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Collective electron transport causes a weakly coupled semiconductor superlattice under dc voltage bias
to be an excitable system with 2N þ 2 degrees of freedom: electron densities and fields at N superlattice
periods plus the total current and the field at the injector. External noise of sufficient amplitude induces
regular current self-oscillations (coherence resonance) in states that are stationary in the absence of noise.
Numerical simulations show that these oscillations are due to the repeated nucleation and motion of charge
dipole waves that form at the emitter when the current falls below a critical value. At the critical current, the
well-to-well tunneling current intersects the contact load line. We have determined the device-dependent
critical current for the coherence resonance from experiments and numerical simulations. We have also
described through numerical simulations how a coherence resonance triggers a stochastic resonance when
its oscillation mode becomes locked to a weak ac external voltage signal. Our results agree with the
experimental observations.
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Constructive effects of noise include superresolution in
time reversal acoustics [1,2], signal enhancement due to
stochastic resonance (SR) [3–6], coherence resonance (CR)
[7–10], etc. In nonlinear excitable systems [11], noise of
appropriate strength can trigger coherent oscillations (CR)
and enhance the signal-to-noise ratio of a periodically
driven bistable system (SR). These constructive effects
of noise are typically demonstrated in few-degrees-of-
freedom systems amenable to analytical and simple
numerical studies, e.g., a particle in a double-well potential
under white noise and ac driving forces in the SR case [4]
and an excitable system described by the FitzHugh-
Nagumo equation in the CR case [8,9].
Technologically relevant devices are often complex

and harder to characterize, yet they may exhibit CRs as
well as SRs. A case in point are excitable semiconductor
superlattices (SSLs). Because of sequential tunneling
electron transport (STET), voltage-biased, doped, weakly
coupled SSLs can be modeled as nonlinear systems with
many degrees of freedom. They exhibit excitable or
oscillatory behavior depending on the driving and con-
figuration parameters [12,13]. For large doping densities,
SSLs have multistable stationary states that produce saw-
tooth-like current-voltage characteristics under dc voltage
bias. A square voltage pulse may induce excitability [14]

visualized by a large current spike caused by the formation
at the cathode and motion towards the anode of a charge
dipole wave (CDW) [13,15]. After the wave disappears,
there remains a stable static state consisting of a lower
electric-field domain near the cathode followed by a
higher field domain that extends to the anode. For lower
doping densities, the SSL total current (TC) may oscillate
periodically in time due to repeated CDW formation and
motion [13]. Depending on the cathode conductivity,
doping density, and temperature, voltage intervals of stable
stationary states may be followed by intervals of stable
oscillatory states [10]. Based on numerical simulations, a
CR has been predicted [10] and observed in experiments on
GaAs/AlAs SL at low temperatures [16].
Recently, under dc voltage bias, spontaneously chaotic

[17,18], periodic, and quasiperiodic [19] self-sustained cur-
rent oscillations have been observed in GaAs=Al0.45Ga0.55As
50-period SLs at room temperature. Noise may induce or
enhance chaotic oscillations over a wider voltage bias
range provided its amplitude is sufficiently large and its
bandwidth is much smaller than the oscillation frequency
[20]. Numerical simulations show that thermal and shot noise
enhance deterministic spontaneous chaos in a STETmodel of
a SSL of 50 identical spatial periods [21,22]. For shorter
SSLs, theory predicts enhanced deterministic chaos due to a
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Feigenbaum period-doubling cascade in certain voltage
intervals [23]. Reference [24] studies how variations in basic
design parameters influence chaos.
In this Letter, we study the CR in dc voltage-biased

