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Several dynamical properties of electromagnetic waves such as energy, momentum, angular momentum,

and optical helicity have been recently reexamined in dispersive and lossless media. Here, we address an

alternative derivation for the optical chirality, extending it so as to include dissipative effects as well. To this

end, we first elaborate on the most complete form of the conservation law for the optical chirality, without

any restrictions on the nature of the medium. As a result we find a general expression for the optical

chirality density both in lossless and lossy dispersive media. Our definition is perfectly consistent with that

originally introduced for electromagnetic fields in free space, and is applicable to any material system,

including dielectrics, plasmonic nanostructures, and left-handed metamaterials.

DOI: 10.1103/PhysRevLett.121.043901

Introduction.—Local dynamical properties such as
energy, linear momentum, and angular momentum, are
conserved quantities for electric and magnetic fields in
vacuum [1,2]. In fact, leaving aside the physical meaning,
there exists an infinite class of conserved quantities for free-
space electromagnetic (EM) fields [3,4]. In particular, in
1964 Lipkin demonstrated the existence of a set containing
ten new independent conservation laws for EM radiation
in vacuum [5]. Originally, these tensorial quantities were
merely conceived as mathematical entities theretofore
unknown, and having no ready physical significance.
That is why they were collectively referred to as the
ij-zilches (which literally means “nothingness”), where i
and j stand for the labels indicating the tensor indices.
Since then, there have been many efforts in searching for a
physically meaningful picture for these quantities [6-8].

Recent advances in near-field optics attempting to
achieve full spatiotemporal control of light-matter inter-
actions [9] has led to a renewed interest in Lipkin’s zilches
as a measure of the handedness, or knottedness, of the
streamlines describing highly contorted optical fields [10].
In this regard, and motivated by the possibility for
enhancing the chiroptical effects (such as circular dichro-
ism (CD) [11]), which leads to enantioselective signals far
larger than that due to circularly polarized light (CPL),
Tang and Cohen introduced the 00-zilch as a measure of the
local density of optical chirality [12]:

Cvacuum = [808 : (v X 8) + MOH ’ (v X H)]/27 (1)

where ¢, and p are the permittivity and permeability of
vacuum, respectively, and E(r, t) and H(r, ) are the local,
time-dependent electric and magnetic fields. Shortly after,
this definition for the optical chirality was successfully
used in enhanced CD spectroscopic measurements for
the experimental detection and characterization of chiral
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biomolecules [13], thus confirming its physical signifi-
cance, and highlighting the feasibility for practical appli-
cations. The extremely high sensitivity in the chiroptical
responses (enhancement factors up to 6 orders of magni-
tude were reported) was attributed to superchiral fields
[14]. However, on account of the energy conservation, there
should be an upper bound lowering those enhancements
[15,16]. It was argued that this fundamental restriction
ought to limit the enhancement factor up to 2 orders of
magnitude [15]; the other 4 orders should come from the
highly twisted evanescent near-field modes [16,17]. It then
follows that, essentially, the main requirement for the
occurrence of strengthened chiroptical influence in light-
matter interaction relies on the complexity in the structure
of the EM field distribution [10,17,18]. For this reason,
metallic nanostructures represent ideal candidates for
investigating chirality-based applications and functional-
ities in nanophotonics [19-26]. It is certainly surprising,
however, that, most of the previous studies on this issue
build on the earliest definition for the optical chirality
density [5], which is only valid for monochromatic optical
fields in free space [12,14,16,27]. Still, there are few works
attempting to extend such definition to linear [15], gyro-
tropic [28], or lossless dispersive media [29].

Inspired by the latest theoretical results concerning the
dispersive features of the EM energy momentum, the
optical orbital and spin angular momentum [30-32], and
the EM helicity [33], in this Letter we report on the optical
chirality in lossless and lossy dispersive media. Special
emphasis is placed on the role of the mathematical structure
of the corresponding conservation law. Indeed, building on
previous approaches addressing the EM energy density
considering dispersion as well as dissipation [34], we put
forward a complete description for the optical chirality
conservation law valid for arbitrarily structured optical
fields. The only restriction we need to impose relies on the
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EM characterization of the medium, which must be fitted
by Lorentzian line shapes. Hence, our results are com-
pletely general [64], and are applicable to any material
system, including dielectrics, semiconductors, metals, as
well as metamaterials. Further, our findings are perfectly
consistent with the ones so far established for optical fields
in free space [12,16].

