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The problem of defining work done on an electromagnetic field (EMF) via moving charges does not
have a ready solution, because the standard Hamiltonian of an EMF—whose time derivative should define
the work according to the first law—is not gauge invariant. This limits applications of statistical mechanics
to an EMF. We obtained a new, explicitly gauge-invariant Hamiltonian for an EMF that depends only on
physical observables. This Hamiltonian allows us to define work and to formulate the second law for an
EMF. It also leads to a direct link between this law and the electrodynamic arrow of time, i.e., choosing
retarded, and not advanced solutions of wave equations. Measuring the thermodynamic work can
determine whether the photon mass is small but nonzero.
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Introduction.—Hamiltonian dynamics is essential for
statistical mechanics and thermodynamics [1-4]. Basic
distribution functions of statistical mechanics (e.g., canonical
or microcanonical) are formulated in the phase space and are
based on the conservation of energy and of the phase-space
volume (the Liouville’s theorem) [1-4]. Also the basic
quantities of thermodynamics—energy, work, and heat—
are defined via the Hamiltonian of the system; e.g., the
change of the time-dependent Hamiltonian defines the work
[4]. The first law divides energy into work and heat [4], while
the second law limits work extraction via cyclic processes
[5]. The third law studies work as a resource for cooling [6].

Our aim is to understand an electromagnetic field (EMF)
as a thermodynamic and hence Hamiltonian system; the
research done on EMF from various angles (field-theoretic,
quantum, statistical, etc.) is reflected, e.g., in Refs. [7-14].
To this end, we need to understand the work done on EMF
via moving charges. We stress that thermodynamics and
electrodynamics share at least two structural features.
(1) Both study systems with many degrees of freedom.
(2) Both need specific subsystems (work sources) whose
motion is prescribed in the sense that the backreaction on
them is partially neglected. For thermodynamics these are,
e.g., vessels of a gas [4], while for EMF these are moving
charges [7]. Note that neglecting backreaction does not
mean neglecting the energy transfer which is the very point
of defining work [4].

Given these similarities, the work is to be defined via the
Hamiltonian of an EMF. But it appears that (for nonsta-
tionary charges) the change of the standard Hamiltonian for
an EMF is not gauge invariant. Hence we cannot apply it
for defining work. After discussing this issue, we determine
an explicitly gauge-invariant Hamiltonian of EMF that
(i) generates Maxwell’s equations via Hamiltonian equa-
tions, (ii) reduces to the standard expression for the free
EMEF, (iii) allows us to define work. This work consists of

0031-9007/18/121(24)/240602(5)

240602-1

electrostatic and vortical contributions. (iv) If the work
done on EMF is measured independently, it can indicate on
whether the mass m of the photon holds m = 0 or m > 0.
(v) The definition of work demonstrates an explicit relation
between thermodynamic arrow of time (i.e., the second
law) and the electrodynamic arrow of time. Despite
opinions expressed since the Ritz-Einstein debate [15],
the two arrows are so far regarded to be different from each
other [16-19].

The Lagrangian of a classical EMF.—for a given motion
of charged matter with density p and current J;, the
Lagrangian reads [7]

E? B?
LD:/d3ch, Lo =" =S =pb+Tidn (1)
E =-0,p—4;, i=1223, (2)
B, = €y 0jAr,  emBr=0A - 0Ai,  (3)

where E; and B; are (respectively) electric and magnetic
fields, ¢ and A; are (respectively) scalar and vector
potential. We took ¢ =1 and denoted the 3D coordinate
as x = (xy,x5,x3) [e.g., E; = E;(x,1)]. Repeated space
indices imply summation, 0; = 9/0x;, A;=9,A;, and
€;jx 1s the totally asymmetric factor with €153 = 1.

