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Cold dark matter is a crucial constituent of the current concordance cosmological model. Having a
vanishing equation of state (EOS), its energy density scales with the inverse cosmic volume and is thus
uniquely described by a single number, its present abundance. We test the inverse cosmic volume law for
dark matter (DM) by allowing its EOS to vary independently in eight redshift bins in the range z ¼ 105 and
z ¼ 0. We use the latest measurements of the cosmic microwave background radiation from the Planck
satellite and supplement them with baryon acoustic oscillation (BAO) data from the 6dF and SDSS-III
BOSS surveys and with the Hubble Space Telescope (HST) key project data. We find no evidence for
nonzero EOS in any of the eight redshift bins. With Planck data alone, the DM abundance is most strongly
constrained around matter-radiation equality ωeq

g ¼ 0.1193þ0.0036
−0.0035 (95% C.L.), whereas its present-day

value is more weakly constrained: ωð0Þ
g ¼ 0.16þ0.12

−0.10 (95% C.L.). Adding BAO or HST data does not

significantly change the ωeq
g constraint, while ωð0Þ

g tightens to 0.160þ0.069
−0.065 (95% C.L.) and 0.124þ0.081

−0.067
(95% C.L.), respectively. Our results constrain for the first time the level of “coldness” required of the DM
across various cosmological epochs and show that the DM abundance is strictly positive at all times.
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Introduction.—Cosmological observations indicate that
there is insufficient baryonic matter in the Universe for the
correct description of physical processes, if gravitational
laws are dictated by general relativity. A natural explan-
ation is that most of the matter fields interact negligibly
with light, and are thus called dark matter, but can still be
seen through their gravitational effect.
Dark matter (DM) is generally thought to be a stable

particle (or particles) not part of the standardmodel; however,
it has so far remained elusive [1–7]. Cosmologically, it is
usually modeled as cold dark matter (CDM), which is part of
the successful ΛCDM model that is consistent with obser-
vations of the cosmic microwave background (CMB) (e.g.,
[8]), cosmic shear surveys (e.g., [9]), measurements of the
background expansion such as BAO probes [10], supernovae
distance measurements [11], and the observed abundance of
light elements [12].
The CDMmodel is defined by a phase space distribution

function satisfying the collisionless Boltzmann equation
with an initially vanishing velocity dispersion and curl.
This leads to a background CDM density ρ̄cðaÞ ∝ a−3 (a
being the scale factor of the Universe) and equation of state
(EOS) w ¼ 0, while the linearized density and velocity
perturbations satisfy the continuity and pressureless Euler
equations. Note that we use w to indicate the EOS of DM
and not the EOS of dark energy which we assume to be −1
as in ΛCDM. The resulting model arises naturally in the

weakly interacting massive particle paradigm: The candi-
date particles are effectively collisionless, typically have an
EOS w ∼ 10−24a−2 [13,14] and, thus, are well described by
CDM. The QCD axion is another CDM candidate [15].
Not all DM candidates fit into the CDM paradigm, for

instance, warm DM [14,16,17], ultralight axions [18,19],
collisionless massive neutrinos [20,21], self-interacting
massive neutrinos [22,23], Chaplygin gas [24], and self-
interacting DM [25]. In addition, DM may interact with
other species such as neutrinos [26,27], photons [28,29],
dark radiation [30–33], and dark energy [34–36].
Rather than taking the CDM description for granted, we

consider it timely to examine whether the data themselves
support any deviation from the CDM paradigm and, thus,
to further determine or constrain DM properties. For our
purpose, we use the generalized dark matter (GDM) model,
first proposed by W. Hu [37]. The phenomenology of the
GDM model has been thoroughly investigated in Ref. [38],
where a connection was found with more fundamental
theories, including those of a rich self-interacting dark
sector. In addition, the recent work on the effective field
theory of large-scale structure (EFT of LSS) [39] suggests
that, even for an initially pressureless perfect fluid, the
nonlinearities that develop on small scales affect the
cosmological background and large-scale linear perturba-
tions, creating an effective pressure and viscosity such as
those found in GDM.
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The GDM model has been used to constrain DM
properties with either constant or specific time dependences
of the parameters [40–45]. Here, we allow the DM EOS to
vary more freely in time than all previous studies.
The model.—We consider a flat Universe with only

scalar perturbations; see [38] for more details and notation.
The background density ρ̄g and pressure P̄g of the DM
evolve according to the conservation law