Conservation law for the optical chirality.—Conservation
laws and symmetry properties of a physical system are,
arguably, among the most important cornerstones of
modern physics [65]. Indeed, appealing to the principle
of least action, Noether’s theorem states that, in the absence
of sources, conserved quantities and symmetries can be
regarded as equivalent features [66]. These theoretical
concepts are mathematically described via continuous or
discrete symmetry groups, which are in turn related to the
corresponding physical transformations [67]. Typical
examples of continuous symmetries lead to the conserva-
tion of energy, linear momentum and, angular momentum,
which are associated with the invariance under the univer-
sal space-time transformations [68]. An insightful picture
of the conserved quantities, reminiscent of the quantum
formalism [69], allows one to deal with the conserved
quantities as differential operators representing the gener-
ators of the corresponding infinitesimal symmetry trans-
formations. For the above dynamical properties, the
generators simply involve first derivatives with respect
to the space-time coordinates acting on the EM fields, and
are given explicitly by {id,, iV}, for the space-time trans-
lations [30], and i(r x V), for the spatial rotations [31].
Furthermore, it was recently demonstrated that the con-
servation of the optical chirality is underpinned by i(9,V %)
[29], which must be applied on the vector potentials.
Importantly, these generators can be used to find the
eigenstates of the aforementioned conserved quantities.
In this regard, just as the plane waves are the eigenstates of
the energy-momentum differential operator, the corre-
sponding eigenstates associated to the optical chirality
are the circularly polarized plane waves [29].

The above scheme for identifying continuous conserved
quantities only holds in the absence of sources. In the
presence of charges and/or currents, conservation laws are
to be expressed through the continuity equations [70,71].
Within the EM field theory, the most well-known example
is perhaps Poynting’s theorem [72], accounting for the
energy conservation [1,2]:

V-S=-[£-0D+H-0B+T-E. (2

where § = £ x H is the Poynting vector, which represents
the energy flux density, and D, B, and J are the time-
dependent electric displacement, magnetic induction, and
electric current density, respectively. This expression is
generally valid, and can be readily obtained by taking the
divergence of the energy flux density. Likewise, we can

derive the time-dependent conservation law for the optical

chirality from the corresponding chirality flux density
[5,12,16]:

F=[Ex(VxH)-Hx(VxE)]/2 (3)

With the aid of the structural Maxwell’s equations and the
vector identity, V- (A xB)=B-(VxA)-A-(VxB),it
follows that

V-F=-[£-0,(VxD)+H-0,(VxB)+S57]/2. (4

where S; = € (V x J) is the current-related sourcelike
contribution. Taking into account the general structure of
the continuity equation [34], Eq. (4) can be recast as

V- F+0,=S8, (5)
where

C=[E (VxD)+H-(VxB)/2 (6)

S=[0,- (VxD)+9/H (VxB)=S,/2. (1)

are the optical chirality density and the sourcelike terms,
respectively. The above expressions represent the most
general result for the conservation law of optical chirality,
without any restrictions on the nature of the medium.
However, they differ significantly from the previously
established continuity equation [5,12,16,26],

V.- F+ azcvacuum = Svacuum’ (8)

where C,,cqum 18 the optical chirality density as defined in
Eq. (1), and Sypeuum = [T - (VX E)+ E- (Vx T)]/2 is
the sourcelike term in free space. The essential discrepancy
arises on account of the dispersion-related terms [34]. In
particular, it is easy to prove that C = C,,cuum + Crmediums
where Cpegivm = [€ - (VX P) +ugM - (V x M)]/2, and
P and M are the macroscopic polarization and magneti-
zation fields. Strikingly, up to our knowledge, these
considerations have never been properly analyzed in
previous approaches [12,15,16,29,73]. In fact, even though
both the dispersion-related and the dissipation terms are
explicitly disregarded in Eq. (8), it has been widely used for
investigating chiroptical effects in media where the per-
mittivity is highly dispersive, including plasmonic nano-
structures as well as metamaterials [19-26]. Thus, as shown
below, the dispersion of the material systems brings about
important corrections into the original expressions for the
optical chirality density [compare Eqgs. (1) and (6)] and the
sourcelike terms of the continuity equation [compare Egs. (5)
and (8)], and hence, it must be generally considered.
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Optical chirality in lossless dispersive media: Brillouin’s
approach.—For monochromatic electric and magnetic
fields in free space, £(r, 1) = Re[E(r)e "] and H(r, 1) =
Re[H(r)e "], the time-averaged optical chirality density
is given by [12,16]

@ *
Cvacuum = 2_6‘21m[E ‘H ]’ (9)

where bold letters stand for complex field amplitudes and
the asterisk denotes complex conjugation. A straightfor-
ward calculation allows us to show that, for freely propa-
gating EM plane waves, the maximum value of C is
achieved for CPL:

