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Through the perturbation formula of time-dependent density functional theory broadly employed in the
calculation of solids, we provide a first-principles calculation of x-ray Thomson scattering spectrum of
isochorically heated aluminum foil, as considered in the experiments of Sperling et al. [Phys. Rev. Lett.
115, 115001 (2015)], where ions were constrained near their lattice positions. From the calculated spectra,
we find that the electronic temperature cannot exceed 2 eV, much smaller than the previous estimation of
6 eV via the detailed balance relation. Our results may well be an indication of unique electronic properties
of warm dense matter, which can be further illustrated by future experiments. The lower electronic
temperature predicted partially relieves the concern on the heating of x-ray free electron laser to the sample
when used in structure measurement.
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Awarm dense state of a material is broadly concerned in
inertial confinement fusion [1–4], planetary physics [5],
and laboratory astrophysics [6]. Owing to the development
of experimental techniques, especially the advent of x-ray
free electron lasers (XFELs) [7], high-power lasers [8,9],
and Z apparatus [10], the difficulty of generating a warm
dense state under laboratory conditions is much relieved.
Instead, the description of the state, including both exper-
imental diagnosis [11–14] and theoretical modeling
[15–17], is emerging as a focus of the investigation.
This inquiry has motivated and strongly supported the
development of several diagnostic techniques, e.g., the
streaked optical pyrometers [18,19], the x-ray absorption
spectra [12,13,16], and in parallel, the x-ray Thomson
scattering (XRTS) methods [11,20], all of which are closely
related to the detection of electronic transitions in warm
dense matter (WDM).
The XRTS method is viewed as a promising technique to

measure internal properties of WDM [20]. Comprehensive
information of the material, including that of electronic
structures, ion structures, thermal properties, and transport
properties, etc., are conveyed in the XRTS spectra. This
prospect has been greatly strengthened recently by the
progress of XRTS experiments [11,21–23], especially by
their impressive accuracy and resolution in the measure-
ment of scattering spectra. However, extracting material
properties from measured XRTS spectra remains a grand
theoretical challenge. This situation is similar to or even
worse than that in the x-ray absorption experiments. The
underlying difficulties are attributed to the complex

dependency of XRTS spectra on material parameters, such
as temperature, density, and even the degree of a WDM
system apart from its equilibrium state.
As long as the XRTS method considered as a diagnostic

tool, the measurement of electronic temperature Te can
serve as a critical calibration reference, and thus has
attracted much attention recently [11,22,24,25]. In addi-
tion, measuring Te itself is also of fundamental interest to
WDM. It is not only essential to the determination of the
equation of state, but is also a prerequisite to the under-
standing of the electron-ion energy transfer process in
materials under the exposure of a high-power laser [26].
It is usually difficult to extract an single condition

parameter such as Te from the XRTS spectra without
knowing other parameters. The recent isochoric heating
technique [11] of XFELs, however, greatly reduces the
complicity of determining Te. With the motion of ions
suppressed by their own inertia in the short heating period
of several femtoseconds, the influence of ions on electronic
transitions is approximately a stationary value. The only
undetermined parameter left in the system is Te, provided
that electrons are in equilibrium with each other, as usually
assumed in WDM experiments [27]. A recent forward
XRTS experiment [11] on isochorically heated warm dense
aluminum (Al) is such an excellent example (with so far the
most accurate measurements) that theoretical interpretation
of the XRTS spectra can be conducted under well-
controlled conditions.
In this Letter, we provide a first-principles estimation of

Te based on the experimental XRTS spectra measured by
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Sperling et al. [11]. In the first-principles method, ion-
electron interactions and the major part of electron-electron
interactions are self-consistently included at the density
functional theory (DFT) level [28]. The scattering of
electrons in the x-ray electric field are taken into account
by the time-dependent density functional theory (TDDFT)
with a linear response perturbation formula [29]. Our
calculations display that Te of the warm dense Al cannot
exceed 2 eV. It is much smaller than the previous estimation
of 6 eV via the detailed balance relation [11], which may
not be reliable as expected because the method is extremely
sensitive to small fluctuations in measuring the spectrum
strength [30]. Our results may well indicate the unique
electronic properties of WDM, which can be further
demonstrated by future experiments and theories. The
lower Te predicted can partially relieve the concern of
XFELs in heating the sample as a structure measurement
tool [31].
We focus on the inelastic scattering of x-ray photons by

electrons in the Al foil, as considered by the experiment
[11]. Direct scattering from ions is neglected because the
cross section is inversely proportional to the square of the
mass of charged particles [32]. To keep a close comparison
with the experimental results, we follow the experimental
way [33] to decompose the intensity Iðq;ωÞ of the scattered
x ray at the transferred momentum q and the transferred
energy ω into two parts as

