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We propose a tune-free scheme to realize Kramers pairs of Majorana bound states in recently discovered
higher-order topological insulators (HOTIs). We show that, by bringing two hinges of a HOTI into the
proximity of an s-wave superconductor, the competition between local and crossed Andreev pairing leads
to the formation of Majorana Kramers pairs, when the latter pairing dominates over the former. We
demonstrate that such a topological superconductivity is stabilized by moderate electron-electron
interactions. The proposed setup avoids the application of a magnetic field or local voltage gates, and
requires weaker interactions compared with nonhelical nanowires.
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Majorana bound states (MBSs), with topological quan-
tum computation prospects, have gained much attention
recently [1–31]. However, the prototypical realizations
based on proximity-induced superconductivity and either
semiconducting nanowires with strong spin-orbit inter-
actions [32–44], or topological insulators (TIs) [45,46]
require an external magnetic field, detrimental to super-
conductivity and MBSs themselves. It might also be noted
that buried Dirac points are common in two- or three-
dimensional TIs (2DTIs/3DTIs) [47–51], impeding the
realization of MBSs in TI-superconductor heterostructures
using magnetic fields [47].
Platforms without magnetic fields are therefore searched

for [52–58], examples including helical spin textures
[59–66] and crossed Andreev pairings in double nanowires
or 2DTI edge channels [67–73]. In the former, the spin
texture arises through indirect coupling mediated by
itinerant carriers. The superconducting gap reduces it,
leading to a tradeoff between the operation temperature
(set by the indirect coupling) and the MBS localization
length (set by the superconducting gap). On the other hand,
the latter setup requires fine-tuned chemical potentials in
two isolated one-dimensional channels. These difficulties
motivate us to seek a new scheme to avoid fine-tuning.
Here we propose such a scheme, exploiting the recently

discovered higher-order topological insulators (HOTIs)
[74–82]. Specifically, we focus on 3D helical second-order
TIs. In contrast to the gapless surface states in their first-
order counterparts [6,7,83–86], these HOTIs host helical
hinge states, in which opposite spins move in opposite
directions, akin to the spin-momentum locked edge chan-
nels in 2DTIs [87–93]. There is compelling experimental
evidence for the topological hinge states in Bi(111) nano-
wires and bilayers [80,94,95].

Our scheme exploits s-wave superconductivity-proximi-
tized helical hinges of a HOTI. Two types of pairings arise,
a local (standard) and a nonlocal (crossed Andreev) one.
We first demonstrate that Majorana Kramers pairs (MKPs)
emerge when the crossed Andreev pairing dominates. This
regime, however, does not arise in a noninteracting system.
Nevertheless, we show that rather weak electron-electron
interactions are sufficient to push the system into a regime
where the crossed Andreev pairing dominates. We therefore
predict that MKPs typically appear at the ends of a HOTI
nanowire.
To elucidate an essential feature, consider that two

parallel hinges of a helical HOTI are in contact with an
s-wave superconductor. Cooper pairs can tunnel into the
hinges through two processes. The local (nonlocal) pairing
process corresponds to the two partners of a Cooper pair
tunneling into the same (different) hinge(s). We denote the
configuration as parahelical (orthohelical), when the hel-
icities of the two hinges are the same (opposite). For
example, in the parahelical setup a spin-down electron in
the two hinges propagates in the same direction, whereas in
the orthohelical setup they move in opposite directions.
The momentum conservation imposes selection rules: the
chemical potentials of the two hinges have to be the same
(opposite) for the parahelical (orthohelical) setup [68] to
allow for a crossed Andreev pairing. Since the conducting
hinges of a HOTI are all connected, their chemical
potentials are identical without applying local voltage
gates, a substantial advantage.
Setup.—As a concrete example, we consider the recently

discovered HOTI material, a bismuth crystal grown along
the (111) axis [96], which hosts helical hinge states [80], as
drawn in Fig. 1. Since the helicities of any two parallel
hinges on the same lateral facet are opposite, the
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orthohelical setup is realized when a superconductor covers
one lateral facet with two parallel hinges. In this case,
crossed Andreev pairing is not feasible.
However, when the superconductor extends over two

lateral facets (see the right panel of Fig. 1), it is in contact
with three parallel hinges along z≡ ð111Þ axis. Two of
them (labeled by 1 and 2) carry the same helicity while the
third one (labeled by 3) the opposite. The momentum
selection rules, together with uniform chemical potential
(assumed to be in the bulk gap and not very close to the
Dirac point) allow a crossed Andreev pairing between the
hinges 1 and 2 and forbid it between the orthohelical hinges
[(1,3) and (2,3) pairs], see Fig. 2. As a result, the hinge 3
decouples from the remaining two and the parahelical setup
is realized in the hinges 1 and 2 [97].
Model.—From now on we restrict our work to the two

