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Pathways connecting dissimilar crystal structures are fundamental to our understanding of structural
phase transitions. In this Letter, we report on a new pathway connecting the hexagonal close-packed crystal
structure to a hierarchy of topologically close-packed phases consisting of kagome and triangular nets.
Common intermetallic structure prototypes such as the Friauf-Laves phases, CaCu5, Ce2Ni7, Be3Nb, and
Co7Gd2 are specific members of this hierarchy. We find that the pathway is facile for compounds with large
atomic size differences, which has implications for the nucleation mechanism of these complex phases.
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Phase transformations connecting vastly different crystal
structures are ubiquitous in pure elements and multi-
component crystals and are exploited in shape-memory
[1–6], magnetocaloric [7,8] and precipitation-strengthened
alloys [9,10]. The structural pathways between different
crystal structures are a cornerstone of our understanding
of common phase transformations in the solid state.
Nevertheless, despite almost a century of research on struc-
tural phase transitions, only a handful of crystallographic
pathways linking a few simple crystal structures are known.
The Bain path [11] links the body-centered cubic (bcc)

and face-centered cubic (fcc) crystal structures through a
homogeneous tetragonal deformation of the cubic unit
cells. The bcc and hexagonal close-packed (hcp) structures
can be connected through the Burgers path [12], which
combines a macroscopic shape change with an internal
atomic shuffle within the hcp unit cell. Pathways have also
been identified connecting the hcp and bcc crystal struc-
tures to the slightly more complex ω phase, made up of
alternating triangular and honeycomb layers [13–15].
Pathways connecting bcc to a family of close-packed
“R” phases and to the B190 phase are also known [1,3–6].
While the structural transformations involving hcp, bcc,

fcc, ω, and other close-packed phases are well understood,
a majority of the crystal structure prototypes that are
commonly observed in alloys remain disconnected. The
topologically close-packed (TCP) Frank-Kasper phases
[16,17], for example, are an especially common [18] class
of crystal structures that form in alloy systems whose end
members adopt the simpler fcc, hcp, and bcc crystal
structures [19,20]. There are many distinct structures that
fall into this class of compounds, with the Friauf-Laves
phases being the most common and well studied. Many
compounds that form topologically close-packed crystal
structures display exotic electronic, magnetic, and
mechanical phenomena [21–29]. Icosahedral arrangements
of atoms similar to the Frank-Kasper compounds are also
observed in glasses and liquids [30–32]. Frank-Kasper

phases are not restricted to metallic alloys but have also
shown promise as photonic crystals [33] and have been
observed to form during the self-assembly of block
copolymers and colloids [34–38].
In this Letter, we identify a family of new transformation

pathways that link a major subset of the Frank-Kasper phases
to simpler close-packed structures. We show that a simple
two-dimensional rearrangement of the triangular lattice can
be used to build a series of hierarchical phases starting with
the simple close-packed hcp crystal structure. Structures like
the Laves phases, CaCu5, Ce2Ni7, Be3Nb, and Co7Gd2
structure prototypes are found to be specific members of
this hierarchy. Furthermore, we show that the pathways that
link the close-packed structures to the TCP phases are facile
and will occur spontaneously for particular arrangements of
close-packed atoms that have very different atomic volumes.
The Friauf-Laves phases and related crystal structures

can be viewed as stackings of kagome nets interleaved by
triangular layers [16,17]. We start by showing how the
kagome nets and triangular layers of the Laves phases can
be formed by a superposition of symmetry-adapted col-
lective displacements of the triangular close-packed layers
of hcp structures.
The collective displacements have the periodicity of a
ffiffiffi