Iðq;ωÞ ∝ jfcðqÞ þ ρðqÞj2Siiðq;ωÞ þ ZSeeðq;ωÞ; ð1Þ

with fcðqÞ as the form factor of the core (bound) electrons,
ρðqÞ as the form factor of the screening electrons, Sii as the
ion-ion dynamic structure factor, Z as the number of
valence (unbound) electrons, and See as the dynamic
structure factor of valence electrons. The atomic units
together with kB ¼ 1 will be used hereinafter in the
formulas.
The first part in Eq. (1) represents the quasielastic

scattering. As has been revealed by experiments [33], it
only corresponds to a sharp peak at the origin point of ω
with its width being much smaller than the experimental
resolution. So, it can be treated as a Dirac delta function
without missing the major feature of the scattering spec-
trum [33]. The second part represents the scattering
associated with electronic transitions. It can be calculated
from the electronic density response function χeeðq;ωÞ
through the fluctuation-dissipation theorem as [20]

Seeðq;ωÞ ¼
�

−1
1 − expð−ω=TeÞ

�
Im

�
χeeðq;ωÞ

πne

�
; ð2Þ

where ne is the electronic charge density.
It has been well recognized [20,32] that χeeðq;ωÞ and

thus Seeðq;ωÞ in WDM should be calculated through
quantum-mechanical formulas. However, even in the same

theoretical framework, there are various choices to carry
out the calculation. Usually the calculation of χee in
plasmas starts from free electrons [20], in which the
χeeðq;ωÞ is first evaluated perturbatively at the random
phase approximation (RPA) level. The contribution from
electron-ion and electron-electron interactions, i.e., colli-
sions in the interaction picture, is then added through the
Mermin’s collisional frequency approximation [34–37], the
local field approximation [37–39], or a combination
of both.
Instead, one can start the calculation from DFT calcu-

lations, which has been prevalently employed in condensed
matter systems and WDM systems. In this method, the
electronic wave functions are calculated by the Mermin’s
finite temperature version of the DFT [28], which takes into
account the majority of electron-electron and electron-ion
interactions. The χeeðq;ωÞ and Seeðq;ωÞ can then be
calculated at the RPA level or using the TDDFT
[29,40,41] to go beyond RPA, and the perturbation formula
proposed by Petersilka et al. [29] is adopted in our work.
The finite temperature effect [42,43] to the exchange-
correlation functional is not considered due to its small
effect around the solid density of Al [44,45]. The effect
might be more noticeable at a lower density as suggested by
Karasiev et al. [44]. Compared with the calculation starting
from free electrons, the DFT-based approach avoids
empirical models as much as possible and theoretically
is more transparent.
In perturbation formulas, the χeeðq;ωÞ is the Fourier

transformation of the density response function χeeðr; r0Þ in
real space, which is the solution of a Dyson-like equation
[29]

χeeðr; r0;ωÞ ¼ χ0eeðr; r0;ωÞ þ
Z

dr1dr2χ0eeðr; r1;ωÞ

× Kðr1; r2;ωÞχeeðr2; r0;ωÞ; ð3Þ

with Kðr1; r2;ωÞ ¼ 1=jr1 − r2j þ fTDxc ðr1; r2;ωÞ. Here fTDxc
is the time-dependent exchange-correlation kernel. When
fTDxc is set to be zero, Eq. (3) goes back to the RPA formula
of χee. χ0ee is the bare density response function, which can
be written as the summation of all contributions of
electronic transitions as

χ0eeðr; r0;ωÞ ¼
X
j≠k

ðfk − fjÞ
ϕkðrÞϕ�

jðrÞϕjðr0Þϕ�
kðr0Þ

ω − ðϵj − ϵkÞ þ iη
; ð4Þ

where fi is the Fermi-Dirac occupation of the ith level, ϕi is
the corresponding wave function, and η is the Lorentzian
broadening factor. The readers are referred to Ref. [29] for
details of the method. Recent calculations of Timrov et al.
[41] on Al at room temperature displayed that this method
had a very good accuracy for the scattering at jqj ∼
0.8 bohr−1 when the adiabatic local density approximation
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(ALDA) for fxc and an appropriate constant η is used. It is
therefore employed in our calculations. In further develop-
ments, one can go beyond the treatment of η as a constant
following Cazzaniga et al. [46] by taking the energy-
dependent η into consideration, which will lead to a much
broader application range of the TDDFT method. In
principle, χeeðq;ωÞ contains all contributions from core
and valence electrons. However, the transitions from the
core electrons, i.e., those in the K and L shells, are larger
than 70 eV [47], which is beyond the energy range of jωj <
50 eV probed by the experiment [11]. So, the calculations
can be further simplified by only explicitly including the
three valence electrons using the pseudopotential tech-
nique. Note that core levels at Te of several electron volts
are fully occupied, and transitions between them are thus
suppressed. The concern of a mixture of transitions
between valence electrons and those between core electrons
in See does not occur at this low Te regime. But when Te
increases further, this mixture will be important and has to
be carefully treated, as pointed out by Baczewski et al. [40].
In the calculations, 32 Al ions are fixed to the face-