(+)CPL
Cvacuum =+— E
2c 2Z |

(10)

where Z, = \/uo/€p is the vacuum impedance, and the
signs + and — correspond to left- and right-handed CPL.
In general, CPL is considered as the paradigmatic
example of field displaying optical chirality, and has
been widely used for chiroptical measurements [13,14].
Unfortunately, mainly due to the mismatch between the
scales of the wavelength and the typical size of chiral
objects [10], chiral responses are inherently very weak
[11,74]. To overcome this drawback, several efforts have
been undertaken for improving the detection schemes
[14,18,75,76], with special emphasis on metallic nano-
structures, which are regarded as well suited platforms for
strengthening chiroptical light-matter interactions [19-26].
Metals are inherently absorptive and highly dispersive.
Something similar happens with semiconductors at ener-
gies around the band gap. These features are characterized
in terms of the electric permittivity e (and eventually with
the magnetic permeability y) depending on the frequency
. According to the Kramers-Kronig relations [1,77],
dispersion is necessarily tied to dissipation. Thus, in order
to avoid misleading outcomes, the analysis of the local
dynamical properties have to be carefully carried out from a
material standpoint as well. This is well known for the
EM field energy in metals, for which a general treatment
has been developed [1,2]. Indeed, in a lossless dispersive
medium the energy density is described by the Brillouin’s
formula [78,79]. Following a similar procedure we may
obtain a closed expression for the optical chirality density.
For simplicity, we will assume a linear, homogeneous, and
isotropic medium such that D=¢ye(w)E and B=pou(w)H.
From the continuity equation as given in Eq. (4), and using
the Fourier transforms, the instantaneous distribution of the
optical chirality density can be obtained by integrating
E€-0,(VxD) and H - 0,(V x B) over time. Notice that
the integral convergence is constrained by the slowly
varying amplitude approximation [2]. Within this
assumption, the electric contribution reads as

CICC = /] <w 8(1}#0)) Ew/ . Hwe—i(a}/—F(l))fdw/da)' (1 1)
o +w

By proceeding in the same way for the magnetic contri-
bution, summing up both expressions, and integrating them
properly over the frequencies @ and @' [34], we can get
the time-averaged optical chirality density in a lossless
dispersive media:

o Im[E - H']
20, (w)vy(w)

where v,(w) = c¢/Re[n(w)] and v,(w) = c¢/Re[ii(w)], are
the phase and group velocities [80,81], respectively, which
are in turn expressed in terms of the phase refractive index
n(w) = +/e(w)u(w) and the corresponding dispersion-
modified group index 7(w) = n(w)+ w[on(w)/dw]. A
detailed description of the above derivation as well as
the current-related contribution can be found in Sec. III B of
the Supplemental Material [34].

It should be noted that the same expression for the
optical chirality density was previously obtained, but using
a more complicated approach (see Eq. (33) in Ref. [29]).
Importantly, this definition [Eq. (12)] reduces to the
standard result [Eq. (9)] for freely propagating optical
fields, i.e., when n = 1. Furthermore, it is important to
emphasize the dependence of Eq. (12) on the dispersion-
related phase and group velocities. From this simple
relation, it is easy to realize that we may enhance the
optical chirality in artificially engineered materials directly
by lowering both velocities [80,81]. This is specifically
accomplished in the vicinity of the resonance frequency,
i.e., in the anomalous dispersion region [see upper panel of
Fig. 1]. However, in a dispersive and lossy media, there are
certain frequency ranges where the precise physical mean-
ing of the group velocity turns out to be somewhat unclear
[78,79], and Eq. (12) may not be valid.

Optical chirality in lossy dispersive media: Loudon’s
approach.—A more physically realistic description of
dispersive media requires careful considerations of dis-
sipative effects. In this regard, as previously reported
(see, e.g., Refs. [82,83]), the expression of the energy
density in dispersive and lossy media crucially depends on
the specific model characterizing the medium. In classical
theory, ¢ can be modeled as a collection of Lorentz
oscillators [2,84]:

= Re[n(Q))ﬁ(w)]Cvacuum = (12)

Clossless

gDrude—Lorentz =1- Z 0)2 _ w + za)y (13)

where f,, ,, w,, ®, and y, are, respectively, the relative
strength of the oscillators, the plasma frequency, the nth
resonance frequency, the excitation frequency, and the nth
damping constant. This multiresonant model has been
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FIG. 1. Optical chirality density in (a) lossless and (b) lossy

dispersive media. Material parameters correspond to a non-
magnetic medium (u = 1), with € being described by a single
Lorentz pole with @, = wy. Red, gray, and blue dashed lines
indicate the curves where the optical chirality in the lossless case
iS —Cyacuums> 0, and Cyacuum» respectively.

proved to fit very well with experiments [64,85,86], and
thus, it can generally characterize the electric response of
any material system for any frequency and bandwidth. A
similar expression can also be introduced for the magnetic
permeability y, e.g., when describing negative-index meta-
materials [87-89]. It should be noted that the latter
expression for ¢ follows from the dynamic equation of
the polarization field:

>P,
or?

