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Electrical resistivity ρðTÞ and specific heat CðTÞ measurements have been made on the diluted 4f2

system YðPrÞIr2Zn20. Both data of ρ and magnetic specific heat Cm per Pr ion are well scaled as a function
of T=T0, where T0 is a characteristic temperature of non-Fermi-liquid (NFL) behaviors. Furthermore, the
temperature dependences of ρ and Cm=T agree with the NFL behaviors predicted by the two-channel
Kondo model for the strong coupling limit. Therefore, we infer that the observed NFL behaviors result from
the single-site quadrupole Kondo effect due to the hybridization of the 4f2 states with multichannel
conduction electrons.
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Low-temperature physical properties of correlated elec-
tronic systems usually follow the Landau Fermi-liquid (FL)
theory. When the FL state could become unstable, an
anomalous metallic state involving a so-called non-Fermi-
liquid (NFL) behavior would emerge [1]. The NFL phenom-
ena in f-electron systems mostly accompany quantum
criticality where the quantum fluctuations are divergently
enhanced by strong competition between the on-site single-
channel Kondo effect and the intersite Ruderman-Kittel-
Kasuya-Yosida interaction [2]. On the other hand, another
type of NFL state was proposed by Nozières and Blandin,
where an impurity spin is overscreened by spin and orbital
degrees of freedom due to multiple channels of conduction
bands, that is mutlichannel Kondo effect [3]. Cox adapted it
for a local electric quadrupole of f2 configuration [4] to
describe NFL behaviors observed in a 5f-electron heavy
fermion system UBe13 [5]. The ground state of the 5f2

configuration of U4þ ion under the cubic crystalline electric
field (CEF)was assumed to be the non-Kramers doublet with
active quadrupoles. The basic idea is that the local quadru-
pole is over-screened by two-channel conduction bands,
where the degenerated magnetic moments of equivalent
conduction bands play a role for the scattering channels.
This quadrupole Kondo effect leads to the NFL behaviors:
specific heat divided by temperature C=T ∝ − lnT, quadru-
pole susceptibility χQ ∝ − lnT, and normalized resistivity
ρ=ρ0 ∝ 1þ A

ffiffiffiffi
T

p
, where ρ0 is the residual value and A is a

coefficient [6,7]. Another striking prediction is the existence
of the residual entropy of S ¼ 0.5R ln 2 at zero temperature,
where R is the gas constant. In recent years, the fractional
entropy due to the overscreened quadrupoles has been
focused in terms of fictitious Majorana fermions that could
play key roles in two-dimensional superconductors and
topological insulators [8,9]. Since Cox proposed the concept
of quadrupole Kondo effect in 1987 [4], a lot of experimental

efforts have been devoted to addressing the issue.
Nevertheless, the quadrupole Kondo effect remains elusive
experimentally.
Following the discovery of the NFL behaviors in

UBe13, similar behaviors were observed successively in
diluted 5f systems such as ThðUÞBe13, ThðUÞRu2Si2, and
YðUÞPd3 [10–12]. However, it has been argued that the
NFL behaviors could be explained by other mechanisms
such as the competition between the CEF singlet and the
Kondo-Yosida singlet [13–15], a magnetic instability due
to the intersite magnetic interaction [16] and hexadeca-
polar Kondo effect [17]. Moreover, atomic disorder in the
samples is inevitable, and the CEF levels and valences of
the U ions are not well determined. These problems make
it difficult to judge whether or not the NFL behaviors in
these 5f2 systems result from the quadrupole Kondo effect.
In Pr-based intermetallic systems with 4f2 configura-

tion, on the other hand, the prerequisite for the quadrupole
Kondo effect can be fulfilled. In fact, a diluted Pr system
of cubic LaðPrÞPb3 carrying active quadrupoles exhibits
the − lnT behavior in C=T [18]. However, the super-
conducting filament of Pb precipitating on the sample
surface concealed the intrinsic behavior of ρðTÞ [19]. It is
therefore necessary to find a more suitable system for
establishing the quadrupole Kondo effect.
Recently, a family of compounds Pr T2X20 (T ¼

transition metal, X ¼ Al, Zn, and Cd) have been intensively
studied [20]. They show a variety of phenomena such as
long-range quadrupole order, unconventional superconduc-
tivity, and NFL behavior in which the quadrupoles of
the non-Kramers doublet ground state of the Pr3þ ion are
involved.
PrIr2Zn20, for instance, displays an antiferroquadrupolar