3
p

a ×
ffiffiffi

3
p

a supercell of the primitive cell of the triangular
lattice (where a is the lattice parameter). Figure 1(a) shows
two symmetry-adapted collective displacements that link
a triangular lattice to a kagome net. The collective displace-
ments are easily understood when considering the periodi-
cally repeating triplet clusters on the triangular lattice
illustrated in Fig. 1(a). The first collective distortion, with
amplitude ξ1, displaces atoms tangentially relative to the
centers of the periodically repeating triplet clusters. The
second collective distortion, with amplitude ξ2, corre-
sponds to a dilation of the periodically repeating triplet
clusters of sites. Three translational variants of the kagome
net can be generated from the triangular lattice in the space
spanned by ξ1 and ξ2. A negative value of ξ2 generates one
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kagome net that we label γ. The two other kagome nets, α
and β, can be generated by a combination of ξ1 and ξ2
residing on the dashed lines in Fig. 2(a) that are rotated by
−120° and 120° relative to the negative ξ2 axis.
Out of plane collective displacements having the trans-

lational periodicity of the
ffiffiffi

3
p

a ×
ffiffiffi

3
p

a supercell can be
defined that split a triangular lattice into three parallel
triangular lattices with an “abc” stacking, each having one-
third of the sites of the original triangular lattice. Six
translational variants of a vertically split triangular lattice
can be generated with two symmetry-adapted collective
displacements. One collective displacement with amplitude
ξ3 moves two atoms within a

ffiffiffi

3
p

a ×
ffiffiffi

3
p

a supercell down
and the third atom up as illustrated in Fig. 1(b). The other
collective displacement with amplitude ξ4 “dissociates” the
layer, in that one of the atoms in the

ffiffiffi

3
p

a ×
ffiffiffi

3
p

a supercell
moves up, another moves down, and the third atom remains
fixed. The six translationally equivalent split configurations
reside on a hexagon in ξ3-ξ4 space as illustrated in Fig. 2(b).

The collective distortions illustrated in Figs. 1(a) and
1(b) can be used to generate a hierarchy of crystal structures
starting from hcp that consist of different stackings of
kagome nets and triangular layers. The hierarchy can be
generated by converting the A layers of an ABAB stacked
hcp crystal to a kagome net upon activation of the ξ1-ξ2
distortion amplitudes in Fig. 2(a) and by dissociating a
subset of the B layers into three new triangular layers by
activating the ξ3-ξ4 amplitudes. The particular distortion of
each A layer will be represented with t, α, β, γ, where t
refers to the undistorted layer and the other three letters
correspond to the kagome variants. The dissociation of the
B layer will be represented as 1, 2, 3, 1̄, 2̄, 3̄ as shown in
Fig. 2(b), with the undistorted layer denoted as 0. With this
notation, the hcp structure becomes “t0”.
The first generation of hierarchical phases derived from

hcp is fα0g. α0 consists of identical kagome nets generated
from the A layers interleaved by undissociated triangular B
layers. The resulting crystal structure corresponds to the
CaCu5 prototype. The second generation results in crystal
structures that are periodic over four layers and include
ft0α0; α2γ2̄g. The first member can be formed by combin-
ing the zeroth generation (i.e., hcp) with the first gener-
ation. The second distortion, α2γ2̄, is new and results in the
formation of the well-known C14-MgZn2 Laves crystal
structure.
Several other well-known structure prototypes appear at

higher generations. Examples are listed in Table I. The two
other Laves phase prototypes emerge as distortions in the
third and fourth generations. The structure prototypes
Ce2Ni7, Be3Nb, and Co7Gd2 form in the sixth and ninth
generations. Table I shows that the structural distortions of
Figs. 2(a) and 2(b) are capable of connecting a significant
fraction of common intermetallic compounds to hcp.
Similar relationships may be drawn between hcp and
structures such as the σ and μ phases. However, these
transformations are slightly more complicated, as they
require additional interstitial atoms.

(a) (b)

FIG. 1. Symmetry-adapted distortion modes on a
ffiffiffi

3
p

×
ffiffiffi

3
p

supercell of the triangular lattice: (a) connects the triangular
lattice to the kagome net, and (b) dissociates a triangular layer
into three separate triangular layers with one atom in each layer.
Supplemental Material contains a mathematical description of
these modes [39].