oP,
" Ot

+v + a)%l’Pn = 8Ofna)%glom (14)

with &, being the time-varying external electric field. This
relation between the electric and the polarization field is
actually the key point to get the general form of the energy
density [82,83]. Likewise, taking into account the under-
lying mathematical structure of the continuity equation
[34], we can use Eq. (14) (and the corresponding one for
the magnetization field) to identify the electric (and the
magnetic) contribution of the optical chirality density in
dispersive and lossy media. To this aim, we start again from
the continuity equation as given in Eq. (4). Attempting to
find the total time derivative for the electric contribution,
we have to express € - 9,(V x D) in terms of the electric
and the polarization fields (and similarly for the magnetic
contribution [34]):

£-9,(VxD)=leyE-0,(VxE) +E-9,(VxP). (I5)

In this way, we can also account for the influence of the
medium on the chirality density. In the latter expression, the
first term of the right-hand side can be rewritten as

£-0,(VxE) =dE-(VxE]-,E (VxE), (16)

thereby leading to a total time derivative plus a residual
term. This residual term exactly cancels with the one
appearing for the magnetic contribution in vacuum [34],
thus allowing us to recover the usual expression for the
optical chirality in free space [Eq. (1)]. On the other hand,
the second term in the right-hand side of Eq. (15) can be
addressed by using the dynamic equation for the polariza-
tion field given in Eq. (14) (see Sec. Il A in the
Supplemental Material [34] for further details). Following
the same procedure for the magnetic contribution and
summing up both expressions, we finally find that the
time-averaged optical chirality density in a lossy dispersive
medium is

Closy = Ml (E(0) e (@) +ecr (@) (@) E-HC]. (17)

where €. and pq are the real-valued effective material
parameters, which are defined as

Eer(@) = 14+ (v + 2041 /72), (18a)

perr(@) = 14 (& +2081/7,),  (18b)

withy =y +iy'=e—1and ¢ =& + i& =y — 1 being
the electric and magnetic susceptibilities. Furthermore, as
pointed out in the Supplemental Material [34], there is also a
current-related contribution which should be included.

As shown in Fig. 1, both of the above approaches yield
different results. Indeed, whereas Cjgess [Eq. (12)] can
display both positive and negative values, the total con-
tribution of Ciy [Eq. (17)] remains always positive, with a
minimum value of C,,.um that is reached in the high-
frequency limit. The largest discrepancies occur close to the
resonance frequency. Still, the peaks for both approaches
are almost equal in absolute value. These signatures can
also be appreciated in Fig. 2, where we plot the optical
chirality density of silver and silicon. Both materials have
been modeled using Eq. (13) with parameters taken from
Refs. [85,86]. From the results in Fig. 2 we note that Coeqs
overlaps almost exactly with Cu, for all frequencies,
except in the vicinity of the region of anomalous dispersion,
i.e., where de'/dw < 0. There, the curves drastically
separate from each other, thereby highlighting the impor-
tance of considering dissipative effects.

Equation (17) is the main result of this work. To the best
of our knowledge, it provides the most general definition
for the optical chirality density in dispersive and lossy

043901-4



PHYSICAL REVIEW LETTERS 121, 043901 (2018)

(a)

200f
!
\
100} \
\\
o oo TT=e
1
‘ Silver
-100 i — Re[£]x10
! -- Im[g]x10
-200 : — Ciossy/Cvacuum
: == Clossless/Cvacuum
-300L: '
0 400 800 1200 1600 2000 2400

Frequency (THz)
(b)

800 Silicon
600 — Re[g]x10
-- Im[g]x10
400 —_ Clossy/cvacuum
200 4 == Clossless/Cvacuum
0
-200
-400
-600
-800
0 400 800 1200 1600 2000 2400

Frequency (THz)

FIG. 2. Optical chirality density for (a) silver and (b) silicon.
Material parameters describing & are taken from Refs. [85,86],
respectively. For comparison, we represent the results for lossless
(red dashed lines) [Eq. (12)] and lossy (blue solid lines) [Eq. (17)]
dispersive media in terms of Cy,uum- The gray shaded areas
indicate the spectral ranges with anomalous dispersion.

media, being applicable to any material system, including
plasmonic nanostructures [26] and left-handed metamate-
rials [89]. Yet, our definition differs significantly from the
standard formula for optical fields in free space [12,16], and
even from previous suggestions attempting to tackle optical
chirality in dispersive media [29,73]. The distinction
between our result and those found in previous approaches
essentially arises from considering properly the dynamic
response of the time-dependent EM fields within a dis-
persive medium [34]. In this regard, it should be noted that
the time derivative of the fields D and B, must be expressed
as convolution integrals in the time domain. Furthermore,
in this particular case, regarding lossy dispersive media, the
mathematical structure of the continuity equation plays a
central role in the identification of the optical chirality
density as a conserved dynamical property.
Summary.—We have carried out a theoretical analysis
of the conservation law for the optical chirality. Taking
advantage of previous approaches addressing the EM
energy density, we have undertaken a parallel derivation
for the optical chirality both in lossless and lossy dispersive

media. Remarkably, our description is completely general,
i.e., is valid for arbitrarily varying radiation fields, and can
be applied to any medium, including dielectrics, semi-
conductors, as well as highly lossy material systems such as
metals and metamaterials. In view of the growing interest in
chirality and chiral light-matter interaction, we expect that
these results will aid the development of plasmonic and
metamaterial nanostructures for advanced chiroptical appli-
cations [17,89], especially in the context of enhanced
enantioselectivity, and detection and characterization of
chiral biomolecules via tailored chiral and nonchiral
structures [90,91].

