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We investigate points of circular polarization in the far field of elliptically polarized dipoles and establish
a relation between the angular position and helicity of these C points and the dipole moment. In the case of
highly eccentric dipoles, the C points of opposite handedness exhibit only a small angular separation and
occur in the low intensity region of the emission pattern. In this regard, we introduce an optical weak
measurement approach that utilizes the transverse electric (azimuthal) and transverse magnetic (radial) far-
field polarization basis. Projecting the far field onto a spatially varying postselected polarization state
reveals the angular separation and the helicity of the C points. We demonstrate the applicability of this
approach and determine the elliptical dipole moment of a particle sitting on an interface by measuring the C
points in its far field.
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Introduction.—Dipole emitters such as molecules, quan-
tum dots, and nano-antennas represent fundamental building
blocks in nano-optics [1–4]. Their emission characteristics
depend on the phases and amplitudes of the three electric
and/or magnetic dipolar components. For instance, Huygens
dipoles—composed of perpendicular electric and magnetic
dipole moments—exhibit directional emission, finding
applications in nanolocalization [5] and metasurfaces [6].
As another example, spinning electric or magnetic dipoles
couple directionally to spin-momentum-locked modes [7,8],
which allows for controlling the flow of light by the direction
of the spin [9,10]. Furthermore, the far field of spinning
dipoles is split into two half-spaces with opposite signs of
helicity [11,12]. The extent of this spin separation is linked to
the ellipticity of the dipole [11,12].
In this Letter, we derive a formalism that allows for

determining the orientation and ellipticity of dipole moments
by measuring the far-field positions and helicities of points
of circular polarization (C points [13]). Additionally, we
resolve these C points in the low intensity region of highly
eccentric dipoles by applying a method similar to quantum
weak measurement (WM) [14,15], which in optics is used
for observing beam shift phenomena [16–18] and angular
rotations [19,20]. To the best of our knowledge, all optical
WM experiments reported to date utilize a homogeneous
Cartesian polarization basis. Here, we theoretically show that
the far-field projection onto a spatially varying postselected
polarization state [21] allows for creating well-separated
asymmetric far-field intensity patterns, which indicate the
helicity and angular separation of theC points and the dipole
ellipticity. For demonstration, we measure the ellipticity of
a dipole moment induced in a scatterer on a dielectric
interface.

Elliptically polarized dipoles in free-space.—The far-
field emission of an elliptically polarized dipole in free
space, whose dipole moment is, without loss of generality,
parallel to the y-z plane, p ¼ pyey þ pzez ≡ jpyjey þ
exp ð{ΔφÞjpzjez, with Δφ the relative phase between the
dipole components, is given by [2,23,24]

E ¼
�
ETE

ETM

�
∝ M̂p ¼

 kx
k⊥ 0

kykz
k⊥k0 − k⊥

k0

!�
py

pz

�
; ð1Þ

where k0 is thewave number in vacuum, k⊥ ¼ ðk2x þ k2yÞ1=2,
kz ¼ �ðk20 − k2⊥Þ1=2, and the sign of kz depends on the half-
space (z≷0). TE and TM indicate transverse electric and
transverse magnetic far-field components and the matrix
M̂ðkx; kyÞ describes the field overlap of the individual plane
waves of the angular spectrum with the dipole moment [25].
In the x-z plane (ky ¼ 0), the matrix becomes diagonal:

M̂ðkx; 0Þ ¼
 kx

jkxj 0

0 − jkxj
k0

!
: ð2Þ

Figure 1(a) indicates the far-field intensity I ∝ jEj2 of a
circularly polarized dipole (Δφ ¼ π=2 and jpzj ¼ jpyj) as a
black line in the x-z plane. The emission patterns of the
individual components are plotted in green (pz) and gray
(py). Within the chosen plane of observation, the far fields of
pz andpy areTM (in-plane) andTE (out-of-plane) polarized.
The relative phase between the dipole components is
preserved, resulting in left- and right-handed circular polari-
zation in the far field. The corresponding circularly polarized
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intensities, I� ∝ jETE � {ETMj2, are plotted in red andblue in
Fig. 1(b), showing strongly directional far fields with respect
to the z axis. The C points are found by requiring jETEj ¼
jETMj [see tangent points of the green and gray curves in
Fig. 1(a)]. From Eqs. (1) and (2), assuming jpyj ≤ jpzj, the
angles of the far-field C points can be determined by