(AFQ) order at TQ ¼ 0.11 K [21–23], below which a
superconducting transition occurs at Tc ¼ 0.05 K [24].
The coexistence of the AFQ order and the superconducting
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state suggests that the quadrupole fluctuations work as
glue for superconducting electron pairs. The AFQ order
readily collapses by 5% La substitution for the Pr ion,
where the twofold degenerated doublet is split by sym-
metry lowering of the cubic Pr site due to the atomic
disorder, leading to a singlet ground state with no degrees
of freedom as described in the Supplemental Material
[25,26]. Furthermore, the magnetic specific heat divided
by temperatureCm=T exhibits− lnT dependence and ρðTÞ
shows an upward curvature in a moderately wide temper-
ature range above TQ [29]. These temperature dependences
are consistent with those calculated by the two-channel
Anderson lattice model, suggesting the formation of a
quadrupole Kondo lattice [30,31]. Moreover, a manifes-
tation of a magnetic-field-induced FL state hints at a
NFL-FL crossover due to formation of an electronic
composite order in the quadrupole Kondo lattice [32–35].
If this is the case, a single-site quadrupole Kondo effect
could manifest itself when the Pr3þ ions in PrIr2Zn20 are
diluted with rare-earth elements without 4f electrons.
In this Letter, we focus on a diluted Pr3þ system

Y1−xPrxIr2Zn20 showing single-site NFL behaviors in both
Cm and ρ at temperature below 3 K. In fact, the Cm=T data
for x < 0.05 exhibit − lnT dependence down to the lowest
temperature 0.08 K. Moreover, ρðTÞ shows upward curva-
ture at T < 2 K. Both sets of data Cm=T and ρ per Pr ion
are well scaled as a function of T=T0 with the characteristic
temperature T0. The temperature dependences agree with
the forms calculated by the single-site quadrupole Kondo
model with on-site strong coupling between the localized
quadrupole and the two-channel conduction bands [7].
Single-crystalline samples of Y1−xPrxIr2Zn20 (x < 0.5)

were grown by the Zn self-flux method using high-purity
elements: Y (99.99%), Pr (99.99%), Ir (99.9%), and Zn
(99.9999%). Single-phase nature with the cubic CeCr2Al20-
type structurewas confirmed by the powder x-ray diffraction
analysis. The analysis indicated a linear increase of the
lattice parameter with the real content of Pr up to x ¼ 0.44.
The atomic compositions were determined by the wave-
length dispersive electron-probe microanalysis (EPMA)
using a JEOL JXA-8200 analyzer. However, the resolution
for the Pr composition was not high enough for the range
x < 0.05. The value of x was therefore estimated by
comparing the magnetization values measured at T ¼
1.8 K and B ¼ 1 T with those calculated using the CEF
level scheme for PrIr2Zn20 [27]. The electrical resistancewas
measured by a standard ac four-probemethod in a laboratory
built system with a Gifford-McMahon-type refrigerator
between 3 and 300 K and a commercial Cambridge
mFridge mF-ADR/100s adiabatic demagnetization refriger-
ator from 0.08 to 3 K. The electric current was applied along
the [100] direction. The specific heat was measured by the
thermal relaxation method using a physical property meas-
urement system (Quantum Design PPMS) between 0.4 and
300 K and a laboratory built system with the adiabatic
demagnetization refrigerator from 0.08 to 0.5 K.

