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In this work, we introduce an elastic analog of the Purcell effect and show theoretically that spherical

nanoparticles can serve as tunable and robust antennas for modifying the emission from localized elastic

sources. This effect can be qualitatively described by introducing elastic counterparts of the familiar

electromagnetic parameters: local density of elastic states, elastic Purcell factor, and effective volume of

elastic modes. To illustrate our framework, we consider the example of a submicron gold sphere as a

generic elastic GHz antenna and find that shear and mixed modes of low orders in such systems offer
considerable elastic Purcell factors. This formalism opens pathways towards extended control over
dissipation of vibrations in various optomechanical systems and contributes to closing the gap between

classical and quantum-mechanical treatments of phonons localized in elastic nanoresonators.
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In 1946 [1], E. M. Purcell proposed that the rate of
nuclear magnetic moment transitions can be increased by
coupling the system to an electric circuit. This enhance-
ment, the “Purcell effect,” depends on the fundamental
properties of the circuit or, more generally, the mode to
which the system is coupled: its resonant frequency,
volume (V), and quality factor (Q). Ever since, consid-
erable effort has been devoted to designing tunable reso-
nators with ever smaller mode volumes and larger Q s.
Recently, a similar modification of the decay rate has been
demonstrated in the acoustic domain by measuring changes
in the damping of oscillations of a Chinese gong placed
near a hard wall [2]. While that system does not exhibit any
resonant behavior, or a clear cavity-like structure, it
suggests that the original idea from Purcell can be extended
to the physics of mechanical vibrations. In enabling such a
direct analog, we provide a robust framework for calculat-
ing, and ultimately engineering, the output of an elastic
source. The ability to control the rate of mechanical
emission can be extended to spatial and spectral degrees
of freedom by engineering the local density of elastic states
(LDES) with resonant elastic nanosystems and leads to the
possibility of manipulating phonon-mediated nonlinear
optical processes [3—6].

In this Letter, we investigate the elastic Purcell factor by
analyzing the response of elastic antennas formed by
spherical nanoparticles and discuss how they can enhance
or quench the emission from nearby sources of elastic
waves. To go beyond purely acoustic phenomena [2,7], we
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adopt the theory of elastic wave scattering [8—12] which
accounts for the presence of both longitudinal and trans-
verse waves propagating in the elastic medium. As an
illustration, we calculate the elastic scattering cross sections
of a generic optical nanoantenna—a gold spherical nano-
particle—and discuss in detail the resonances found in such
a system. We show how these resonators act as efficient and
selective elastic antennas for both longitudinal and trans-
verse radiation from localized elastic emitters, substantially
suppressing or enhancing their emission rates. The elastic
modes of the resonator are further characterized by intro-
ducing physical parameters analogous to those used in
electromagnetism, such as an elastic Purcell factor, or an
effective mode volume. While we limit our investigations in
this Letter to a harmonic point force coupled to the
displacement field, we plan to extend our formalism to
additional sources for consideration of complex systems in
future work. Similar modifications of the optical Purcell
effect have been introduced to describe the coupling of
magnetic dipolar, or multipolar emitters, to electromagnetic
waves [13]. This framework offers a direct path towards a
quantum-mechanical description of the interaction in
elastic nanosystems and can be readily applied to explore
other phenomena in the weak- and strong-elastic-coupling
regimes.

The generic elastic nanoantenna shown in Fig. 1(a) is a
homogeneous isotropic solid sphere characterized by Lamé
parameters 4,, p,, and density p, and the velocities of
longitudinal and transverse waves [14]. We consider the

© 2018 American Physical Society
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FIG. 1. Schematics of (a) an elastic spherical nanoantenna,
(b) its three families of modes, and (c) elastic localized emitters.
(a) The antenna (medium) is characterized by its density p, (p;)
and two Lamé parameters: 4, (4;) and u, (u;). (b) Elastic modes
of spherical resonators (left to right): compressional S ;, pure
shear T, ,_;, and mixed S, ;. (c) Radiation pattern from an
elastic emitter (large black arrow) in an isotropic, homogeneous
elastic medium. Transverse (shear) waves carry the energy in the
plane perpendicular to the axis of the emitter, while the
longitudinal (compressional) waves radiate along it. Small black
arrows depict the orientation of displacement fields in the far
field, and the dashed grid illustrates the displacement field in the
near field.

surrounding medium to be similarly isotropic, solid, and
homogeneous, with parameters 1, 4, p;, and supporting
both transverse and longitudinal waves. To pursue elastic
systems resonant at the typical mechanical frequencies of
interest—a few GHz [15—17]—we can consider submicron
metallic spheres [18-20]. Coincidentaly, such particles
exhibit large optical Purcell factors and have therefore
been explored as building blocks for optical nanodevices
[13,21,22]. Rescaling towards THz frequencies character-
istic of Raman scattering [23] would likely be limited by
the large viscosity, and hence elastic loss of the composite
materials in this regime.