The authors are grateful to C. Garcia-Meca for valuable
comments and discussions. This work was supported by
funding from Ministerio de Economia y Competitividad
(MINECO) of Spain under Contract No. TEC2014-51902-
C2-1-R.

*juavazlo@ntc.upv.es
Tamartinez@ntc.upv.es

[1] J. D. Jackson, Classical Electrodynamics (Wiley, New York,
1999).

[2] L. Novotny and B. Hecht, Principles of Nano-Optics
(Cambridge University Press, Cambridge, England, 2012).

[3] T. W.B. Kibble, J. Math. Phys. 6, 1022 (1965).

[4] W.1. Fushchich and A.G. Nikitin, J. Phys. A 25, 1231
(1992).

[5] D. M. Lipkin, J. Math. Phys. 5, 696 (1964).

[6] T. A. Morgan, J. Math. Phys. 5, 1659 (1964).

[7]1 M. G. Calkin, Am. J. Phys. 33, 958 (1965).

[8] D.J. Candlin, Nuovo Cimento 37, 1390 (1965).

[9] T. Brixner, F.J. Garcia de Abajo, J. Schneider, and W.
Pfeiffer, Phys. Rev. Lett. 95, 093901 (2005).

[10] N. Yang, Y. Tang, and A.E. Cohen, Nano Today 4, 269
(2009).

[11] L. D. Barron, Molecular Light Scattering and Optical
Activity (Cambridge University Press, Cambridge, England,
2004).

[12] Y. Tang and A.E. Cohen, Phys. Rev. Lett. 104, 163901
(2010).

[13] E. Hendry, T. Carpy, J. Johnston, M. Popland, R.V.
Mikhaylovskiy, A.J. Lapthorn, S. M. Kelly, L. D. Barron,
N. Gadegaard, and M. Kadodwala, Nat. Nanotechnol. 5,
783 (2010).

[14] Y. Tang and A.E. Cohen, Science 332, 333 (2011).

[15] J.S. Choi and M. Cho, Phys. Rev. A 86, 063834 (2012).

[16] K.Y. Bliokh and F. Nori, Phys. Rev. A 83, 021803 (2011).

[17] L. E. Barr, S. A.R. Horsley, 1. R. Hooper, J. K. Eager, C. P.
Gallagher, S. M. Hornett, A.P. Hibbins, and E. Hendry,
Phys. Rev. B 97, 155418 (2018).

[18] C. Kramer, M. Schiferling, T. Weiss, H. Giessen, and T.
Brixner, ACS Photonics 4, 396 (2017).

[19] M. Schiferling, D. Dregely, M. Hentschel, and H. Giessen,
Phys. Rev. X 2, 031010 (2012).

[20] N. Meinzer, E. Hendry, and W. L. Barnes, Phys. Rev. B 88,
041407 (2013).

043901-5


https://doi.org/10.1063/1.1704363
https://doi.org/10.1088/0305-4470/25/5/004
https://doi.org/10.1088/0305-4470/25/5/004
https://doi.org/10.1063/1.1704165
https://doi.org/10.1063/1.1931204
https://doi.org/10.1119/1.1971089
https://doi.org/10.1007/BF02783348
https://doi.org/10.1103/PhysRevLett.95.093901
https://doi.org/10.1016/j.nantod.2009.05.001
https://doi.org/10.1016/j.nantod.2009.05.001
https://doi.org/10.1103/PhysRevLett.104.163901
https://doi.org/10.1103/PhysRevLett.104.163901
https://doi.org/10.1038/nnano.2010.209
https://doi.org/10.1038/nnano.2010.209
https://doi.org/10.1126/science.1202817
https://doi.org/10.1103/PhysRevA.86.063834
https://doi.org/10.1103/PhysRevA.83.021803
https://doi.org/10.1103/PhysRevB.97.155418
https://doi.org/10.1021/acsphotonics.6b00887
https://doi.org/10.1103/PhysRevX.2.031010
https://doi.org/10.1103/PhysRevB.88.041407
https://doi.org/10.1103/PhysRevB.88.041407

PHYSICAL REVIEW LETTERS 121, 043901 (2018)

[21] V.K. Valev, J.J. Baumberg, C. Sibilia, and T. Verbiest, Adv.
Mater. 25, 2517 (2013).