L, refers to coordinates ¢(x, t) and A;(x, t) and veloc-
ities A;(x, 7) that are parametrized by a continuous index x
and discrete index i. Lagrange equations have the usual
form, but with variational derivatives

d

JOLD/3A;(0)]=0Lp/3A,(y),  OLp/5¢p(y)=0. (4)

Note that £, does not contain (;'5, hence the last equation in
Eq. (4). When working out Eq. (4) we standardly assume
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that p, J;, E;, and B; decay to zero at the spatial infinity,
apply integration by parts, and employ known formulas of
variational calculus, e.g., 6A;(x)/6A;(y) = 6;;6(x — )
with Kronecker and Dirac’s deltas, respectively. Hence
we get from Eq. (4) equations of motion:

O + A = AA; — O (9,A;) + Ty, (5)
Ap = —p - 0;A;, (6)

where A = 9,0; is the Laplace operator. Equations (2) and
(3) show that Egs. (5) and (6) become the Maxwell’s
equations

E; =€ 0By — J;. OiE; = p. (7)

Equations (5) and (6) also imply the conservation of charge:
P+ 0 g, =0. (8)

The standard Hamiltonian of an EMF.—is constructed
from Eq. (1). An EMF is a singular system, since £, does
not contain ¢ [20,21]. This singularity can be dealt with in
various equivalent ways, also via the full Dirac’s formalism
[20,21]. But the simplest way is to carry out the Legendre
transformation with respect to A,- only [20,21]:

Hp = /d3XHD7 Hp = piAi = Lp, )

where the canonic momentum p; is defined from
5HD/5Ak(y) =0 or Ai = p;i — 0i¢. (10)

Putting Eq. (10) into Hp, and making integration by parts
we arrive at [20,21]:

1 1

HD:EP%+§B%—J1'A[+¢<8[P5+P)’ (11)
where ¢ is now the Lagrange multiplier for the constraint
0;p; + p = 0 [given also by Egs. (4), (6), (10)]. Hamilton
equations of motion are read from Eq. (11) with canonic
coordinates A;, momenta p;, and the Lagrange factor ¢
[20,21]:
Ai =0Hp/op;,

pi = —0Hp/0A,, 6Hp/é¢ = 0.

(12)
Equations (12) bring back Eqs. (5) and (6). On the solutions
of Egs. (5) and (6)—where we have E; = —p; from Eqgs. (2)

and (10)—Hamiltonian Hp = %Elz + %Blz — J;A; reduces
for J; = 0 to the known Poynting energy of a free EMF [7]

e = [ @4IE + B (13)

Eree 18 energy, not a Hamiltonian, since it is not written in
canonical coordinates. Equation (13) includes the case of
free (and generically space localized) EMF fields.

Now Hp is generally time dependent due to p and J;. As
for any time-dependent Hamiltonian, we have

i . 6H SH, .SH
HD:/d3x<A,.5AD+p Dy D) (14)

“op, " o
+ / Px(pp — TA;). (15)

Now Eq. (14) nullifies due to Eq. (12), so H p is determined
by Eq. (15). Hence Hy, is conserved if p = -7[ = 0, where
the Lagrangian Eq. (1) is time-translation invariant.
Equation (15) could be guessed directly from Eq. (1).

But we cannot apply Hp and Eq. (15) for calculating
energy change. Recall that equations of motion Egs. (5)—(7)
are invariant with respect to gauge change

¢_)¢+Kv Ak—)Ak—akK, (16)

where «(x, ) is arbitrary. This invariance relates to the zero
mass of an EMF [10]. Because of Eq. (8), the Lagrangian
Eq. (1) changes under Eq. (16) by a full time-derivative:
Lp = Lp — (d/dt) [ d*xpx. Equation (15) also changes by
a full time-derivative under the gauge change (16)

HD_)HD +E/d3xblc, (17)

where we used Eq. (8). For a Lagrangian a shift by full
time-derivatives is allowed [22], but for a Hamiltonian it is

a problem, since it alters the energy change ,’12 Hpdt
between f; and ?,. Now H p 1s gauge invariant for a
particular case p(x,t) = p(x,t,) =0 for all x. This is
too restrictive for the definition of the energy change and
work. Indeed, in a standard task of thermodynamics a
many-body system (e.g., an EMF) is employed as an
energy storage; i.e., the time-dependent parameters are
driven by different sources that exchange work through the
system. For such cases it is simply necessary to calculate
the energy change up to a given time, because this is the
work that goes to one of the work sources.