To establish the formalism used throughout this work, let
us consider the decomposition of the displacement field u
into longitudinal (u;) and shear (u,) monochromatic waves
propagating in the environment with Lamé parameters 4,
and y; at velocities v;; and v, 1, respectively [8—12]. In the
homogeneous isotropic medium, these displacement fields
satisfy the wave equation w*y + v2V% = 0 for (x,v,) =
(uy, ;) and (. v,) = (u;,v,;). We expand the shear field
into two families of vector spherical harmonics (VSHs):

M, = V x (r‘Pmn)’ Ny, = %v X M, (1)
defined by a scalar potential ¥,,, fulfilling the scalar
wave equation with velocity v, [(x.v,) = (Wyn v51)]-
As for EM, the transverse VSHs are constructed from the

associated Legendre polynomials P} and spherical Bessel
functions j,, y,, hﬁ,l) , and hgf) [24]. Similarly, the longi-
tudinal waves propagating in the medium are described by
one family of VSHs L, = V®,,, derived from the scalar
solution ®,,,, to the wave equation with velocity v, . Full
expressions for all the VSHs can be found in Appendix A in
the Supplemental Material [25] and in Refs. [8,9].

These three families of VSHs can be used to represent
any physical wave impinging on the scattering sphere and
can simultaneously be used to characterize the quasimodes
of the vibrating sphere, shown in Fig. 1(b). Compressional
modes, denoted usually as Sy, [14,26], which include the
lowest-order breathing mode [Fig. 1(b), left panel], are
given by the L, VSHs; pure shear (or torsional) modes
T, - with vanishing radial displacement fields are given
by the M,,,, VSHs and include the lowest-order 7';; mode
depicted in the middle panel in Fig. 1(b). Finally, mixed
modes S, ;- include the lower-order mode shown in the
right panel in Fig. 1(b), in which compression along one
axis induces expansion in the normal plane. The modes of
this last family are described by linear combinations of the
N,.. and L,, harmonics. Note that while subscript n
corresponds to the radial dependence of both the modes
of the sphere and the VSHs, subscript / indexes the resonant
frequencies for a given n and is, in general, not related to
the azimuthal number m of the VSH [14].

Since we identify three families of elastic VSHs, in
contrast to two found in electromagnetic Mie theory, we
can expect that the elastic boundary conditions (BCs)
between the medium and the sphere will be more involved.
Indeed, they require that all components of the displace-
ment field u, as well as normal components of the stress
field T - i be continuous. For the sphere centered at the
origin of the coordinate system, these normal components
correspond to the radial elements of the stress tensor
T-t= (Trr’ Trt‘h Tr(l)):

Trr Gv -u TrB Ug Urp
P — . —_— = _— . ) 2
2002 1-206 Tt U A @)
T u u
re rg ¢
R 3
u rsin(0) Pr (3)

where u; ; = O;u;, and Poisson’s ratio o is related to the
Lamé parameters through o =41/[2(A+u)] [14]. By
numerically solving these BCs in the truncated basis of
VSHs (see Appendix B in the Supplemental Material [25]
and Refs. [8,9]), we identify eigenmodes of the system
characterized by complex eigenfrequencies. Following the
literature on cavity QED, we dub these quasinormal modes
(QNMs) [21]. The QNMs identified in the nanoantenna
system include pure shear, mixed, and compressional modes
described earlier.

