk and
edge, the bulk may undergo disorder-driven phase tran-
sitions before the edge disorder reaches the strong limit, in
which case the strong limit results here will not be reached.

In addition, the resistance matrix measured from other leads
are Ryp46=Riy57=h/e*, and Rypus=Rpg1 =07, —h/e?,
where R;; = (Vi —V,)/I with the current I applied
between leads i and j [47].

The exchange field can be tuned by either a
perpendicular or an in-plane external magnetic field.
Therefore, the TSC phases will experience the BdG
Chern number variation N=3-52->1-0—- -1 -
—2— -3 as A decreases in the hysteresis loop.
Meanwhile, the QAH phase will experience the Chern
number change C=1—-0— -1, and in terms of
N =2 — 0 — —2. In general, the average &, will exhibit
the plateau transition as shown in Fig. 3(a). Since the
system in the magnetized state without external magnetic
fields is homogenous in the sense of weak disorder without
percolation transition, the unique 2/3 quantized average
conductance plateau manifests the N = 3 TSC.

Finally, we discuss the thermal transport. The N =3
chiral TSC exhibits a quantized thermal Hall conductance
Ky/T =3 in units of kg = (x2/6)(k3/h), with kp (the
Boltzmann constant) and 7 (temperature). Moreover, the
QTQ junction will exhibit quantized thermal resistances
resembling the electric resistances of a filling factor 2-3-2
integer quantum Hall junction [49,50]. For a heat current
applied between leads 1 and 2, the thermal resistances are
given by R1Q2,46 = Rle.57 =1/2, and R1Q2’45 = R1Q2,67 =1/6
in units of 1/(kyT). Here the full thermal equilibration
among the CMFMs is assumed. The phonon and magnon
contributions can be eliminated from the temperature
dependence [51].

We discuss the experimental feasibility of the proposed
state. The key point is to invert the bands by a large
exchange field, while keeping the QAH insulating. The
hybridization between top and bottom SSs in QAH is better
to be small. For QAH in MTIs, 4 ~ 30 meV in CBST [52],
and 4 = 50 meV in V-I codoped-TI [53]. m vanishes when
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film thickness exceeds five quintuple layers. For Ts-SC in
FTS, A=2meV and ¢ =5 meV below T.=145K
[30]. The work functions in FTS and (Bi, Sb),Te; thin
film grown on SrTiO; are almost the same as about
4.3 4+0.1 eV; thus 6 can be tuned to be small [54]. g is
unknown, but can be tuned by inserting an insulating
ultrathin layer such as CdSe between Ts-SC and QAH.
Other possible Ts-SC materials include an ion-based
superconductor such as BaFe,As, and LiFeAs [55], and
the superconducting doped TIs such as Cu,Bi,Se; and
T1,Bi, Te; [56-58]. Recently, the QAH with higher Chern
numbers has been realized in a multilayer of MTI [59].
Such experimental progress on the material growth and rich
material choice of MTI and Ts-SC makes the realization of
the higher odd N chiral TSC feasible.

In summary, the random mode mixing of CMFMs leads
to unique quantum transport, which can be served as a
smoking gun signature of the Majorana nature of chiral
edge fermions. The coherent mixing of the CMFMs leads
to nontrivial interference effect and may find applications
in topological quantum computation, which is left for
future work.
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