The gauge variant H, is not suitable for defining work.

Gauge-invariant Hamiltonian.—The following gauge-
invariant method starts with solving Eq. (6) via the inverse
Laplacian A~! (see Sec. 1 of Ref. [25]):

l/dgyp(y)Jr@,-Ai(y)‘ (18)

= —A-! A)=—

We put back Eq. (18) into £, thereby eliminating ¢. In
subsequent calculations, see Sec. 1 of Ref. [25], we neglect
one full time-derivative (allowed for a Lagrangian), and
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also full space derivatives, due to boundary conditions. We
then get a new Lagrangian that depends on the magnetic
field B; and on p:

= /d3x£,

1 1. . 1
L= EPA_IP - EBiA_l(Bi) - EBI'B; - B,AT'(R;), (19)

Ri = €[jk3ij, i.e., I_é = rotj. (20)

Equation (19) comes with a constraint that follows from
Eq. 3)

and confirms that an EMF has two independent
coordinates. )
In equations of motion (d/dt)(6L/6B(y)) =
(6L /5B (y)) we use
SL/8Bi(y) = —A (By)(v) = TL(y)- (22)

This leads to autonomous equations for B; that can be also
derived from the Maxwell’s equations, Eq. (7),

Using Eq. (22) we introduce the canonical momentum I,
via Eq. (22) and construct from Eq. (19) the Hamiltonian
via the usual Legendre transformation

H= / dx[I B, — L] = Hp + &, (24)

3
Eg= —l/depA ! /%(A‘l[alp])z >0, (25)

I AlL BB

Hy= [ B0 BR B A R)|. o

where constraint Eq. (21) is implied. Thus Hamiltonian H
amounts to the electrostatic part £g (see Sec. 2 of Ref. [25])
and the magnetic part Hp. The latter consists of the free
magnetic part and the interaction term: [ d°xB;A™'(R;).
Hence p and R; emerged as time-dependent parameters of
H. We emphasize that they can be given independently, in
contrast to p and J; that relate to each other via Eq. (8).
Indeed, any J; is represented as J; = O,y + €;,.0;0;
(Helmholtz’s decomposition; see Sec. 3 of Ref. [25]).
Then p relates to y via Eq. (8): p + Ay = 0, while R;
relates to Q; only: R= rotroté. Once y and Q, can be
independent from each other, so are p and R;.

(1) Equation (23) can be reproduced from Eq (26) via
Hamilton equations I, = (§H/8By) and B, = —(5H /811}).
Note that £ drops out from equations of motion. Hence for

Ri = 0, the magnetic Hamiltonian is conserved Hp =0;
cf. Eq. (26). A related law: H in Eq. (24) is conserved,
H=0, if ]k =0 and p is always bounded; see Sec. 3
of Ref. [25].

(i) Let us relate Eq. (24) to Poynting’s energy;
cf. Eq. (13) and see Sec. 6 of Ref. [25] for details. For
general discussions on Poynting’s energy; see Ref. [26].

Apply €,,,i0,, to both sides of the Maxwell’s equation
€;jx0;E, = —B; [deduced from Egs. (2) and (3)] and
employ there Eq. (7). Then we can express E; via B
and 0;p:

i =A (0 + €ijkajBk>- (27)

We put Eq. (27) into Eq. (13), and integrate by parts using
Eq. (21):

E? + B?
/d3x%=H|R[_o=55+HB|R;_o- (28)

Under R,- =0, Hy is conserved in time, and hence the
change in time of Poynting’s energy 3 [d*x(E? + B})
reduces to the change of ;. Note the difference between
Egs. (13) and (28): Eq. (13) assumes J; = 0; hence it allows
only electrostatics (p = 0). But Eq. (28) uses only R; = 0;
hence it does allow for motion of charges.