In Fig. 2, we present a comparison of the scattering
efficiency (defined as the scattering cross section
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FIG. 2. Scattering efficiencies of elastic longitudinal (blue
dashed lines) and transverse (orange solid lines) plane waves
by a spherical submicron radius gold resonator immersed in
silicon in the lowest-order resonance region [27].

normalized by the geometric cross section of the sphere; see
Appendix B3 in the Supplemental Material [25]) of trans-
verse and longitudinal plane wave excitations for a spheri-
cal 100 nm radius gold nanoantenna (1, = 154 GPa,
Haw = 30 GPa, pa, = 19.3 g/cm?) immersed in silicon
(As; = 52 GPa, ug; = 66 GPa, pg; = 2.3 g/cm?). The low-
est energy mixed (S;g, S, S11, S30) and pure shear modes
(T19, Ty, T3;) are marked with dashed lines. Shear QNMs,
resonant at wr, /27 ~7.34 GHz, wr, /27 ~9.97 GHz,
wr, /2m ~ 12.5 GHz, are characterized by quality factors
from 18 to 550. Since these modes are accessible only to
transverse plane waves, they would not be easily excited if
the medium supported solely longitudinal, pressurelike
waves. Compressional modes are found for larger frequen-
cies, with wg /27 ~ 23.9 GHz and Qg ~ 11.

Having analyzed the response of generic elastic
nanoantennas, we can consider their application for
controlling the dynamics of nearby phononic emitters.
A number of such elastic sources have been recently
reported, exhibiting both bosonic [28,29] and fermionic
[16,17,30] statistics of the emitted phonons, and are being
investigated for applications in phonon-based quantum
networks [15].

The choice of model for an elastic emitter, and its
coupling to the mechanical vibration of the environment,
depends on the particular physical realization of the source.
In this work, we consider the simplest scenario and model
the elastic emitter as an oscillating, localized linear force
fe=*. This form of an elastic source can be realized in
various optomechanical systems, e.g., by considering
magnetostrictive inclusions in the structure [31] or an
absorbing nanoparticle vibrating due to harmonic radiation
pressure [32]. We note that such a canonical optomechan-
ical setup has been realized in numerous studies [33] and
that the elastic radiation rate has proven to be the critical
factor in reaching interesting regimes of cooling of the
mechanical degree of freedom as well as phonon lasing.

For such an emitter embedded in a homogeneous,
lossless medium, we calculate the power of the emitted

elastic radiation from the work done by the force on the
displacement field u(r,,)e~™* at the position of the emitter
(r,,) [14,34]:

_dw _Q,
dr 2

Py Imfu(r,,) - £]. (4)
This radiation will dissipate the energy of the emitter with
rate yo [34]. The displacement u(r,,) can be found by
applying the definition of the elastic Green function
u(r) = G(r,r,, )f(r,). In the environment characterized
by (41, 41,p1), in terms of d =r —r,,, the dyadic Green
function is [35,36]

B ik
C127(A +2uy)
iky,
- 127,

Go(d) (14" (ki) + (1 -3dd7) A" (k)]

(218" (kg d) + (1-3ddT) Al (k, )],

(5)
where 1 is the identity tensor, h(()l) and hgl) are the spherical
Hankel functions of the first kind of the Oth and 2nd order.
Here, k;; = Q/v; and k;; = Q/v;, are the wave numbers
associated with longitudinal and transverse (shear) waves,
respectively.

The second part of the Green function, describing the
shear waves, has a form similar to that of the electromag-
netic Green function, ensuring that the shear waves
propagate in a dipole-like pattern, with the largest emission
in the plane perpendicular to the axis of the force (6 = 0).
The longitudinal waves have an identical near- and inter-
mediate-field distribution (except for the wave number), but
the far field has a cos” 6-like distribution [see Fig. 1(c) and
Appendix A in the Supplemental Material [25]].

The radiated power Py in the homogeneous medium can
be calculated from the Green function (see Appendix C in
the Supplemental Material [25]) as

QIf[? <ks1 ki >
Py = L AL 6
O 12r \p U204 +2m) ©)

Unlike for the power emitted by an electromagnetic dipolar
emitter, the elastic P, exhibits quadratic, rather than
quartic, dependence on the emission frequency Q. This
is due to the difference in the dispersion of the inhomo-
geneous term in the wave equations for electric field E
compared to displacement u [14].