[22] M. L. Nesterov, X. Yin, M. Schiferling, H. Giessen, and T.
Weiss, ACS Photonics 3, 578 (2016).

[23] J. T. Collins, C. Kuppe, D. C. Hooper, C. Sibilia, M. Centini,
and V. K. Valev, Adv. Opt. Mater. 5, 1700182 (2017).

[24] Y. Luo, C. Chi, M. Jiang, R. Li, S. Zu, Y. Li, and Z. Fang,
Adv. Opt. Mater. 5, 1700040 (2017).

[25] M. Hentschel, M. Schiferling, X. Duan, H. Giessen, and N.
Liu, Sci. Adv. 3, ¢1602735 (2017).

[26] M. Schiferling, Chiral Nanophotonics (Springer, Berlin,
2017).

[27] M. M. Coles and D. L. Andrews, Phys. Rev. A 85, 063810
(2012).

[28] I. Proskurin, A.S. Ovchinnikov, P. Nosov, and J. Kishine,
New J. Phys. 19, 063021 (2017).

[29] T. G. Philbin, Phys. Rev. A 87, 043843 (2013).

[30] T. G. Philbin, Phys. Rev. A 83,013823 (2011); 85, 059902(E)
(2012).

[31] T. G. Philbin and O. Allanson, Phys. Rev. A 86, 055802
(2012).

[32] K. Y. Bliokh, A.Y. Bekshaev, and F. Nori, Phys. Rev. Lett.
119, 073901 (2017).

[33] F. Alpeggiani, K. Y. Bliokh, F. Nori, and L. Kuipers, Phys.
Rev. Lett. 120, 243605 (2018).

[34] See  Supplemental ~Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.121.043901 for further
details on the derivation of the continuity equation (or
conservation law) for both the energy (Sec. I), which
includes Refs. [35-63], and the optical chirality (Sec. II)
in dispersive and lossy media. The Supplemental Material
also contains a detailed derivation of the optical chirality
density and the corresponding rate of losses, considering
dispersion as well as dissipation (Sec. III).

[35] V.G. Veselago, Sov. Phys. Usp. 10, 509 (1968).

[36] J.B. Pendry, Phys. Rev. Lett. 85, 3966 (2000).

[37] H.J. Lezec, J. A. Dionne, and H. A. Atwater, Science 316,
430 (2007).

[38] N. Engheta, Science 317, 1698 (2007).

[39] J. Valentine, S. Zhang, T. Zentgraf, E. Ulin-Avila, D. A.
Genov, G. Bartal, and X. Zhang, Nature (London) 455, 376
(2008).

[40] T.J. Cui and J. A. Kong, Phys. Rev. B 70, 205106 (2004).

[41] S. A. Tretyakov, Phys. Lett. A 343, 231 (2005).

[42] A.D. Boardman and K. Marinov, Phys. Rev. B 73, 165110
(2006).

[43] P.-G. Luan, Phys. Rev. E 80, 046601 (2009).

[44] A.Raman and S. Fan, Phys. Rev. Lett. 104, 087401 (2010).

[45] W. Shin, A. Raman, and S. Fan, J. Opt. Soc. Am. B 29, 1048
(2012).

[46] F.S.S. Rosa, D. A. R. Dalvit, and P. W. Milonni, Phys. Rev.
A 81, 033812 (2010).

[47] K.J. Webb and Shivanand, J. Opt. Soc. Am. B 27, 1215
(2010).

[48] F. D. Nunes, T. C. Vasconcelos, M. Bezerra, and J. Weiner,
J. Opt. Soc. Am. B 28, 1544 (2011).

[49] J. Askne and B. Lind, Phys. Rev. A 2, 2335 (1970).

[50] C.-G. Huang and Y.-Z. Zhang, Phys. Rev. A 65, 015802
(2001).

[51] R. W. Ziolkowski, Phys. Rev. E 63, 046604 (2001).

[52] R. A. Shelby, D. R. Smith, and S. Schultz, Science 292, 77
(2001).

[53] L.J. Wang, A. Kuzmich, and A. Dogariu, Nature (London)
406, 277 (2000).

[54] S. Glasgow, M. Ware, and J. Peatross, Phys. Rev. E 64,
046610 (2001).

[55] G. Dolling, C. Enkrich, M. Wegener, C. M. Soukoulis, and
S. Linden, Science 312, 892 (2006).

[56] E. Feigenbaum, N. Kaminski, and M. Orenstein, Opt.
Express 17, 18934 (2009).

[57] D.F. Nelson, Phys. Rev. A 44, 3985 (1991).

[58] S. M. Barnett and R. Loudon, Phil. Trans. R. Soc. A 368,
927 (2010).

[59] S.M. Barnett, Phys. Rev. Lett. 104, 070401 (2010).