coupled hinges [100]. We model them using the fields

ψnðrÞ ¼ Rn;↓ðrÞeikFr þ Ln;↑ðrÞe−ikFr; ð1Þ

with the coordinate r along the hinge, the hinge index
n ∈ f1; 2g, the Fermi wave number kF, and the slowly
varying right- and left-moving fields Rn;↓ and Ln;↑,
respectively. Whenever possible, we suppress the coordi-
nate r and the spin index, the latter fixed by the spin-
momentum locking. In a noninteracting system, the effec-
tive Hamiltonian reads H ¼ H0 þHintra þHc. The kinetic
energy term is

H0 ¼ −iℏvF
X
n¼1;2

Z
drðR†

n∂rRn − L†
n∂rLnÞ; ð2Þ

with the Fermi velocity vF. The local pairing term is

Hintra ¼
X
n¼1;2

Z
dr

�
Δn

2
ðR†

nL
†
n − L†

nR
†
nÞ þ H:c:

�
; ð3Þ

with the pairing gap Δn in the hinge n. Finally, the crossed
Andreev pairing term is

Hc ¼
Z

dr

�
Δc

2
ðR†

1L
†
2 − L†

2R
†
1Þ þ ð1 ↔ 2Þ

�
þ H:c:; ð4Þ

with the pairing gap Δc. For simplicity, we take a spatially
uniform real local pairing gap Δn > 0. On the other hand,
the crossed Andreev pairing gap Δc changes its (real) value
from finite (r ∈ ½0; L�) to zero (r ∉ ½0; L�), creating two
boundaries at r ¼ 0 and r ¼ L, as indicated in Fig. 2.
Assuming the hinge length L being sufficiently long, we
focus only on the boundary at r ¼ 0 and demonstrate the
existence of a MKP localized there.
Majorana Kramers pairs.—We first identify the cri-

terion for MKPs in a noninteracting system. The single-
particle Hamiltonian, see Eqs. (2)–(4), can be written in
the basis Ψ ¼ ðR1; L1; R2; L2; R

†
1; L

†
1; R

†
2; L

†
2ÞT as H ¼

1
2

R
drΨ†ðrÞHðrÞΨðrÞ, with the Hamiltonian density

FIG. 1. Left: In a Bi(111) nanowire (green), the gapless states
(blue arrows) propagate along the hinges. The spin-up (-down)
hinge states move against (along) the directions of the arrows.
The helicities of any two parallel hinge states [along z≡ ð111Þ
axis] on a single lateral facet are opposite. Right: In the proposed
setup, a superconducting layer (yellow) covers three parallel
hinges (labeled by 1, 2, and 3). The (1,2) pair carries the same
helicity, allowing for the crossed Andreev pairing. For other pairs,
[(1,3) and (2,3)], such pairing is suppressed. The x axis of the
local coordinate is defined along the perimeter of the hexagonal
cross section, and the y axis (not shown) is normal to the lateral
facets.

FIG. 2. Schematics of the parahelical setup in the xz plane of
the local coordinate (view from the þy direction) with the hinge
coordinate r. A superconductor (yellow) covers three long hinges
(along the z direction), and several short hinges (along the x
direction). In hinges 1 and 2, which are at distance d, the spin-up
states propagate toward the −r direction (red solid arrows) while
the spin-down states toward þr (blue solid arrows). Hinge 3 is
decoupled from the others. The local (Δ1;2) and crossed Andreev
(Δc) pairing processes are indicated by the dotted and dashed
arrows, respectively. Since the short segments along the x
direction are not aligned in the laboratory frame, Δc is suppressed
if r ∉ ½0; L�, while Δ1;2 remains constant for any r, including in
the short segments. As a result, the boundaries (black dashed
lines) are created at r ¼ 0 and r ¼ L (the ends of the nanowire),
which are assumed to be far apart on the scale of the Majorana
localization length. For clarity, only one crossed Andreev pairing
process, ΔcR

†
1;↓L

†
2;↑, is depicted.
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HðrÞ ¼ −iℏvFη0τ0σz∂r − Δþηyτ0σy − Δ−η
yτzσy