(a) (b)

FIG. 2. (a) Amplitudes of symmetry-adapted distortion modes on a triangular lattice that connect them to the kagome net. (b) Six
translational variants of a vertically split triangular lattice.
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Most topologically close-packed phases are compounds
containing two or more chemical species. The majority
element X is usually smaller than the minority element Y,
with both having strong site preferences within the crystal
structure of the topologically close-packed phase. There
are, therefore, very specific orderings in the precursor hcp
phase that result in different topologically close-packed
phases upon application of the distortions of Figs. 2(a)
and 2(b). Figure 3 illustrates the decoration of Mg and Zn
on an hcp crystal structure that is necessary to form perfect
MgZn2 having the C14 crystal structure. The triangular
layer of hcp that converts to a kagome net contains only the
smaller Zn atoms (i.e., X), while the other layer that
dissociates into three new triangular layers contains two
Mg atoms (i.e., Y) for every Zn atom. The precursor
ordering in hcp has a

ffiffiffi

3
p

a ×
ffiffiffi

3
p

a supercell on the
triangular lattice. An inspection of known topologically
close-packed phases reveals that the precursor hcp layers
that transform into a kagome net will invariably consist
only of the smaller X. The layers that dissociate or remain
triangular are found to be either pure X or exhibit a similar
ffiffiffi

3
p

a ×
ffiffiffi

3
p

a ordering of X and Y as in the precursor hcp
phase of MgZn2 illustrated in Fig. 3.
First-principles electronic structure [40] calculations

can reveal how facile the pathways described above are.
Figure 4 shows the energy of MgZn2 along a linearly
interpolated path between hcp and the C14 Laves phase.

It is evident from Fig. 4 that there is no barrier separating
the two crystal structures, with the hcp form of MgZn2
being dynamically unstable. Any local ordering on hcp that
is similar to Fig. 3 will experience a driving force to
spontaneously collapse into C14-MgZn2.
Figure 5(a) shows the energy as a function of an amplitude

ξkagome that converts the A layers of hcp MgZn2 (consisting
only ofZn) into kagomenets and a second amplitude ξdis that
dissociates the B layers (consisting of Mg and Zn in a
2∶1 ratio) into three new triangular layers. As is clearly
revealed by Fig. 5(a), a combination of both ξkagome and ξdis
is necessary to achieve the steepest descent from hcp toC14.
However, Fig. 5(b), which plots the energy as a function of
either ξkagome or ξdis, shows that distortions along ξdis do not
lead to an instability of the hcp crystal. Rather, it is a
distortion of theA layer to form kagome nets that induces the
spontaneous formation of the Laves phase. This can be
attributed to the size mismatch between the Mg and Zn
atoms. The largerMg atoms reside in theB layers of hcp and
require the formation of kagome nets containing large
hexagonal openings before they can dissociate upwards
and downwards. The formation of the kagome nets are
essential to reduce the overcrowding that exists when
arranging two species with very different sizes within the
close-packed hcp crystal structure.
The instability of hcp with respect to a spontaneous

collapse to a Laves phase is not restricted to MgZn2 but is
predicted to occur quite uniformly among a large number
of X2Y compounds when Y is substantially larger than X.
We investigated the stability of 511 X2Y compounds in the
hcp crystal structure with respect to a spontaneous collapse
to the C15 phase with the density functional theory (DFT)
(for more details on the chemistries of these compounds,
see Supplemental Material [39]). Figure 6 shows normal-
ized histograms of the compounds that remain stable in hcp
and those that spontaneously collapse to the C15 phase,
plotted as a function of the ratio of the metallic radii [50]
of Y and X, i.e., RY=RX. As is clearly revealed by Fig. 6,
compounds with large RY=RX radius ratios are found to
undergo a barrierless structural phase transition to C15
when ordered on hcp, while those with smaller radius ratios

TABLE I. Known crystal structure prototypes and their corre-
sponding labels within the family of structures that can be derived
from hcp.