[60] K.Y. Bliokh, A.Y. Bekshaev, and F. Nori, New J. Phys. 19,
123014 (2017).

[61] M. G. Silveirinha, Phys. Rev. A 96, 033831 (2017).

[62] K. E. Oughstun and S. Shen, J. Opt. Soc. Am. B 5, 2395
(1988).

[63] F. D. Nunes, B.-H. V. Borges, and J. Weiner, Opt. Express
20, 15679 (2012).

[64] H.S. Sehmi, W. Langbein, and E. A. Muljarov, Phys. Rev. B
95, 115444 (2017).

[65] W.I. Fushchich and A. G. Nikitin, Symmetries of Maxwell’s
Equations. Mathematics and its Applications (Springer,
Amsterdam, 1987).

[66] E. Noether, Gott. Nachr. 1918, 235 (1918) [Transp. Theory
Stat. Phys. 1, 186 (1971)].

[67] W.-K Tung, Group Theory in Physics (World Scientific,
Singapore, 1985).

[68] R.P. Cameron, J. B. Gotte, S. M. Barnett, and A. M. Yao,
Phil. Trans. R. Soc. A 375, 20150433 (2017).

[69] S. Weinberg, The Quantum Theory of Fields (Cambridge
University Press, Cambridge, England, 1995), 1sted., Vol. 1.

[70] G. Nienhuis, Phys. Rev. A 93, 023840 (2016).

[71] 1. Fernandez-Corbaton and C. Rockstuhl, Phys. Rev. A 95,
053829 (2017).

[72] J. H. Poynting, Phil. Trans. R. Soc. London 175, 343 (1884).

[73] L. V. Poulikakos, P. Gutsche, K. M. McPeak, S. Burger, J.
Niegemann, C. Hafner, and D. J. Norris, ACS Photonics 3,
1619 (2016).

[74] H. Rhee, J. S. Choi, D.J. Starling, J. C. Howell, and M. Cho,
Chem. Sci. 4, 4107 (2013).

[75] C. Rosales-Guzman, K. Volke-Sepulveda, and J. P. Torres,
Opt. Lett. 37, 3486 (2012).

[76] 1. Fernandez-Corbaton, M. Fruhnert, and C. Rockstuhl,
Phys. Rev. X 6, 031013 (2016).

[77] M. V. Gorkunov, V.E. Dmitrienko, A.A. Ezhov, V. V.
Artemov, and O. Y. Rogov, Sci. Rep. 5, 9273 (2015).

[78] L. Brillouin, Wave Propagation and Group Velocity
(Academic, New York, 1960).

[79] L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii, Electro-
dynamics of Continuous Media (Pergamon, New York,
1984).

[80] R. W. Boyd and D.J. Gauthier, Science 326, 1074 (2009).

[81] V. Gerasik and M. Stastna, Phys. Rev. E 81, 056602 (2010).

[82] R. Loudon, J. Phys. A: Gen. Phys. 3, 233 (1970).

[83] R. Ruppin, Phys. Lett. A 299, 309 (2002).

[84] S. A. Maier, Plasmonics: Fundamentals and Applications
(Springer, New York, 2007).