− Δcη
yτxσy; ð5Þ

with Δ� ¼ ðΔ1 � Δ2Þ=2. In the above, the matrices ημ, τμ,
and σμ act on the particle hole, hinge, and spin space,
respectively. They are given by the Pauli (identity) matrix
for μ ¼ x, y, z (μ ¼ 0). The bulk spectrum is twofold
degenerate due to the time-reversal symmetry (TRS), with a
gap denoted as Δb. The reversal of the sign of Δb, which
can be shown to coincide with the sign of ðΔ1Δ2 − Δ2

cÞ,
indicates the band inversion and suggests the presence of
zero-energy MBSs at a boundary.
By directly solving the Bogoliubov–de Gennes equation

of Eq. (5) at zero energy [65,101], one can show that such
bound states are indeed present [97]. With this procedure,
we find that a MKP at r ¼ 0 (and another pair at r ¼ L)
emerges if and only if

Δ2
c > Δ1Δ2: ð6Þ

Because of its topological origin, the MKP appears and
disappears wherever Δb reverses its sign even in setups
with different model details, e.g., a less abrupt change of
Δc. Similarly, additional second-order (co-)tunneling proc-
esses [68,72,102] not included here do not affect the
topological criterion as long as the local pairing gaps Δn
are of similar strengths [97]. We therefore conclude that the
criterion for MKPs is the crossed Andreev pairing to be
dominant over the local pairing, as described by Eq. (6). In
noninteracting systems, however, Eq. (6) cannot be fulfilled
[102]. Including electron-electron interactions is thus
essential for our scheme. Below we demonstrate that even
moderate interactions can drive the system into the topo-
logical superconducting phase hosting MKPs.
Interacting system.—To begin, we note that since our

setup respects TRS, the elastic backscattering is precluded
in the helical channels (unless the TRS is broken, for
example, by nuclear spins [103,104]). We therefore include
only the forward scattering processes into the interaction
Hint and bosonize the total hinge Hamiltonian Hel ¼
H0 þHint. This procedure leads to two copies of the
helical Tomonaga-Luttinger liquid,

Hel ¼
X
n¼1;2

Z
ℏdr
2π

�
unKn½∂rθnðrÞ�2 þ

un
Kn

½∂rϕnðrÞ�2
�
;

ð7Þ

with the interaction parameter Kn for the hinge n and the
modified velocity un ¼ vF=Kn. Using standard bosonic
fields θn and ϕn for helical channels [103,104], the local
pairing term reads

Hintra ¼
X
n¼1;2

Δn

πa

Z
dr cos½2θnðrÞ�; ð8Þ

where a is the short-distance cutoff, taken to be the
transverse decay length of the hinge states. The crossed
Andreev pairing term is

Hc ¼
2Δc

πa

Z
dr cos½θ1ðrÞ þ θ2ðrÞ� cos½ϕ1ðrÞ − ϕ2ðrÞ�:

ð9Þ

Above certain interaction strength, the crossed Andreev
pairing dominates and the topological criterion [see Eq. (6)]
is satisfied. To show this, we derive the renormalization-
group (RG) flow equations [97] following standard pro-
cedure [105]. To simplify the analysis, we introduce the
dimensionless coupling constants,

Δ̃nðlÞ ¼
ΔnðlÞaðlÞ

ℏun
; Δ̃cðlÞ ¼

ΔcðlÞaðlÞ
ℏ

ffiffiffiffiffiffiffiffiffiffi
u1u2

p ; ð10Þ

with l≡ ln½aðlÞ=að0Þ�. For given initial parameters (at
l ¼ 0), we numerically propagate the RG flow equations.
We stop the RG flow whenever any of the dimensionless
coupling constants becomes unity. At these points we
obtain the renormalized gaps and evaluate the criterion
for the MKP existence.
An example of the RG flow is in Fig. 3, showing how the

pairing gaps evolve for several starting values. The repul-
sive interaction tends to reduce both types of the pairing.
Importantly, due to the local nature of the Coulomb
interaction, the suppression is stronger for the local pairing
(red dashed curve) than for the crossed Andreev pairing
(blue solid curve): the repulsive interaction favors the
nonlocal pairing. Consequently, even if in their initial
values the local pairing dominates over the crossed
Andreev pairing [we take Δ̃cð0Þ=Δ̃1ð0Þ ¼ 1=3 in Fig. 3],
a sufficiently strong interaction can reverse this relation.
To prove that Eq. (6) with the renormalized pairing gaps

is the correct criterion, we note that the end points of the
RG flows (green arrows) are adiabatically connected to the
noninteracting limit without closing the bulk gap. Here, the
model can be refermionized into Eq. (5) with renormalized
pairing gaps [106]. The refermionized model can be used to
justify the existence of MKPs and allows us to estimate
their localization length. It is typically around 20 nm and
much shorter than the hinge length L ∼ 1 μm [97]. We thus
conclude that sufficiently strong electron-electron inter-
actions can stabilize well isolated MKPs.
Phase diagram.—To investigate the stability of theMKPs