The data of Cm=T per Pr mol for Y1−xPrxIr2Zn20 with
x ¼ 0.044 and 0.44 are plotted in the inset of Fig. 1(a),
where the Cm data are adopted from Ref. [36]. The plots of
Cm=T exhibit a maximum at around 9 K, which moderately
agrees with the calculation for the CEF scheme of doublet
and triplet separated by 30 K as shown with the solid curve.
Since the magnitudes of Cm and the maximum temperature
are same as in PrIr2Zn20 (x ¼ 1) [21], the Pr ions in the
diluted system retain the Γ3 doublet ground state with the
same energy separation.
The main panel of Fig. 1(a) shows Cm=T for samples

with x ≤ 0.44 and x ¼ 1 [29]. On cooling below 0.4 K,
all the data gradually increase. At lower temperatures, the
saturating behavior for x ¼ 0.085 is reproduced by the
calculation with a random two-level (RTL) model [36], in
which the Γ3 doublet is split randomly by the atomic
disorder in the Pr sublattice. On the other hand, Cm=T of
more diluted samples with x ¼ 0.024 and 0.044 does not
saturate even at T < 0.3 K. Instead, the − lnT behavior
continues to the accessible lowest temperature of 0.08 K.
The magnetic entropy Sm per Pr ion is plotted in Fig. 1(b).

For x ¼ 0.085 and 0.44, the data of Cm=T approach almost

FIG. 1. (a) Temperature variations of the magnetic specific heat
divided by temperature Cm=T per Pr mol for Y1−xPrxIr2Zn20. The
(black) dashed curve shows the data forx ¼ 1 [21]. The inset shows
Cm=T for x ¼ 0.044 and 0.44. The (black) solid curve is calculated
with a doublet-triplet two-level model with the energy gap of
30 K. (b) Temperature dependences of magnetic entropy Sm. The
(black) thin curve is that for x ¼ 1 [29]. Characteristic temperatures
T0 shownwith the arrows are determined as the temperatureswhere
Sm reaches ð3=4ÞR ln 2. The inset shows T0 vs x.
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constant values on cooling below 0.1K as shown in Fig. 1(a).
Thereby, we estimated Sm by integrating the data of Cm=T
on the assumption that it remains the value at the lowest
temperature of 0.08 K down to T ¼ 0. On the other hand,
for x ¼ 0.024 and 0.044, since Cm=T follows the − lnT
dependence to the lowest temperature of 0.08 K, we
determined the offset of Sm for T ≤ 0.08 K so that the
magnitude above 4 K agrees with the value for B ¼ 4 T,
where the fullmagnetic entropy of the ground state doublet is
assumed to be released by split of it due to the Zeeman effect
through the excited magnetic triplet. The data of Sm in the
magnetic fields ofB ¼ 4 and 6 Tand the calculationwith the
CEF parameters are presented in Fig. S2 of the Supplemental
Material [37].
With increasing x from 0.024 to 0.44, the curve of Sm

shifts to higher temperatures. Now, we define a character-
istic temperature T0 as the temperature where SmðTÞ
reaches ð3=4ÞR ln 2. This definition of T0 is the same as
that of the Kondo temperature TK for the impurity quadru-
pole Kondo model [7,38]. This method gives T0 for x ¼
0.024 as 0.28 K, which value monotonically increases to
1.37 K for x ¼ 0.44 as seen in the inset of Fig. 1(b). Note
that Cm=T data for x < 0.05 exhibit − lnT behavior at
T ≤ T0, suggesting that − lnT behavior could result from
the active quadrupoles of the non-Kramers doublet.
The inset of Fig. 2 shows the temperature variations of

the differential electrical resistivity from the value at 3 K,
ΔρðTÞ ¼ ρðTÞ − ρð3 KÞ. Since the phonon contribution is
fully suppressed at T < 3 K as referred to ρðTÞ of the
nonmagnetic counterpart YIr2Zn20 (x ¼ 0) [36], the elec-
tronic contribution can be extracted from the plot of ΔρðTÞ.
To obtain ρðTÞ in the normal state for x ¼ 0, the super-
conducting transition at 0.12 K (not shown) was killed by
the application of magnetic field of 0.5 T along the [100]
direction. Then,Δρ for x ¼ 0 stays at a constant below 3 K.