The radiation of an emitter in an arbitrary system can be
calculated by expanding Eq. (4), including the Green
function that represents scattering on an elastic antenna
G = G( + Gy, and writing the enhancement as

P 6z Im{f* - G4(r,,,1,,) - f}
P_ = 1 +W k“ k_‘] . (7)
0 2(A+2m,) + 12
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FIG. 3. Decay rate enhancement for an elastic emitter near

a nanosphere. (a) Spectrum of decay rate enhancement
I'/Ty [Eq. (7)] for the emitter oriented radially (green dashed
line) or azimuthally (red solid line). (b) Magnified regions
around three modes: T,;, S3, and T3, coupled to by an
azimuthally (7,; and T3;) or radially (S37) polarized emitter.
Points represent the exact calculations [Eq. (7)], while the
solid lines describe coupling to the quasinormal modes
of the resonator [Eq. (10)].

Consequently, the rate of energy dissipation y from the
elastic emitter f near the antenna will be enhanced or
quenched with respect to the free-space rate y, following
v/vo = P/P,. We note that alternate implementations of an
elastic emitter necessarily call for a modification of the
expression for the emitter-antenna interaction of Eq. (4)
and the radiation power of Eq. (7). For example, spatially
localized Brillouin scattering-induced lateral vibrations
of a waveguide [5], or orbital transitions in SiV defects
in diamonds, would need to be modeled as quadrupolar
elastic sources coupled to a strain tensor [17] rather
than displacement field. Nevertheless, (an appropriately
modified) Eq. (7) can be used to extract the total
LDES from the trace of the complete Green function
Tr{Im|[G(r,,,r,,)]} [34].

As an example, let us consider the decay rate enhance-
ment y/y, of a dipolar emitter positioned z = 1.2a from the
center of the previously analyzed spherical gold scatterer
embedded in silicon, shown schematically in Fig. 3(a). By
tracing the spectral positions of the features in the spectrum
corresponding to the emitter oriented radially, we can
identify the enhancement and suppression of the emission
as originating from the coupling with the low-Q mixed
QNMs S,; [26]. Spectra for the azimuthally oriented
emitter indicate additional, significant enhancements
due to the coupling with higher-Q shear QNMs (7).
These assertions regarding the nature of the excited
QNMs originate solely from the identification of the peak

frequencies since the underlying Eq. (7) does not readily
provide insight into the modal structure of the enhancement
spectra.

It is thus instructive to consider a modal picture of the
coupling between a localized emitter and the QNMs of an
elastic nanoresonator. Such a picture completes the
analogy with the optical Purcell factor [21,22,37-39],
originally introduced through the formalism of quantum
electrodynamics, and enables consideration of nonclass-
ical phonon emitters such as piezoelectric microantennas
coupled to superconducting qubits [16], photonic crystals
in the single-phonon regime [30], or GHz transitions in
color centers in diamond [40]. To this end, we seek the
elastic Purcell factor ', which characterizes a single mode
a of the cavity. As Koenderink [22] pointed out while
analyzing plasmonic cavities, the Purcell factor provides a
reasonable approximation of the rate enhancement only if
(i) the normal modes of the system can be identified and
(i1) one of these modes is dominant. Since we have already
found the QNMs of the system, and recognized cases
where the high-Q well-separated shear modes dominate
the response, we adopt this framework. However, since
the Purcell factor is traditionally expressed solely in terms
of the characteristics of a single cavity mode, assuming
optimal positioning or orientation of the emitter, the
Purcell factor should be treated as an upper bound for
the spontaneous rate enhancement factor y/y,. We address
this limitation later.

We introduce the expansion of the nanoresonator
displacement field into quantized QNMs [4]: d(r)=
Sl (1) =32 A/ (29,0(1)) [boU (1) + Hec ], where the
displacement field is represented as a sum over modes a
with resonant frequencies Q,, decay rates k,, normalized
mode profiles U,, and phonon creation (annihilation)
operators BZ (13,1). An interaction of the modes with the
quantum emitter positioned at r,,, described as a two-level
system f=F(|g) (e|+|e)(g|), is expressed by a Hamiltonian
A, =f-(r,). Formally, the elastic Purcell factor is then
defined as the ratio of the upper bound for the rate of
spontaneous emission y,, of the emitter excitation into the
cavity mode a and y, [38,41]:

A T Q

Y0 B ,02/7:/2451 Qg’cva,eff ,

where ¢; = u>'* + 1(2u; + 2;)73/* can be interpreted as a
screening factor, the quality factor of the resonator Q, is
given by Q,/k,, and the mode displacement field defines
the effective mode volume:

v _ Jdmmu, (P
T max [p(r) [u, (r)[P]

©)
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Interestingly, F', has a form very similar to its electromag-
netic counterpart, even exhibiting Q3 dependence despite
the marked dispersion differences of the free-space radi-
ation power P, pointed out earlier. A detailed derivation of
F, and V., is given in Appendix D in the Supplemental
Material [25]. We note that an equivalent expression for
Vetr.o Was derived by Eichenfield et al. [3] in an alternative
way by analyzing the energy density in optomechanical
crystals.