_̄ρg ¼ −3Hð1þ wÞρ̄g; P̄g ¼ wρ̄g; q ð1Þ

where H ¼ ð _a=aÞ is the Hubble parameter and the overdot
denotes derivatives with respect to cosmic time t. The
parametric function wðtÞ is freely specifiable with the case
w ¼ 0 corresponding to a CDM background (ρ̄g ¼ ρ̄c).
The GDM model has two further free functions: the speed
of sound c2s and the (shear) viscosity c2vis. The EOS w is
uncorrelated with the two perturbative parameters c2s and
c2vis, as shown in Ref. [44]; thus, in this work, we set these
two to zero and denote this class of GDMmodels by wDM.
Consequently, replacing CDM by wDM in the ΛCDM
model leads to ΛwDM.
With this choice, the perturbed wDM fluid equations for

the density contrast δg and velocity perturbation θg are
given by

_δg
1þ w

¼ 3H

�
wδg
1þ w

þ 3aHc2aθg

�
−
�
1

2
_h −

1

a
∇⃗2

θg

�
;

_θg ¼ −Hθg; c2a ¼
_̄Pg

_̄ρg
¼ w −

_w
3Hð1þ wÞ : ð2Þ

Here, c2a is the adiabatic speed of sound and h is a metric
perturbation in the synchronous gauge [37,38]. The
Euler equation _θg ¼ −Hθg is identical to that of CDM,
which implies the solution θg ¼ 0. An example of wDM is
the combination of CDM and Λ interpreted as a single fluid
with w ¼ −ð1þ ρ̄c=ρ̄ΛÞ−1. A large degeneracy between
ΩΛ and w is thus expected at late times (see also [46]).
Methodology.—The wDM fluid equations (1) and (2)

were implemented in the Boltzmann code CLASS [47]
as in Refs. [38,44]. A sufficiently general time dependence
of w was achieved by binning its evolution into
N ¼ 8 scale factor bins, whose edges are ãi ¼
10f0;−1;−1.5;−2;−2.5;−3;−3.5;−4g. The bins were smoothly con-
nected using wðaÞ ¼ erf½σ−1a lnða=ãiþ1Þ�ðwi − wiþ1Þ=2þ
ðwi þ wiþ1Þ=2 for aiþ1 < a < ai, with bin centers ai ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
ãiãiþ1

p
for 1 ≤ i ≤ N − 2 while a0 ¼ 1 and aN−1 ¼ 0.

Because of the aforementioned degeneracy
of wDM with CDM and Λ, we chose a wider bin in the
late Universe.
The σa parameter controls the transition width between

bins; it was set to 1=20 so that the transition is small

compared to the bin width. We tested that this choice does
not affect our conclusions.
We define a dimensionless scaled wDM density

ωg ≡ a3ρ̄g
8πG

3 × ð100 km=s=MpcÞ2 : ð3Þ

When w ¼ 0 through cosmic history, ωg is a constant equal
to the conventional dimensionless CDM density ωc. In
general, however, ωg varies over time and is fully deter-

mined by the N þ 1 parameters ωð0Þ
g and wi. We use the

notation ωðiÞ
g ¼ ωgðaiÞ and similarly for other functions

with subscripts, so that the present-day DM abundance is

ωð0Þ
g ¼ ωgða0Þ. For functions without a subscript, we

instead write Hi ¼ HðaiÞ and wi ¼ wðaiÞ.
Our parameter constraints were obtained as in Ref. [44],

and we present only brief details here. We used the Markov
chain Monte Carlo code MONTEPYTHON [48] and estab-
lished a convergence of the chains using the Gelman-Rubin
criterion [49]. Our total parameter set