SSLs at room temperature driven by external noise having a
bandwith larger than the oscillation frequency. We also study
the SR when a small ac voltage is added. The corresponding
experimental results are presented in Ref. [25]. For a dc
voltage bias, when the current drops below a critical value,
the external noise may produce large current spikes due to
the formation of a CDW at the injector that propagates
toward the collector and disappears there. The value of
the critical TC (CTC) to trigger a CDW is given by the
intersection of the well-to-well sequential current density
with the injector load line (current density versus local
electric field). Both these device-specific functions can-
not be directly determined from experiments. However,
the CTC can be extracted from numerical simulations of
the theoretical model by studying the ratio of the standard
deviation to the mean duration of large current spikes.
As the noise amplitude increases, a coherent oscillation
develops, which corresponds to a minimum of the
standard deviation of interspike time intervals divided
by the mean interspike time. Similar to this numerically
demonstrated CR, noise may enhance a weak ac signal,
thereby demonstrating a SR. Experiments confirm these
predictions [25].
Model.—The electric field −Fi and the two-dimensional

electron density ni at well i (i ¼ 1;…; N) satisfy [12,13,
22,26–28]

ϵ
dFi

dt
þ Ji→iþ1 ¼ JðtÞ; ð1Þ

ni ¼ ND þ ϵ

e
ðFi − Fi−1Þ; ð2Þ

where −e < 0, ϵ, ND, JðtÞ and Ji→iþ1 are the electron
charge, SSL average permittivity, doping density, TC
density, and tunneling current density from well i to
iþ 1, respectively [12,13,22]:

Ji→iþ1 ¼
eni
l
vðfÞðFiÞ − J−i→iþ1ðFi; niþ1; TÞ; ð3Þ

J−i→iþ1ðFi; niþ1; TÞ ¼
em�kBT
πℏ2l

vðfÞðFiÞ

× ln

�
1þ e−

eFil
kBT

�
e
πℏ2niþ1
m�kBT − 1

��
: ð4Þ

The function vðfÞðFiÞ has peaks corresponding to the
discrete energy levels in every well [12,13,22] (45, 173,
and 346 meV, for a 7 nm GaAs/4 nm Al0.45Ga0.55As SL
[17,18,20,25]). The barrier height is 388 meV. The mesa

cross section is a square with a 30 μm side length and
N ¼ 50 [25]. m�, l, kB, T are the average effective mass,
SSL period, Boltzmann constant, and lattice temperature,
respectively [12]. Voltage bias and boundary conditions
are [12,13,20,22,27,29]

l
XN
i¼1

Fi ¼ V þ ηðtÞ; ηðtÞ ¼ ηthðtÞ þ ηcðtÞ; ð5Þ

J0→1 ¼ σ0F0 and JN→Nþ1 ¼ σ0ðnN=NDÞFN . Figure 1
shows the tunneling current density versus the constant
field Fi ¼ F for ni ¼ ND and also the injector load line
(dot-dashed line). In Eq. (5), the voltage V may comprise
the dc voltage bias Vdc and an ac signal Vac ¼
Vsin sinð2πνtÞ. The voltage noise ηðtÞ has two components:
(i) ηthðtÞ, which is related to the noise of the source, and
(ii) the external noise ηcðtÞ. ηthðtÞ is simulated by picking
random numbers every 5 × 10−11 s from a zero mean
distribution with a standard deviation of 2 mV [20].
ηcðtÞ is a white noise with bandwidth of 1 GHz and tunable
amplitude Vrms

noise. These noise values have been selected so
that the results of the numerical simulations of the model
agree qualitatively with the results of the experiments
reported in Refs. [20,25]. We have ignored the smaller
value of ηthðtÞ at the SSL wells [21,22].
Results.—Equations (1)–(5) yield predictions that are

in qualitative agreement with experiments. Typically the
TC and the frequency of TC self-oscillations (TCSO)
are lower than observed [13], which we shall consider
when comparing with experiments. For deterministic
dc voltage bias, TCSO begin as a supercritical Hopf
bifurcation at Vdc ¼ 0.255 V and end at a saddle-node,
infinite-period bifurcation (SNIPER) at Vdc ¼ 0.385 V
(cf. inset of Fig. 1). The experiments exhibit the same
scenario [25].