We can thus calculate the characteristics of a few
lowest-order modes of gold scatterers in silicon, marked
in Fig. 3(a) with dashed lines. For the pure shear 7,; mode
centered at Qp, /27~9.97 GHz, the effective mode
volume Vgt 7, /Vgeom ~ 0.25 and the quality factor Q7, ~
90 yield the Purcell factor Fr, = 109. Similarly, for the
T5; mode, the parameters are Qp, /27~12.5GHz,
Vet s,/ Veeom ® 0.17, Qr, ~550, and Fr, ~480. Finally,
for the mixed mode S5, we find Qg, /27~ 11.69 GHz,
Vett.55/ Veeom ® 0.17, Qg ~28, and Fr ~32. These
results indicate that the considerable Purcell factors
stem, as expected for the low-order Mie resonances
[13], from high Q, s of the QNMs rather than reduced
effective mode volumes Vg ,.

We note that while neither silicon nor gold are isotropic
materials [42] (characterized by elastic anisotropic ratios
Agi~ 1.6 and A,, ~0.6), their simplified description
does not incur significant shifts of resonant frequencies
nor changes in Purcell factors. Additionally, we have
verified by full numerical calculations that when viscous
damping in gold is included through the complex Young’s
modulus [43] the quality factors and the Purcell factors
characterizing higher-order elastic modes are significantly
quenched. While further studies of viscous damping are
required to understand its exact magnitude, this mechanism
will likely promote the use of lowest-order elastic modes
in nanostructures for enhancing radiative emission from
localized emitters.

As we have noted earlier, the Purcell factors are upper
bounds for the decay rate enhancements, and so the
estimated values of F, are significantly larger than those
calculated with Eq. (7) and shown in Fig. 3(a). This differ-
ence is mostly due to the fact that much like for dielectric
high-refractive index electromagnetic Mie scatterers [ 13] the
displacement field in the investigated cases is localized in the
slow medium, i.e., gold, where the longitudinal and shear
waves propagate vy /vp ~2.7 and v, /v, & 4.3 times
slower than in the environment, respectively. Achieving
such ratios of velocities between the medium and the
antenna is difficult in electromagnetic systems.

To improve on the accuracy of this approach, it is
instructive to modify the definition of the Purcell factor,
introducing the dependence on the polarization, position,
and the detuning of the emitter with respect to the cavity
resonance €2, (see Appendix D in the Supplemental
Material [25]):

7 'Q'a |f ) ua(rm)‘z (Ka/2)2
F{l(rm):Fa z0 3 — 3 -
Q,, [fPmax,|u, (r)* (R = Q) + (ks/2)

(10)

Functions F,(r,,), calculated for the shear modes and
mixed modes of the gold scatterer, are shown in the three
panels of Fig. 3(b) with lines and correspond well to the
exact results obtained from Eq. (7) depicted with points.
The discrepancies found for the two lower Q modes T,
and S3, are due to the additional coupling of the emitter
with other QNMs and the continuum of free-space radia-
tion modes.

In conclusion, we have introduced the formalism inher-
ited from quantum electrodynamics to characterize elastic
nanoresonators and found that such structures support
modes with large Purcell factors determined by consid-
erable Q s rather than significantly reduced effective mode
volumes. In particular, submicron gold particles, widely
used in nanooptics, can readily enhance of spontaneous
emission from phononic GHz emitters. Such elastic nano-
antennas offer robust spatial and spectral control over the
dissipation of mechanical vibrations and can be therefore
used to introduce subwavelength control of phonon dynam-
ics to various mechanical [5,6,44] and optomechanical
systems [3,29].

We acknowledge support from the Australian Research
Council (ARC) Discovery Project No. DP160101691 and
ARC Centre for Ultrahigh Bandwidth Devices for Optical
Systems (CUDOS) (Project No. CE110001018).

Note added in proof.—Recently related contributions were
brought to our attention [45,46].
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