The downward deviation in Δρ with an upward curvature
becomes significant with increasing x above 0.044, indi-
cating that the upward dependence arises from the scatter-
ing of the Pr ions. The main panel of Fig. 2 shows ΔρðTÞ
normalized by x. The normalized data for all samples
exhibit upward curvature on cooling down to 0.08 K.
Especially, the agreement of the Δρ data normalized by x
for the two samples with x ¼ 0.024 and 0.044 indicate that
the upward curvature is a single-site effect of the Pr3þ ions.
The curves shift to higher temperatures with increasing x,
which is consistent with the increase in T0 estimated from
the analysis of Sm as mentioned above.
Shown in Figs. 3(a) and 3(b), respectively, are Δρ and

Cm=T divided by the absolute values at T0 as a function of
T=T0. The Δρ=jΔρðT0Þj data for x ¼ 1 follow the form
(black curve) predicted by the quadrupole Kondo lattice
model [29]. On the other hand, all Δρ=jΔρðT0Þj data for
0.024 ≤ x ≤ 0.44 agree well each other and follow

ffiffiffiffi
T

p
at

T=T0 ≤ 1, which is consistent with the T dependence
expected from the single-site quadrupole Kondo theory
[7]. Note that the sign of the coefficient A of

ffiffiffiffi
T

p
is positive,

FIG. 2. Temperature dependence of the differential electrical
resistivity ΔρðTÞ ¼ ρðTÞ − ρð3 KÞ normalized by the Pr content
x for x ¼ 0.024, 0.044, 0.085, 0.44 and 1. The magnetic field of
0.5 T was applied to kill the superconductivity. The inset shows
the raw data of ΔρðTÞ.

FIG. 3. Scaling plots of (a) Δρ and (b) Cm=T which are divided
by the values at the characteristic temperature T0 determined
from the temperature variations of Sm. Solid (red) curves of

ffiffiffiffi
T

p
(a) and − lnT (b) are predicted by the single-site quadrupole
Kondo model [7]. Dark (black) curves of (a) and (b) are
calculated with the quadrupole Kondo lattice model [30,31]
and the random two-level model [40,41], respectively. Inset:
(a) Δρ=jΔρðT0Þj data as a function of

ffiffiffiffiffiffiffiffiffiffiffi
T=T0

p
, which are

vertically offset for clarity. (b) Sm data as a function of T=T0.
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being opposite to that predicted for the weak coupling
between the f2 electrons and the conduction electrons. We
recall that the sign could be positive in the strong coupling
limit [39].
As seen in Fig. 3(b), the normalized data ðCm=TÞ=

½CmðT0Þ=T0� for all x agree in the range 0.5 ≤ T=T0 ≤ 3. In
this temperature range, we found the scaling of Δρ as
shown in Fig. 3(a). The good scaling of the two quantities ρ
and Cm indicates the NFL behaviors originate from the
same mechanism. In the range T=T0 < 0.5, however,
the data of Cm=T strongly depend on x. For x < 0.05,
the − lnT dependence holds down to the lowest temper-
ature, in agreement with the prediction from the single-site
quadrupole Kondo model [7], as mentioned above.
At x ¼ 0.085, the data of Cm=T deviate from the − lnT

form and are saturated on cooling below T=T0 ¼ 0.5,
which can be explained by the RTL model [40,41], as
shown with the (black) curve [36]. The energy distribution
of the random two levels was evaluated to be 1.2 K for
x ¼ 0.085, which is comparable to the temperature range
of 1–3 K, where the magnetic entropy shows a plateau as
shown in Fig. 1(b). It indicates that the distorted effect on
the CEF may take part in the release of the magnetic
entropy. At the highest concentration x ¼ 0.44, a maximum
at T=T0 ¼ 0.3 is followed by a significant decrease on
cooling, whose behavior is likely to be a result of short-
range correlation between quadrupoles. The ΔρðTÞ data
also become dependent on x at

ffiffiffiffiffiffiffiffiffiffiffi
T=T0

p
< 0.5 as shown in

the inset of Fig. 3(a). The
ffiffiffiffi
T

p
dependence of Δρ=jΔρðT0Þj

for x < 0.05 holds down to the lowest temperature.
However, for x ¼ 0.085 and 0.44, the data deviate from
the

ffiffiffiffi
T

p
dependence and reach constant values at

ffiffiffiffiffiffiffiffiffiffiffi
T=T0

p
<

0.5 (T=T0 < 0.25). The concomitant deviation of both
Cm=T and Δρ from the curves calculated with the single-
site quadrupole Kondo model suggests that a singlet ground
state could be formed by breaking the degeneracy of the
Γ3 doublet due to the symmetry lowering of the cubic Pr site
or development of the intersite interaction.
Here, it should be noted that the NFL behaviors of ρ and