FIG. 1. Current-field characteristics (solid line) and injector load
line (dot-dashed line) for Fi ¼ F and ni ¼ ND. The first inter-
section point yields the CTC (rhombus), Jcr¼78.7959A=cm2 and
field, Fcr ¼ 10.3265 kV=cm. Inset: I − V characteristics indicat-
ing maximum and minimum values of the current in the oscillatory
regime (dotted lines).
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Adding noise with increasing amplitude at Vdc¼0.387V,
TCSO appear as shown in Figs. 2(a)–2(e) for Vrms

noise >
1.4 mV indicating the presence of a CR. The CR frequency
follows the interspike average frequency [marked by tri-
angles in Figs. 2(f)–2(j)], which increases with increasing
Vrms
noise. For V

rms
noise < 2 mV, the TC presents a rapid small-

amplitude oscillation (caused by the noise) and large spikes
separated by long-time intervals. Between spikes, the TC is
close to a constant value slightly above Jcr defined in Fig. 1.
Figure 3(a) shows an enlarged view of JðtÞ for an interval
containing one large current spike with field profiles shown
in Figs. 3(b)–3(e). Outside the spike, the corresponding field
profile is quasistationary [cf. Fig. 3(e)]: Fi ≈ Fcr near the
injector, then Fi decreases to Fð1ÞðJÞ, stays there for several
periods, and increases again near the collector. As shown in
Figs. 3(b)–3(d), each large current spike corresponds to
CDW creation andmotion when J decreases and stays below
Jcr for some time. As J < Jcr, the high-field region near the
collector tries to move out leaving a field Fð1ÞðJÞ on its
wake. However, the total area under the electric field profile
is conserved on average according to Eq. (5). As the pulse
near the collector departs, the lost area has to be compen-
sated by launching a new CDWat the injector, which causes
the TC to decrease as Figs. 3(a)–3(c) show. When the CDW
arrives at the collector and starts disappearing, J increases up

to its stationary value (except for noise-produced small-
amplitude oscillations), and Fi becomes quasistationary
[cf. Fig. 3(e)].
Figure 4 depicts the normalized standard deviation

RTa
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hT2

ai − hTai2
p

=hTai of the interspike time interval,
Ta, versus Vrms

noise. It exhibits a minimum after an abrupt
drop followed by a smooth increase. This behavior is
expected for voltages close to a SNIPER bifurcation [10].

FIG. 2. Coherence resonance: (a)–(e) ac components of the TC
versus time and (f)–(j) corresponding frequency spectra (inter-
spike average frequency marked by a triangle) for different noise
amplitudes at Vdc ¼ 0.387 V. Values of Vrms

noise are 2, 3, 4, 6, and
12 mV. Current traces have been shifted to have zero current at
the stationary state.

FIG. 3. (a) TC density versus time for Vdc ¼ 0.387 V, ηth ¼ 0,
and Vrms

noise ¼ 3 mV. (b)–(e) Field profiles at the times marked in
(a). Dashed lines indicate the critical current and field. See also
movie in the Supplemental Material [28].

FIG. 4. Normalized standard deviation RTa
versus Vrms

noise
(ηth ¼ 0). Inset: mean interspike interval hTai versus Vrms

noise. The
vertical asymptotes (dashed lines) occur at Vrms

noise ¼ 1.365 mV.
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The mean interspike interval hTai shown in the inset of
Fig. 4 first decreases from infinity at Vrms

noise ¼ 1.365 mV
and rather more smoothly for Vrms

noise > 2 mV. This behavior
is typical of a CR and agrees qualitatively with the
experimental results [25].
We now estimate the CTC for triggering new pulses by