ðωb;ω
ð0Þ
g ; H0; ns; τ; ln 1010As; wiÞ ð4Þ

consists of six ΛCDM parameters and the eight values wi.
We denote theΛwDMmodel with eight bins as “var-w” and
the previously studied model [44] with w ¼ const as
“const-w.” We assumed adiabatic initial conditions.
We used the Planck 2015 data release [50] of the CMB

anisotropies power spectra, composed of the low-l T/E/B
likelihood and the full TT/TE/EE high-l likelihood with
the complete “not-lite” set of nuisance parameters [51].
These likelihoods combined are referred to as Planck power
spectra (PPS). We also added selectively the HST key
project prior onH0 [52], BAO from the 6dF Galaxy Survey
[53] and the Baryon Oscillation Spectroscopic Survey
Sloan Digital Sky Survey [10], and the Planck CMB
lensing likelihood (respectively referred to as HST,
BAO, and lens hereafter).
We set uniform priors on τ and H0 such that 0.01 < τ

and 45 ≤ H0 ≤ 90, respectively. We used the same priors
on Planck nuisance parameters and the same neutrino
treatment as in Ref. [44]. The helium fraction was set to
YHe ¼ 0.24667 [8].
Results.—Our main results are constraints on the time

dependence of DM EOS wðaÞ and abundance ωgðaÞ shown
in Figs. 1 and 2. For comparison, we also show the
constraints on the const-w model already discussed in
Ref. [44]. We list the 95% confidence regions of all
parameters in Table I.
In Fig. 1, we observe that ΛCDM lies in the 99% con-

fidence region of the const-w model, which in turn lies in
the 99% confidence region of the var-wmodel, such that the
constraints are nested like the models themselves. There is
no evidence for significant deviations of the DM EOS from
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0 at any time. Consequently, any model selection criteria
will favor ΛCDM.
The constraints on w are the strongest between a6 and a5

enclosing the matter-radiation equality aeq ≃ 3 × 10−4 and
are about a factor of 2 weaker compared to the const-w
model. In other bins, the constraints on w weaken signifi-
cantly. Adding the BAO or HST data set has only a minor
effect on var-w constraints and only tightens limits in the
rightmost bin. As was the case for the const-w model [44],
adding CMB lensing does not significantly improve the
constraints.
Let us now compare in more detail the DM abundance

ωgðaÞ of the var-w and const-wmodels focusing only on the
two data set combinations PPS and PPSþ BAOþ lens. In
Fig. 2, we see that, like wðaÞ, ωg is most tightly constrained
between a6 ¼ 10−3.75 and a5 ¼ 10−3.25, in fact almost as

tightly as for the const-w model (see the inset in Fig. 2).
Around a ¼ 0.4, there is a squeeze in the constraints of ωg

from PPS, which extends to a ∼ ð0.08; 0.4Þ when BAO or
HST are included. At all times, a vanishing DM abundance
(ωg ¼ 0) is inconsistent with the data. More quantitatively,
we find for the var-w model at 95% C.L. ωeq

g ¼
0.1193þ0.0036

−0.0035 and ωð0Þ
g ¼ 0.16þ0.12

−0.10 with PPS only, whereas
for PPSþ BAOþ lens we get ωeq

g ¼ 0.1189þ0.0032
−0.0033 and

ωð0Þ
g ¼ 0.169þ0.067

−0.065 . For const-w-PPSþ BAOþ lens, we
find ωeq

g ¼ 0.1193þ0.0026
−0.0026 , whereas the ΛCDM result is

ωc ¼ ωeq
g ¼ 0.1184þ0.0022

−0.0022 ; see [44].
Consider the tightly constrained region around aeq,

a6 < a < a5, as shown in Fig. 2 (see also the inset in
the same figure). As discussed in Refs. [37,38], the GDM
abundance ωgðaÞ and expansion rate HðaÞ in the early
Universe determine the time of matter-radiation equality
and thereby the amount of potential decay until recombi-
nation. This in turn sets the relative heights of the first few
peaks of the CMB temperature angular power spectrum.
Both the const-w and var-wmodels constrain ωg around aeq
at a similar level (see above). The degeneracy between H0

and ωg in the const-w model [44] translates into a

degeneracy between H6 and ωð6Þ
g in the var-w model as

seen in the left panel in Fig. 3. Indeed, theH6-ω
ð6Þ
g contours

reveal how well the CMB constrains a combination of the
expansion rate and the abundance of DM around aeq. The

FIG. 2. The 68% and 95% contours of the 1D marginalized
posteriors on the DM abundance ωgðaÞ. We show the var-w and
const-w models, both with two different data sets (PPS and
PPSþ BAOþ lens) as specified in the legend.