kC�x ¼ �
����py

pz

����k0: ð3Þ

For jpzj ¼ jpyj, we obtain kC�x ¼ �k0, implying that the two
C points of opposite helicity—Cþ andC− highlighted by the
red andblue dashed arrows inFig. 1(b)—occur exactly on the
x axis and the opening angle between the C points and the
z axis is defined by θC� ¼ jsin−1ðkC�x =k0Þj ¼ π=2. Hence,
the two C points are on opposite sides and their visibility is
maximized. In contrast, when we consider an elliptically
polarized dipole moment with jpyj < jpzj, we change the
weightings of ETE and ETM. As an example, we plot the far-
field intensity (solid black line), which resembles the shape
of the TM-polarized component (green line), for a highly
eccentric dipole—amplitude ratio jpzj=jpyj ¼ 20—in
Fig. 1(c). The magnified inset additionally shows the TE
polarized component indicated in gray. Now, we find four
crossing points—these are the four C points—at which the
amplitudes ofETE andETM match.Again, wemarkC� as red
and blue arrows in the cross sections of I� in Fig. 1(d).
The circular polarization components exhibit a muchweaker
directionality in comparison to Fig. 1(b). Especially, the
angle between the C points and the z axis is small, with
θC� ≈ 1=20.
In the limit of jpyj ≪ jpzj, the k vectors of the C points

are almost aligned with the z axis, hidden in the low

intensity region of the emission [see Figs. 1(c) and 1(d)].
However, it is possible to resolve the C points by using a
method inspired by WM [14,16,25,29]. For that purpose,
we project the far field onto a polarization state almost
orthogonal to ETM created by pz, favoring ETE of the
weak py. The actual postselected polarization state u� ¼
ðuTE;∓ uTMÞ is optimized by choosing uTE ¼ jpzj=jpj and
uTM ¼ {jpyj=jpj, effectively compensating the amplitude
difference between py and pz. For the intensity pattern of
the projected polarization state we obtain

Iu� ∝ jEu�
�j2 ¼

���� kxjkxj
� jkxj

k0

����
2 jpyjjpzj

jpj2 ; ð4Þ

which is strongly asymmetric as shown for the example of
jpzj=jpyj ¼ 20 in Fig. 1(e). The far-field intensities Iu� are
identical in shape with respect to I� of the circular
polarized dipole in Fig. 1(b), which means the visibility
is maximized by the WM polarization projection, although
the intensity is reduced by 2 orders of magnitude. However,
the angular separation ΔkC� and, therefore, the dipole
moment ratio [see Eq. (3)] can be deduced from the
directionality of the postselected polarization state.
Elliptically polarized dipoles on interface.—We consider

a dipole situated in air (z < 0), with distance d to a glass
substrate with refractive index n ¼ 1.5 (z > 0). Because the
backward emission into the air half-space is suppressed
with respect to the emission into the optically denser glass
[30], we concentrate on the forward direction. Considering
only py and pz, the far-field intensity pattern Iðkx; kyÞ
emitted into the glass half-space is [2]

Iðkx; kyÞ ∝
����
�
ETE

ETM

�����
2

∝ jAT̂ M̂ pj2; ð5Þ

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k20n

2 − k2⊥
q

=kze{kzd; T̂ ¼
�
tTE 0

0 tTM

�
: ð6Þ

T̂ðk⊥Þ contains the Fresnel transmission coefficients tTE
and tTM, and Aðk⊥Þ is required for energy conservation [2].
Again, we consider the emission within the x-z plane and a
spinning dipole with phase difference Δφ ¼ π=2 between
py and pz. Two conditions need to be fulfilled to observe
far-field C points. Firstly, Δφ needs to be preserved in the
far-field components ETE and ETM. This only holds true
below the critical angle defined by jkxj ¼ k0, since tTE and
tTM are real for jkxj ≤ k0 but complex and with different
phase retardations for jkxj > k0. Secondly, the amplitudes
of both field components need to be equal, jETEj ¼ jETMj.
From Eqs. (5) and (6) it follows that