Structure prototype Structure label

CaCu5 α0
MgZn2 (C14) β1γ1̄
MgCu2 (C15) β1γ2̄α3
MgNi2 (C36) β1γ1̄β3̄α3
Ce2Ni7 β3̄α0α0α3β0β0
Be3Nb α3β0β1γ0γ2̄α0
Co7Gd2 α0α3β0β0β1γ0γ0γ2̄α0

FIG. 3. Ordering on hcp related to MgZn2 (C14). The atoms
shown in red are the smaller majority specie, while the blue atoms
are the minority specie. Atoms on a grid point are in the A layer,
while atoms in the middle of a triangle are on the B layer.

FIG. 4. Energy landscape along the path connecting the order-
ing in Fig. 3 to C14 in the Mg-Zn binary alloy.
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are stable in hcp. There is some overlap between the two
distributions around RY=RX ≈ 1.1; however, a large num-
ber of these compounds consist of refractory elements,
which are likely to adopt radii within compounds that differ

from their metallic radii due to charge transfer [51]. As
shown in Supplemental Material [39], the qualitative trends
in Fig. 6 remain unchanged when using different defini-
tions for the atomic radii [52,53]. These results suggest that
atoms with a large size mismatch are unlikely to order on
close-packed parent crystal structures due to the facile
pathways discovered here that will convert hcp into the
more favorable Frank-Kasper phases.
The discovery of the Bain and Burgers paths almost a

century ago played a crucial role in rationalizing a large
number of phase transformations in the solid state. The
facile crystallographic pathways reported here will sim-
ilarly enable a deeper understanding of phase transforma-
tion mechanisms between close-packed structures and
Frank-Kasper phases, which rank among the most common
structures adopted by intermetallic compounds [18]. Frank-
Kasper phases have traditionally been viewed as crystallo-
graphically very distinct from the common close-packed
structures. We have demonstrated that hcp can be converted
into a large number of the Frank-Kasper phases with
minimal structural distortions. This facile pathway suggests
that the nucleation of Frank-Kasper phases within super-
saturated hcp solid solutions does not require large struc-
tural rearrangements but rather can occur coherently and in
a continuous manner. Composition and ordering fluctua-
tions within the hcp parent crystal structure can enable the
formation of local precursor orderings that can then
collapse into a coherent nucleus of the incipient Frank-
Kasper phase through a dynamical instability. Nucleation
by this mechanism, while possibly accompanied by coher-
ency strains, would bypass the need for energetically costly
incoherent interfaces and will result in well-defined orienta-
tional relationships, at least in the early stages when
coherency strains play less of a role. A survey of binary
alloy phase diagrams suggests several material systems
where this mechanism may be exploited [54]. In fact,
the observed orientation relationship for Laves phases
in magnesium alloys [23,57–63] [ð0001ÞLaveskð0001Þhcp,
½11̄00�Lavesk½112̄0�hcp] is in agreement with our prediction
of the basal plane of the Laves structure being aligned with
that of hcp and the

ffiffiffi

3
p

×
ffiffiffi

3
p

direction of hcp being along
one of the basal lattice vectors of the Laves phase. Instead
of treating the nucleation of Frank-Kasper phases within
hcp as a singularity, as conventionally done for reconstruc-
tive phase transitions, the simple hcp to Frank-Kasper
phase pathway along with the predicted instabilities of the
precursor ordering within hcp suggests a continuous
nucleation mechanism. These insights are expected to
unlock new design routes to either encourage (or suppress)
the formation of topologically close-packed phases in a
wide variety of metallic, polymeric, and colloidal systems.

We are grateful to Dr. Hari Kumar for helpful
discussions. This material is based upon work supported
by the National Science Foundation (NSF), Grant

FIG. 5. Energy landscape connecting the hcp crystal structure
with the C14 Laves phase in Mg-Zn. (a) Energy (eV/atom) as a
function of the dissociative and kagome modes. (b) Sections of
the energy landscape showing that the hcp structure is unstable
with respect to a transformation towards kagome nets.

FIG. 6. Density distributions of X2Y orderings on hcp that are
stable in hcp (green) and collapse to form the C15 Laves phase
(orange) across a range of chemistries and radius ratios. Metallic
radii are used for each element [39,50].
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