043901-6


https://doi.org/10.1002/adma.201205178
https://doi.org/10.1002/adma.201205178
https://doi.org/10.1021/acsphotonics.5b00637
https://doi.org/10.1002/adom.201700182
https://doi.org/10.1002/adom.201700040
https://doi.org/10.1126/sciadv.1602735
https://doi.org/10.1103/PhysRevA.85.063810
https://doi.org/10.1103/PhysRevA.85.063810
https://doi.org/10.1088/1367-2630/aa6acd
https://doi.org/10.1103/PhysRevA.87.043843
https://doi.org/10.1103/PhysRevA.83.013823
https://doi.org/10.1103/PhysRevA.85.059902
https://doi.org/10.1103/PhysRevA.85.059902
https://doi.org/10.1103/PhysRevA.86.055802
https://doi.org/10.1103/PhysRevA.86.055802
https://doi.org/10.1103/PhysRevLett.119.073901
https://doi.org/10.1103/PhysRevLett.119.073901
https://doi.org/10.1103/PhysRevLett.120.243605
https://doi.org/10.1103/PhysRevLett.120.243605
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
http://link.aps.org/supplemental/10.1103/PhysRevLett.121.043901
https://doi.org/10.1070/PU1968v010n04ABEH003699
https://doi.org/10.1103/PhysRevLett.85.3966
https://doi.org/10.1126/science.1139266
https://doi.org/10.1126/science.1139266
https://doi.org/10.1126/science.1133268
https://doi.org/10.1038/nature07247
https://doi.org/10.1038/nature07247
https://doi.org/10.1103/PhysRevB.70.205106
https://doi.org/10.1016/j.physleta.2005.06.023
https://doi.org/10.1103/PhysRevB.73.165110
https://doi.org/10.1103/PhysRevB.73.165110
https://doi.org/10.1103/PhysRevE.80.046601
https://doi.org/10.1103/PhysRevLett.104.087401
https://doi.org/10.1364/JOSAB.29.001048
https://doi.org/10.1364/JOSAB.29.001048
https://doi.org/10.1103/PhysRevA.81.033812
https://doi.org/10.1103/PhysRevA.81.033812
https://doi.org/10.1364/JOSAB.27.001215
https://doi.org/10.1364/JOSAB.27.001215
https://doi.org/10.1364/JOSAB.28.001544
https://doi.org/10.1103/PhysRevA.2.2335
https://doi.org/10.1103/PhysRevA.65.015802
https://doi.org/10.1103/PhysRevA.65.015802
https://doi.org/10.1103/PhysRevE.63.046604
https://doi.org/10.1126/science.1058847
https://doi.org/10.1126/science.1058847
https://doi.org/10.1038/35018520
https://doi.org/10.1038/35018520
https://doi.org/10.1103/PhysRevE.64.046610
https://doi.org/10.1103/PhysRevE.64.046610
https://doi.org/10.1126/science.1126021
https://doi.org/10.1364/OE.17.018934
https://doi.org/10.1364/OE.17.018934
https://doi.org/10.1103/PhysRevA.44.3985
https://doi.org/10.1098/rsta.2009.0207
https://doi.org/10.1098/rsta.2009.0207
https://doi.org/10.1103/PhysRevLett.104.070401
https://doi.org/10.1088/1367-2630/aa8913
https://doi.org/10.1088/1367-2630/aa8913
https://doi.org/10.1103/PhysRevA.96.033831
https://doi.org/10.1364/JOSAB.5.002395
https://doi.org/10.1364/JOSAB.5.002395
https://doi.org/10.1364/OE.20.015679
https://doi.org/10.1364/OE.20.015679
https://doi.org/10.1103/PhysRevB.95.115444
https://doi.org/10.1103/PhysRevB.95.115444
https://doi.org/10.1080/00411457108231446
https://doi.org/10.1080/00411457108231446
https://doi.org/10.1098/rsta.2015.0433
https://doi.org/10.1103/PhysRevA.93.023840
https://doi.org/10.1103/PhysRevA.95.053829
https://doi.org/10.1103/PhysRevA.95.053829
https://doi.org/10.1098/rstl.1884.0016
https://doi.org/10.1021/acsphotonics.6b00201
https://doi.org/10.1021/acsphotonics.6b00201
https://doi.org/10.1039/c3sc51255j
https://doi.org/10.1364/OL.37.003486
https://doi.org/10.1103/PhysRevX.6.031013
https://doi.org/10.1038/srep09273
https://doi.org/10.1126/science.1170885
https://doi.org/10.1103/PhysRevE.81.056602
https://doi.org/10.1088/0305-4470/3/3/008
https://doi.org/10.1016/S0375-9601(01)00838-6

PHYSICAL REVIEW LETTERS 121, 043901 (2018)

[85] A.D. Raki¢, A.B. Djurisi¢, J.M. Elazar, and M.L. [89] S.J. Yoo, M. Cho, and Q.-Han Park, Phys. Rev. B 89,

Majewski, Appl. Opt. 37, 5271 (1998). 161405 (2014); S. J. Yoo and Q.-Han Park, Phys. Rev. Lett.
[86] E.D. Palik, Handbook of Optical Constants of Solids 114, 203003 (2015).

(Academic Press, New York, 1985). [90] A. Garcia-Etxarri and J. A. Dionne, Phys. Rev. B 87,
[87] D.R. Smith, W.J. Padilla, D. C. Vier, S. C. Nemat-Nasser, 235409 (2013).

and S. Schultz, Phys. Rev. Lett. 84, 4184 (2000). [91] G. Pellegrini, M. Finazzi, M. Celebrano, L. Duo, and P.
[88] C.Garcia-Meca, J. Hurtado, J. Marti, A. Martinez, W. Dickson, Biagioni, Phys. Rev. B 95, 241402 (2017).

and A. V. Zayats, Phys. Rev. Lett. 106, 067402 (2011).

043901-7


https://doi.org/10.1364/AO.37.005271
https://doi.org/10.1103/PhysRevLett.84.4184
https://doi.org/10.1103/PhysRevLett.106.067402
https://doi.org/10.1103/PhysRevB.89.161405
https://doi.org/10.1103/PhysRevB.89.161405
https://doi.org/10.1103/PhysRevLett.114.203003
https://doi.org/10.1103/PhysRevLett.114.203003
https://doi.org/10.1103/PhysRevB.87.235409
https://doi.org/10.1103/PhysRevB.87.235409
https://doi.org/10.1103/PhysRevB.95.241402