���� tTEpy

kx

���� ¼
���� tTMpz

k0

����: ð7Þ

FIG. 1. Free-space far-field radiation of dipoles spinning
around the x axis. The upper row corresponds to a circular
polarized dipole, jpzj=jpyj ¼ 1, with (a) showing the total far-
field intensity I (black line), ITM of pz (green line), and ITE of py

(gray line). (b) Left-and right-handed circular polarization, I− and
Iþ. The far-field C points (C�) are highlighted by red and blue
arrows. (c) and (d) The corresponding intensities for a strongly
elliptical dipole moment, jpzj=jpyj ¼ 20. The inset in (c) repre-
sents the central part magnified by a factor of 100, and (d) is
magnified by a factor of 2. (e) Represents the far field for the
postselected polarization states Iu− and Iuþ magnified by 100.
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By solving Eq. (7) we can calculate kC�x . For jpyj ≪ jpzj,
we obtain the simplified expression, kC�x ≈�jpyj=jpzjk0,
resembling Eq. (3). The angular separation is given by
θC� ¼ jsin−1ðkC�x =nk0Þj ≈ jpyj=jpznj. Besides θC�, the
intensity ratio R between the maximum intensity Imax,
which here occurs at the critical angle (kx ¼ k0), and the
intensity at the C points (kx ¼ kC�x ) provides a practical
measure of the C-point visibility:

R ¼ IðkC�x ; 0Þ
Imax

: ð8Þ

For jpyj ≪ jpzj, we result in R ≈ 2jpyj2=ð1þ nÞ2jpzj2.
Hence, only a small fraction of the light is emitted into
the angular region containing the C points. The low
visibility (R ∝ jpyj2=jpzj2) combined with the small angu-
lar separation (θC� ∝ jpyj=jpzj) make it virtually impos-
sible to experimentally measure the C points of highly
eccentric dipoles.
We exemplarily depict the far-field intensities for a

circularly polarized (jpzj=jpyj ¼ 1) and a highly eccentric
(jpzj=jpyj ¼ 20) dipole in Figs. 2(a) and 2(d), with wave-
length λ ¼ 530 nm and distance d ¼ 40 nm. The corre-
sponding circular polarization components plotted in
Figs. 2(b) and 2(e) exhibit a very strong directionality
for jpzj=jpyj ¼ 1 and a much weaker directionality for
jpzj=jpyj ¼ 20. For the circularly polarized dipole, two C
points occur below but close to the critical angle at θC� ≈
0.20π with R ≈ 0.33. In contrast, the two C points of
the highly eccentric dipole appear close to the z axis.
Similar to the elliptically polarized dipole in free-space [see
Figs. 1(d)–1(f)], Cþ and C− are not only barely separated in
k space (θC� ≈ 0.01π), but also hidden in the low intensity
region (R ≈ 1.5 × 10−3). However, the visibility can be
enhanced by choosing an appropriate postselected polari-
zation state,

u� ¼
�

uTE
∓ uTM

�
∝
�

tTMðk0Þjpzj
∓ {tTEðk0Þjpyj

�
; ð9Þ

which compensates the amplitude difference of ETE and
ETM at the critical angle (kx ¼ k0). By applying this scheme
to the circular and the highly eccentric dipole moments, we
obtain the far-field intensities, Iu� ∝ jEu�

�j2, plotted in
Figs. 2(c) and 2(f). Especially for the elliptical dipole
moment, the visibility is strongly enhanced with respect to
the projection onto the circular polarization basis shown in
Fig. 2(e). Since the maximum of Iu� is at the same angular
position (critical angle) as the zero value of Iu∓, the
visibility is maximized. However, the increased visibility
is reached at the cost of a reduced intensity. Nevertheless,
we can use the described approach to measure hardly
separated C points. Additionally, this method enables the
experimental retrieval of the dipole moments themselves,
which will be explained with the aid of an experimental
example.
The utilized setup is sketched in Fig. 3(a). An incoming