(iii) We study the thermally isolated case, where all
canonic coordinates B; and momenta II; are kept in the
description; i.e., no system-environment division is made.
Then the work is defined via H , which is the statement of
the first law [1-4]. Using equations of motion IT, =
(8Hjy/8By;) and B, = —(6Hp/511;) we get from Eq. (26)
[cf. Eq. (14)]:

H=Es+Hy=Eg+ / dBxB,ATY(R).  (29)

H consists of two parts: electrostatic £ slp] and magnetic

Hy(R;); cf. Eq. (20). &g does not depend on fields, it
depends only on the externally controlled p(x, #). Hence it
is always reversible, e.g., Es(t;) = Eg(t,) for cyclic
changes of p: p(x,t;) = p(x, t,). Hamiltonians containing
time-dependent, nondynamic terms were discussed in
Ref. [27]. Generally, such terms cannot be omitted, since
they contribute to the reversible part of work.

(iv) What if a photon has a small but nonzero mass m?
Because of its foundational importance, has been pondered
in physics for decades [10-13]. Experiments put stringent
bounds on m [10], but they cannot show that m = 0. Even
within such bounds m > 0 can be relevant, e.g., in
cosmology [12,13]. We show that m > 0 leads to a different
definition of work. Recall that massive electrodynamics is a
consistent theory [10,11] (see Sec. IV of Ref. [25]) that
amounts to adding to L, in Eq. (1) the massive term
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(m*/2)(p* — A?). This changes equations of motion
Egs. (5) and (6) by adding —m?A; to the rhs of Eq. (5)
and m?¢ to the rhs of Eq. (6). New equations produce
p+OJ, = m2(¢ + 04Ay). Hence the charge conservation
Egq. (8) and m > 0 lead to the Lorenz gauge ¢ + 9;A; = 0
[10]. Then Eq. (15) still applies for the change of the total
Hamiltonian, but now no gauge-transformation Eq. (16)
can be made. Hence Eq. (15) is consistent for m > 0.
Moreover, for m > 0 the method of Eq. (18) can be
implemented, but it does not lead to a Lagrangian (or
Hamiltonian) description of A;; see Sec. 4 of Ref. [25].
Hence Egs. (15) and (29) provide consistent and different
definitions of work for (respectively) m > 0 and m = 0. If
the work done on an EMF can be measured independently,
this will show whether or not a photon has mass.

Arrows of time.—Given the Hamiltonian system
Eq. (26), we can develop for it statistical mechanics,
e.g., assuming Gibbsian initial distribution for coordinates
B; and momenta II;. Here we focus on a specific, but
important situation of the second law: let R; be switched on
at some initial time, and there is no magnetic field before
that time: R;(x,t) = B;(x,t) = II(x, 1) = 0 for < 0. This
implies the zero-temperature initial Gibbs distribution.

With these initial conditions, Eq. (23) shows that B;(x, ¢)
for t > 0 relates to R; via the retarded solution [7]

d3

Bilx.0) = Jx =]

Ri(y.t—|x—y]). (30)
We get from Egs. (29) and (30), for the magnetic work,

iy = / PxBA (R, (x, 1) = —@ / P
X/d3yRi(y,t—|x—y)/d3zRi(z, 1)

[x =l =2

(31)

For illustration we calculate Eq. (31) for well-localized
R;(v,1), e.g., Ri(y,t) = f;i(1)8(y); cf. Sec. 5 of Ref. [25].
Using this in Eq. (31), and going to spherical coordinates in
[ &®x, we end up with

(i”’(t /d3 /dsR %,5)