FIG. 1. The 99% confidence regions on the EOS of DM, wðaÞ
for σa ¼ 0. The eight bins are indicated by the large ticks on the
a axis. The different line styles correspond to different data sets
and models specified in the legend. The inset shows the region
between ã7 ¼ 10−4 and ã5 ¼ 10−3 magnified. Within the const-
w narrow stripe lies the ΛCDM model indicated by the black
solid line.

TABLE I. The 95% confidence intervals of var-w parameters.

Data

Parameter PPS PPSþ BAO PPSþ HST

100ωb 2.221þ0.041
−0.040 2.217þ0.040

−0.038 2.218þ0.039
−0.038

ωð0Þ
g 0.16þ0.12

−0.10 0.160þ0.069
−0.065 0.124þ0.081

−0.067

H0 [km/s/Mpc] < 65.9 66:6þ3.7
−4.0 72:3þ4.5

−4.6

ns 0.974þ0.021
−0.020 0.974þ0.020

−0.020 0.977þ0.020
−0.020

τ 0.072þ0.039
−0.035 0.076þ0.040

−0.034 0.076þ0.037
−0.034

lnð1010AsÞ 3.085þ0.076
−0.069 3.096þ0.078

−0.067 3.096þ0.073
−0.067

w0 −0.03þ0.17
−0.14 −0.056þ0.091

−0.083 −0.01þ0.12
−0.13

w1 0.01þ0.13
−0.13 0.02þ0.12

−0.13 0.02þ0.12
−0.12

w2 0.02þ0.12
−0.11 0.05þ0.10

−0.10 0.05þ0.11
−0.10

w3 −0.044þ0.075
−0.072 −0.036þ0.072

−0.068 −0.041þ0.075
−0.067

w4 0.002þ0.038
−0.039 0.005þ0.036

−0.038 0.005þ0.038
−0.038

w5 −0.006þ0.011
−0.010 −0.006þ0.010

−0.010 −0.005þ0.011
−0.010

w6 0.0078þ0.0079
−0.0081 0.0084þ0.0078

−0.0079 0.0085þ0.0080
−0.0080

w7 0.021þ0.031
−0.032 0.022þ0.030

−0.031 0.025þ0.029
−0.030

Ωð0Þ
Λ 0.34þ0.45

−0.58 0.58þ0.18
−0.21 0.72þ0.14

−0.16

σ8 0.71þ0.45
−0.36 0.72þ0.27

−0.23 0.91þ0.43
−0.39
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degeneracy between w-ωg [38,44] in the const-wmodel due
to the same effect is also seen as a degeneracy between w6

and ωð6Þ
g (right panel in Fig. 3); however, in the var-w

model, it is weakened, as w6 has only an indirect effect on

aeq, contrary to ωð6Þ
g . Similar correlations exist for H5-ω

ð5Þ
g

and ωð5Þ
g -w5 but in the opposite direction.

The origin of the squeeze around a ∼ ð0.08–0.4Þ is of an
entirely different nature. The angular diameter distance d�A
to the last scattering surface is given by

d�A ¼ a�

Z
1

a�
d ln aðaHÞ−1 ¼ a�ðη0 − η�Þ: ð5Þ

Here, the second equality has been written in terms of the
conformal time (η ¼ R

dt=a) today, η0, and at the last
scattering surface, η�. The largest contribution to d�A comes
from the first ln a bin where η grows from ∼4000 to
∼14 000 Mpc and constitutes ∼70% of the total. This
contribution can be strongly constrained by geometric

probes. Within the first scale factor bin, we have H ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωð0Þ
g ða−3ð1þw0Þ − 1Þ þH2

0

q
(with H and H0 in units of

100 km=s=Mpc). Hence, for a one-parameter family ofωð0Þ
g

and w0, the combination ðaHÞ−1 is approximately constant.
As this is the largest contributor to d�A, we expect w0 and