radially polarized beam (λ ¼ 530 nm, beam width
w0 ¼ 1.1 mm) focused by a microscope objective with a
numerical aperture (NA) of 0.9 and focal length f ¼
2.0 mm excites a gold nanosphere with a diameter of
80 nm sitting on a glass substrate. The particle can be
approximated as a dipolelike scatterer with its dipole
moment being proportional to the local excitation field,
p ∝ E [31]. When the particle is in the center of the focal
spot, we induce a pz dipole moment [9]. However, a
subwavelength shift of the particle along the y direction
induces an additional weak py dipole component [9]. The
relative phase between pz and py is close to�π=2, because
of the transverse spin arising in tightly focused radially
polarized beams [9,32]. The ratio of the dipole amplitudes
is controlled by the distance between the particle and the
center of the focal spot [9]. The light scattered into the glass
substrate is collected by an immersion-type objective
(NA ¼ 1.3) in confocal configuration. Behind the objec-
tive, we project the polarization of the scattered light onto
u�. For that, we image the back focal plane of the lower

FIG. 2. Far-field radiation of dipoles spinning around the x axis
above a dielectric air-glass interface. (a) and (b) Show I, I−, and
Iþ for a circular polarized dipole, with red and blue arrows
highlighting C�. (c) The corresponding postselected polarization
states, Iu− and Iuþ, optimized to generate perfect directionality
(1∶0) on the critical angle. (d)–(f) Corresponding far-field
intensity patterns for a strongly elliptical dipole moment,
jpzj=jpyj ¼ 20.

FIG. 3. Experimental setup and measurement scheme.
(a) Sketch of the experimental setup. (b) Projection onto the
polarization states u� ¼ ½cosðϕÞ; { sinðϕÞ�, with � indicating
ϕ ≶ 0.
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objective onto a Θ cell containing liquid crystals, which
locally rotate the incoming polarization state [33]. This
converts ETE and ETM to Ey and Ex. Additionally, theΘ cell
introduces a small phase shift between ETE and ETM, which
can be neglected in this proof-of-principle experiment. For
illustration, the effect of the Θ cell is sketched in Fig. 3(b).
In front of the Θ cell, the light is mainly TM polarized
(green arrows) with only a weak �π=2 phase-shifted TE
component (gray arrows). The TM component is symmet-
ric with respect to the optical axis (z axis) and the TE
component is antisymmetric with respect to the y axis. This
exemplary polarization state is chosen for this discussion,
since it is similar to the expected left- and right-handed
elliptically polarized far fields (see red and blue arrows) of
a spinning dipole [11]. The local polarization rotation of the
Θ cell is sketched in gray. The polarization distribution
behind the Θ cell is sketched on the right, with ETM and
ETE being converted into Ex and Ey. A λ=4 retarder
transforms the locally elliptical polarization distribution
into purely linear polarization with varying orientation of
the polarization axis. Utilizing a linear polarizer set to an
angle ϕ with respect to the x axis, we realize the projection
onto the polarization state u� ¼ ½cosðϕÞ; { sinðϕÞ�, where
the index � indicates ϕ ≶ 0.
Finally, we experimentally investigate the emission pat-

terns for two different particle positions. In Figs. 4(a) and
4(b), we depict the circularly polarized far fields I− and Iþ
for a particle position of x ≈ 0 and y ≈ 200 nm, where we
expect the induced dipole moment to be nearly circular [9].

We measure the scattered light only within the angular range
defined by 0.95 ≤ k⊥=k0 ≤ 1.3 (see black circles), since the
immersion-type objective has an NA of 1.3 and below
k⊥=k0 ¼ 0.9 the scattered light interferes with the much
stronger excitation beam (the angular region below k⊥=k0 ¼
0.95 is indicated as gray area). For comparison, we depict the
theoretical distributions as insets, calculated for Δφ ¼ π=2
and jpyj ¼ jpzj. As mentioned above, the C points occur
slightly below the critical angle (see red and blue crosses).
Experiment and theory are in very good agreement, indicat-
ing that the experimentally excited dipole closely resembles
the theoretically assumed dipole moment.
Now, we position the particle at x ≈ 0 and y ≈ 30 nm,