comparing experimental with simulated results. This
device-dependent quantity (cf. Fig. 1) has great importance
for theory. We select data at voltages slightly larger than the
SNIPER bifurcation, 0.387 V (theory) and 0.773 V (experi-
ments) [25]. The larger experimental value is due to voltage
drops at the contact region and at the 50 Ohm impedance of
the oscilloscope. The stationary state TC is obtained as the
average current between two large spikes when the external
noise is so low that few large spikes exist. For the model,
we know the CTC exact value, 0.709 mA, which is 97% of
the stationary state TC. From the experiments, 97% of the
stationary state TC (1.448 mA) is 1.404 mA, which is our
estimated CTC. This value is confirmed by comparing the
theoretical and experimental normalized ratio of the stan-
dard deviation of the duration of large long-lasting current
peaks to their mean duration. Figure 5 shows this com-
parison. The normalized ratio versus current, CTC location,

and even the shape of the CR attractor are qualitatively
quite similar (cf. Ref. [28]).
Figures 6(a)–6(e) show the result of adding a small

amplitude ac signal to the dc voltage with a frequency
within the CR range and then increasing the noise ampli-
tude. Isolated current spikes separated irregularly by long
intervals appear for Vrms

noise < 1.4 mV. With increasing noise
amplitudes, the SSL oscillates at a frequency locked with
that of the ac signal, as shown in Figs. 6(g)–6(i). At larger
Vrms
noise, the main frequency increases and ceases to be locked

to that of the ac signal, as shown in Fig. 6(j). This is the
signature of a SR. Figures 7(a) and 7(b) show the output
signal-to-noise ratio SNRout and the gain of the signal-to-
noise ratio SNRgain ¼ SNRout=SNRin, respectively, of the
SSL under SR [28]. Experiments confirm that this SR exists
[25]. However, the enhancement of the signal-to-noise ratio
(more than 100 dB) is larger in the simulations than that
observed in experiments (more than 30 dB) [25], not
surprisingly as our idealized model does not include many
noise sources of the actual experimental setup. As shown in
the inset of Fig. 7(b), the necessary noise amplitude for
frequency locking is smaller than that needed for a CR
when Vsin ¼ 0. Vrms

noise decreases with Vsin, as observed in
the experiments [25].

FIG. 5. Normalized standard deviation to mean ratio of large
current spike duration, QðI�Þ, versus I� − Idc for a CR from:
(a) numerical simulations with Vdc ¼ 0.387 V, ηc ¼ 6 mV, and
ηth ¼ 0; (b) experimental data with Vdc ¼ 0.773 V and
Vrms
noise ¼ 8.288 mV. The crosses in (a) and (b) mark Icr. Standard

deviations and means are taken over the union set of all disjoint
time intervals lasting more than t� (one third of the average
duration of a large current spike) during which the current is
IðtÞ < I�. Simulations and experimental data yield t� ¼ 10 and
3 ns, respectively. Attractor of the CR in the (IacðtÞ; Iacðtþ τÞ)
phase plane of embedded coordinates [30]: (c) numerical
simulations with Vdc ¼ 0.387 V, τ¼1.642 ns, ηc ¼ 8 mV,
ηth ¼ 2 mV; (d) experimental data with τ ¼ 0.884 ns and other
parameters as in (b). The sharper red attractors in (c) and (d) are
obtained by noise filtering with a 8-level Haar wavelet [31].

FIG. 6. Stochastic resonance: (a)–(e) ac components of the SSL
current versus time and (f)–(j) corresponding frequency spectra
(frequency of ac signal marked by a triangle) for different noise
amplitudes at Vdc ¼ 0.387 V and a sinusoidal ac signal of
frequency ν ¼ 5 MHz and Vsin ¼ 0.646 mV. The values of
Vrms
noise are 1.4, 1.7, 1.9, 2.1, and 2.3 mV.
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In conclusion, by numerical simulations of a STET
model of SSLs at room temperature, we have found a
CR and a SR. The CR is due to repeated and coherent
generation of CDWs at the injector when the amplitude
of external noise surpasses a certain threshold. For the
first time, we have estimated the value of the critical
current necessary to trigger waves from experimental
data. When we add an external ac signal with a
frequency within that of the CR, the SSL phase locks
to the ac signal, even if the latter is weak [28]. Our
simulations agree qualitatively with the experimental
results [25] and confirm that SSLs under SR can act as
lock-in amplifiers.
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