in the parameter space, we repeat the above numerical
procedure for K1ð0Þ ∈ ½0; 1� and Δ1ð0Þ=Δcð0Þ ∈ ½1; 7�,
see Fig. 4. In the phase diagram, the green (yellow) color
stands for the region in which MKPs are present (absent). If
the system is noninteracting, theMKPs are absent, consistent
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with Ref. [102]. For Δ1ð0Þ=Δcð0Þ≳ 1, a rather weak
interaction Knð0Þ≲ 1 can stabilize the MKPs. The larger
Δ1ð0Þ=Δcð0Þ is, the stronger interaction is required to reverse
the gap strengths. A very strong interaction [red region;
K1ð0Þ < 2 −

ffiffiffi
3

p
≈ 0.27] destroys both types of the pairing

gaps. Further, we estimate the initial values K1ð0Þ≲ 0.6
[107] and Δ1ð0Þ=Δcð0Þ ¼ Oð1Þ [97], and find that they are
compatible with the MKP regime in Fig. 4.
In comparison with nonhelical nanowires [73], our setup

requires weaker interactions to induce MKPs. The differ-
ence between nonhelical and helical channels can be
understood as follows. The effects of electron-electron
interactions in nonhelical channels are “averaged” over
charge and (noninteracting) spin sectors, and thus weak-
ened as compared to helical channels. This quantitative
difference indicates the advantage of helical channels,
making HOTIs a promising platform for topological super-
conductivity without the need of magnetic fields.
The same RG analysis performed in the standard but

more involved source-term approach [73,108], in which
one incorporates explicitly the interhinge separation d
and coherence length ξs of the superconductor instead of
relying on knowing initial values of Δ1ð0Þ and Δcð0Þ in the
effective Hamiltonian, gives essentially the same phase
diagram as in Fig. 4; see Ref. [97]. For the parameters of
bismuth hinges [80,93,109], we find that moderate inter-
actions can render a dominant crossed Andreev pairing for
d ∼ 100 nm and ξs ∼ 1 μm. With these quantitative exami-
nations [97], we conclude that our setup is accessible in
realistic samples.
Discussion.—Our work indicates that generally MKPs

can be supported at the ends of a HOTI nanowire proximity
coupled to a superconductor without fine-tuning.We remark
that the hinge states are known to survive even when spatial
symmetries are broken by weak local perturbations due to
disorder, as long as the TRS is preserved [80]. As a
consequence, the MKPs proposed in this work are robust
against TRS-preserving disorder. It is alsoworth pointing out
that, in addition to theMKPs, our setup canwork as a Cooper
pair splitter—a source of spatially separated spin-entangled
electron pairs [110–122]. Finally,we remark that detection of
MKPs with the parity-controlled 2π Josephson effect, which
gives distinct signatures from unpaired MBSs [123], and
braiding-based [124,125] ormeasurement-based [126] quan-
tum computation schemes utilizingMKPs have been widely
discussed in the literature. Compared to setups without
TRS, since here the MKPs require no magnetic fields, they
are protected by a larger superconducting gap, leading to
shorter localization length and longer coherence time
[72,126]. Our setup provides building blocks for the meas-
urement-based structures proposed in Refs. [127–129],
which offers a route to scalable architectures for topological
quantum computation.
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FIG. 4. Phase diagram. The vertical and horizontal axes label
the initial values of the gap ratio [Δ1ð0Þ=Δcð0Þ] and interaction
parameter K1ð0Þ ¼ K2ð0Þ, respectively. The other parameters are
the same as those in Fig. 3. The green (yellow) region marks the
phase with (without) MKPs. The corresponding RG flows to the
blue dots (labeled by I–IV) are shown in Fig. 3. In the red region,
both types of the pairing gaps vanish.
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FIG. 3. RG flow diagram. We take the parameters K1ð0Þ ¼
K2ð0Þ ¼ 0.2, 0.4, 0.6, and 0.8, Δ̃1ð0Þ ¼ Δ̃2ð0Þ ¼ 3Δ̃cð0Þ ¼ 0.03,
að0Þ ¼ 5 nm, andL ¼ 1 μm. The crossed Andreev (local) pairing
gap Δc (Δ1 ¼ Δ2) is plotted in blue solid (red dashed) curves.
The bluedots (labeled by I–IV)mark the initial points ofΔc, and the
green arrows and points specify where the RG flows stop. The RG
flows labeled by II and III stop at the points at which the
renormalized crossed Andreev pairing dominates over the local
pairing (Δc > Δ1), indicating the topological superconducting
phase.
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