obtaining I− and Iþ as they are depicted in Figs. 4(c)
and 4(d). Here, pz dominates py [5], and in comparison to
Figs. 4(a) and 4(b), the spin splitting is much weaker and
the C points would be barely separated and hard to observe.
Actually, within our experimental geometry, the C points
cannot be measured at all, since they are in the angular
region far below NA ¼ 0.9 (see gray area), where the
scattered light is interfering with the transmitted excitation
beam. However, it is possible to determine the position of
these C points of the scattered light by adjusting the angle
of the polarizer to reach maximum visibility at the critical
angle. Here, we obtain the strongly directional far fields in
Figs. 4(e) and 4(f) for a polarizer angle of ϕ ≈ 5°. The
reduced intensity of the scattered light is compensated
by a longer exposure time of the camera [fluctuations in
Figs. 4(e) and 4(f) are caused by imperfections of the
polarization projection]. By comparing the experi-
mental post-selected polarization state u� ¼ ½cos ð5°Þ;
∓ { sin ð5°Þ� with Eq. (9) we can determine the positions
of the C points, the dipole moment amplitude ratio
jpzj=jpyj ≈ 7.6� 1.2, and the sign of the spin, here point-
ing in positive x direction [32]. The result is illustrated as a
polarization ellipse (dashed black line) in Fig. 4(g), where
the margin of error is indicated as the gray area, the long
and short axis of the dipole are shown as green and
gray vectors, and the spinning direction is sketched as a
black vector. The good overlap between experiment and
theory (insets) in Figs. 4(e) and 4(f)—calculated for
jpzj=jpyj ¼ 7.6, with C points marked for the sake of
completeness—indirectly validates the experimental post-
selection technique [25].
Conclusion.—We established a link between the ellip-

tical polarization of a dipole emitter and its far-field C
points. Furthermore, we theoretically and experimentally
demonstrated that projecting the far field onto a spatially
varying postselected polarization state reveals the angular
separation and the helicities of C points even for highly
eccentric dipole moments, enabling the experimental
retrieval of their complex dipole moments.
In principle, the technique can be adapted to measure the

orientation of linear dipoles [25], an important task in
nanophotonics and microscopy [34–38], where the

FIG. 4. Polarization-resolved back focal plane (BFP) images.
(a) and (b) I− and Iþ distributions (normalized to their common
maximum, depicted angular range defined by 0.95 ≤ k⊥=
k0 ≤ 1.3) for a particle position of x ≈ 0 and y ≈ 200 nm, where
jpzj=jpyj ≈ 1. Theoretical distributions are shown as insets (red
and blue crosses indicate the C points). (c) and (d) I− and Iþ for
x ≈ 0 and y ≈ 30 nm. (e) and (f) BFP images for the same
position as (c) and (d), but for a postselected polarization state of
u� ¼ ½cosðϕÞ; { sinðϕÞ� with ϕ ¼∓ 5°. Theoretical distributions
including the reconstructed C points are shown as insets. (g) The
dashed black line indicates the reconstructed polarization ellipse,
with error margins, spin, and dipole moments indicated as gray
background, black vector, and green (pz) and gray (py) vectors,
respectively.

PHYSICAL REVIEW LETTERS 121, 243903 (2018)

243903-4



orientation of transition dipole moments of quantum
emitters in anisotropic environments influences the lifetime
of their excited states [39,40]. Moreover, the robustness of
our technique to noise [25] may allow for localizing of
nanoparticles with subwavelength precision [5] and for
distinguishing adjacent quantum emitters with slightly
different dipole moments.
To compare our results with a BFP fitting technique that

measures the orientation of molecules exhibiting linear
dipole moments [35], we express our accuracy in degree
using the reconstructed dipole moment including the error
margins: Δ¼�½tan−1ð8.8Þ−tan−1ð6.4Þ�=2≈�1.2°, which
is comparable to the accuracy of 1°–2° reported in
Ref. [35]. Even higher accuracies can be achieved using
scanning methods [36,41], which could be combined with
the presented polarization projection technique.
An advantage of the WM scheme is that only a small

portion of the light is used to detect the orientation of
the dipole. While in our proof-of-principle experiment the
remaining light is dumped by the polarization filter, it could
be used, for instance, to gain spectral information on the
dipole emitter.
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