ωð0Þ
g to be anticorrelated, as is indeed observed in Fig. 4

(lower left panel). The inclusion of BAO or HST data
significantly improves and shifts the constraints on ηðaÞ
and is, in turn, reflected in the ωg and w constraints.
For the var-w model, PPS alone allows for very low H0,

as low as 45 km=s=Mpc, corresponding to our hard prior
onH0; see the blue contours in the top left and bottom right
panels in Fig. 4. Adding BAO (red dotted lines) or HST
(black dashed lines) shrinks the posteriors and also moves
the mean of H0 back towards the range consistent with the
const-w model [44]. BAO (and also HST) data lead to a

degeneracy between H0 and w0 and between H0 and ωð0Þ
g ,

as in the const-wmodel. However, as the present-day values
of H and ωg are no longer anchored to their early Universe

values, the degeneracy axis is rotated and the contours are
not as flattened.
In the middle panels in Fig. 4, we display the 2D

marginalized posteriors of the H0 −ΩΛ and ωð0Þ
g −ΩΛ

planes. As ωb is well constrained, wDM and Λ are the only
relevant species in the late (flat) Universe and are expected
to have their abundances anticorrelated. Indeed, the param-

eter ωð0Þ
g is anticorrelated with Ωð0Þ

Λ for all data sets. The
combination of CDM and Λ may be modeled by wDM; in
that model, however, w changes steeply only within the w0

bin so that this behavior is unaffected. When BAO or HST
data are included, the slope and size of the contours change
strongly as the late Universe behavior dissociates from the
early Universe in the var-w model. The negative values of

Ωð0Þ
Λ are correlated with the low values of H0, and, while

allowed by PPS, they disappear when H0 is better con-
strained after including BAO or HST data.
Implications.—In the wDM model, the DM abundance

ωg may deviate from its expected (constant) CDM value
throughout cosmic history, causing only minimal changes
to the clustering properties of DM. Hence, the constraints
on w and ωg are conservative. One could also conserva-
tively allow for general c2sða; kÞ and c2visða; kÞ and mar-
ginalize over them. However, as w is almost uncorrelated
with c2s and c2vis, we expect such a procedure to give
constraints similar to those here. In the cases of warm DM
and EFT of LSS, the parameters w, c2s , and c2vis are
interrelated so that the w constraints will be driven by c2s
and c2vis and, hence, tightened further [14,45]. Adding a
spatial curvature and/or neutrino mass would likely widen
the ωg constraints on the squeeze at a ∼ f0.08–0.4g [54]
and in the latter case on the tightly constrained region
around aeq as well.

FIG. 3. The 68% and 95% contours of 2D marginalized
posteriors of ωð6Þ

g -H6 (left) and ωð6Þ
g -w6 (right). The line styles

and colors are as in Figs. 2 and 4.

FIG. 4. The 68% and 95% contours of 2D marginalized
posteriors for combinations of parameters in the set

fH0; w0;ω
ð0Þ
g ;ΩΛg. The PPSþ HST contours in the ωð0Þ

g -w0

and ωð0Þ
g -Ωð0Þ

Λ panels are not displayed, as they are very similar
to PPSþ BAOðþlensÞ.
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When applying our constraints to generic theories of
dark matter, including those coming from modifications of
gravity, one must keep in mind our underlying assumption
of adiabaticity. As models of modified gravity will typically
have additional fields leading to more types of isocurvature
modes, we expect our constraints to be less applicable in
those cases. However, within our adiabatic assumption, we
expect our constraints to be valid for any theory of dark
matter or modified gravity. The cosmological background
in any such theory will have to evolve as inΛCDM (see, for
example, [55]), around matter-radiation equality, and
before decoupling. Typical examples include DM-DE
coupled models [34–36]. Explicit realizations where a
CDM-like background decays into DE are given by the
quasidilaton models of massive gravity [56,57] and by
axion models [58].
Conclusion.—We have constrained the EOS w and

abundance ωg of dark matter, in eight temporal bins
covering five decades in cosmic scale factor, using the
CMB data from the Planck satellite, and separately
including BAO and HST data. We found that w is consistent
with zero and the DM abundance is strictly positive at all
cosmological epochs considered here (see Figs. 1 and 2),
and thus the concordance ΛCDM model remains unchal-
lenged. This is the first time that the level of DM “coldness”
across cosmic time has been explicitly constrained.
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