Cm were observed for T=T0 < 1, although they are expected
to manifest themselves at much lower temperature range
compared to the Kondo temperature TK in the two-channel
Kondo model [7,38]. The disagreement suggests that the
characteristic temperature T0 determined in the present work
is not equal to TK. In fact, the measured magnetic entropy
changes more rapidly with T=T0 than the calculation with
respect to T=TK. Thereby, a characteristic temperature
corresponding to TK in the present system must be much
lower thanT0. This discrepancy betweenT0 andTK probably
results from collapse of the equivalency of the two-channel
conduction bands by symmetry lowering due to a small
amount of atomic disorder. Calculation using the two-
channel Kondo model predicted that the magnetic entropy
shifts to higher temperatures in magnetic fields since the

two-channel conduction bands becomes inequivalent [38].
On the other hand, in the theoretical calculation for the
possible quadrupole Kondo lattice of PrIr2Zn20, the char-
acteristic temperature was estimated to be about 20 K,
which is 2 orders of magnitude larger than T0 obtained
for the diluted Pr system in the present work [31]. This
disagreement may arise from the effect of atomic disorder
which has not been taken into account in the theoretical
calculation. It is an open question how to extract the intrinsic
characteristic temperature for the NFL behaviors due to the
possible quadrupole Kondo effect.
Now, let us discuss the residual entropy of 0.5R ln 2 at

T ¼ 0 that is the hallmark of the single-site quadrupole
Kondo state [7] and fictional Majorana fermions [8,9]. To
confirm the existence of the residual entropy, we measured
the specific heat in magnetic fields, since the residual
entropy has to be fully released by breaking the equivalency
of the two-channel conduction bands in the magnetic
fields as explained above. In fact, as shown in Fig. S2
of Supplemental Material [37], the obtained Sm data for
x ¼ 0.044 in B ¼ 4 T falls to zero on cooling at around
0.1 K, indicating that the magnetic entropy of 0.25R ln 2
exists at least for T < 0.08 K as shown in Fig. 1(b) and the
inset of Fig. 3(b). On the other hand, even for x ¼ 0.024,
Sm at 0.08 K is about 0.3R ln 2 that is less than 0.5R ln 2.
The shortage of entropy suggests that the Γ3 doublet ground
state is randomly split by the atomic disorder in the Pr-Y
sublattice, where the equivalency of the two-channel con-
duction bands is broken. The effect of the inequivalent bands
on the rapid release of Sm on cooling was also suggested
above.Another possible origin for the shortage of the entropy
would be hyperfine interaction of the quadrupoles of the 4f2

electrons with those of 141Pr nucleus. In fact, enhanced
nuclear magnetism of the 141Pr nucleus were observed in
Pr-based metallic systems [42]. In PrRu4P12, the Schottky-
type specific heat arising from formation of 4f-electron-
nuclear hyperfine-coupled multiplets was reported [43].
In summery, we have reported the definite observation of

single-site NFL behaviors in both ρðTÞ and CmðTÞ for an
isolated quadrupole-active state of Pr3þ in Y1−xPrxIr2Zn20.
The data of Cm=T and Δρ normalized by, respectively, the
values at the characteristic temperature T0, are well scaled
as a function of T=T0. Moreover, on cooling below T0, the
Cm=T data for x < 0.05 logarithmically diverge and ρðTÞ
follows 1þ A

ffiffiffiffi
T

p
with the positive coefficient of A. These

findings imply that the single-site NFL behaviors are
originated from the single-site quadrupole Kondo effect.
If the on-site coupling between the localized quadrupole
and two-channel conduction bands is efficiently strong,
the elastic modulus would exhibit − lnT dependence [7].
Moreover, insights into single-site quadrupole fluctuations
would be given by microscopic measurements such as
nuclear magnetic or quadrupole resonance and/or inelastic
neutron scattering.
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