Hy (1)~ Hp(0)= /Otjfs[,( P02 (32

HB:

If we impose cyclicity assuming that besides R;(y,?) =0
for + <0, it also holds R;(y,z) =0, then y;(z) =0 in
Eq. (32). Hence we get the statement of the second law
(Thomson’s formulation) for cyclic processes [5]

HB<T) —HB(O) > 0 if R,»(x, t) :Bi(x, t) =0 fort¢ < 0

and R;(x,1)=0 fort>7;  (33)

ie., an EMF gains energy in cyclic processes.
Equation (33) holds for any cyclic variation; see Sec. 5
of Ref. [25] that cites Ref. [28]. The usage of a localized
R;(x, 1) in Eq. (32) was for illustration only.

The above derivation was done assuming initial con-
ditions. Alternatively, we can employ final conditions
assuming that R;(x,t) = B;(x,t) =0 for ¢t > 7. Then the
connection between R;(x, r) and B;(x,1) =0 forz < ris to
be given via the advanced solution of Eq. (23):

i l
B, 47t/|x

The fact that normally one employs a retarded solution,
Eq. (30), via initial conditions, and not the advanced
solution Eq. (34) via final conditions, amounts to the
electrodynamic arrow of time [16—-19].

Repeating the above steps and imposing the cyclicity
condition R;(x, ) = 0 for r < 0, we get instead of Eq. (32):
Hpg(t) — Hp(0) = — [7(ds/4x)[r;(s)]*. Now instead of the
second law we got its opposite: the energy is extracted from
an EMF; again this holds more generally, see Sec. 5 of
Ref. [25]. Hence we linked the thermodynamic arrow of
time (second law in Thomson’s formulation) and the
electrodynamic arrow. Relations between the cosmological
and thermodynamical arrows were explored in Ref. [29].

Work vs radiation.—We emphasize that Eq. (33) does
not describe a/l forms of irreversibility. For example, taking
in Eq. (29) a rectilinear motion (along x; axes) of charges
with time-dependent acceleration, J,(x;,7) # 0 and J, =
J3 =0, we get HB = 0 due to R; = 0; cf. Eq. (20). But in
this case there is radiation [7], which is an irreversible
phenomenon. It is natural that we do not see it on the
considered level of full energies. Once we consider finite
times and fields nullifying at infinity, all the radiation is at
finite distances from its sources, and hence Eq. (26)—
defined via an integral over the whole space—also contains
the (approximately) spherical wave that is responsible for
radiation. Indeed, for all cases, where R;(x,7) = 0 at all
times, but radiation is present, we get from Eq. (26) that H
amounts to the conserved magnetic energy Hp plus the
reversible electrostatic energy Eg; see Eq. (25). Thus H
does not show irreversibility for those cases.

On the other hand, if in Eq. (33) Hp(7) — Hp(0) > 0 due
to a cyclic R;(x, 1), then there generically will be radiation.
But we yet do not known whether this is always the case
(not just generically), since there are specific configurations
with R,-(x, t) # 0 that do not radiate [30]. Their implica-
tions are to be clarified.

In conclusion, we found a new gauge-invariant
Hamiltonian, Eqgs. (24)—(26), for an electromagnetic field
that holds desiderata for defining work. In particular, it
leads to the second law, relates it with the electrodynamic
arrow of time, and differs from the Hamiltonian obtained in
the limit of vanishing photon mass. This Hamiltonian

Ri(y.t+[x—y]). (34)
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should help for constructing the nonequilibrium thermo-
dynamics of an EMF. Several problems are left open:
(1) Relations between work and radiation; see above.
(2) The local (finite-volume) version of energy given by
Hgpg; cf. Ref. [31]. (3) Physical meaning of the canonic
momentum Eq. (22). (4) More general (including thermal)
initial states from which one can deduce the second law for
the work done on an EMF and relate it with the electro-
dynamic arrow. (5) Backreaction from the charged matter.
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