centered-cubic (fcc) lattice with a lattice parameter
a ¼ 7.653 bohr. Wave functions are generated using the
FT-DFT calculation with the local density approximation
(LDA) at the given electronic temperature Te. A 3 × 3 × 3
unshifted k-point mesh is used to resolve the Brillouin zone.
The effective ion-electron interaction is represented by a
normal conserving pseudopotential with three valence elec-
trons. An energy cutoff of 80 Ry and 1600 energy bands are
used to ensure the convergence of wave functions.
In the calculation of χeeðq;ωÞ and Seeðq;ωÞ with the

TDDFT method, the resolution of ω is 0.1 eV. The ALDA
of fxc is adopted in the calculation following Ref. [41]. To
compensate the effect of finite sampling in the Brillouin
zone, a Gaussian smearing factor of 1.0 eV is also used to
smooth the spectrum. The transferred momentum is set to
be jqj ¼ 0.890 bohr−1, corresponding to the scattering
angle of 24° at the x-ray energy of 7980 eV used in the
experiment.
For comparison purposes, we also calculate See of

molten Al in random structures with Ti ¼ Te. In these
cases, the ionic configurations are generated with a Γ-point
first-principles molecular dynamics (FPMD) simulation at
the given temperature, with a time step of 1 fs. The ionic
trajectories in the last 1 ps are saved for the calculation of
See described above, after the system reaches its equilib-
rium. Each presented spectrum of See is the average of eight
snapshots of the ionic configurations uniformly selected
from the saved equilibrium ionic trajectories.
The FPMD and DFT calculations are carried out using

the QUANTUM ESPRESSO package [48], and the χeeðq;ωÞ
and Seeðq;ωÞ are calculated using the YAMBO code [49].
The accuracy and reliability of our method are carefully
examined with previous results. Details are summarized in
the Supplemental Material [50].

Figure 1(a) displays the temperature dependence of See,
where the origin point of ω is shifted to 7980 eV in order to
compare with the experimental measurements. The spectra
are calculated at jqj ¼ 0.890 bohr−1 in the fixed fcc lattice.
The deconvolved experimental spectrum is also displayed
in the figure as black dashed lines. All spectra are
normalized with the sum rule of

R∞
−∞ dωωSeeðq;ωÞ ¼

q2=2 [53,54]. The See in Fig. 1(a) demonstrates typical
features of a plasmonic peak. It shows that the maximum of
the peak at around 7955 eV is not sensitive to the
temperature variation. However, with the increasing of
Te, the height of the peak decreases and the tail at low
energy gets more weights. Consequently, the FWHM of the
peak increases. It is noticeable that the SeeðωÞ at Te > 2 eV
has a distinguishable difference from the experimental
spectrum.
In the experiments, ions may deviate from the lattice

position randomly for various reasons, although these
deviations might be small. For example, the randomness
can be caused by the polycrystalline structure of the Al foil
or by the heating of the incident x-ray laser. Figure 1(b)
considers the condition that ions are in equilibrium with
electrons, i.e., Ti ¼ Te, which represents the extreme case
that the randomness of ions have a maximum influence on
SeeðωÞ. However, Fig. 1(b) shows that the randomness of
ions can only smooth out the subtle features of the spectra
and slightly lower the height of the plasmonic peak by less
than 10%. This suggests that the randomness of ions does

(a)

(b)

fcc Expt.

FIG. 1. Calculated See together with deconvolved XRTS
spectrum measured by Sperling et al. [11]. (a) The TDDFT
results in a fcc Al lattice at Te ranging from 300 K to 6 eV,
calculated with η ¼ 0.1 eV. (b) The TDDFT results in molten Al
at Ti ¼ Te from 1 to 6 eV. Note that in (a) the See for Te ¼ 300
and 2000 K are almost identical.
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not have a remarkable influence on SeeðωÞ, and the best fit
of SeeðωÞ should be located somewhere between the results
of crystalline structure and the melted structure [55]. In
addition, the randomness of ions slightly increases the
difference between the calculated See and the measured
spectrum when Te ≥ 1 eV. This further suggests that the
Te corresponding to the measured See cannot be much
larger than 2 eV.
Influences of Lorentzian broadening factor η are exam-

ined in Fig. 2 for Te ¼ 300 K, 2 eV, 4 eV, and 6 eV.
Physically, the factor η in Eq. (4) is associated with the
lifetime τ of excitations as τ ∼ ð2ηÞ−1 according to the
uncertainty principle. In the figure, η covers the range from
0.1 to 4.0 eV, corresponding to τ from 0.5 to 20 fs. In each
case, the profile of the spectra becomes flattened with the
increasing of η. This tendency is in line with the general
expectation of line broadening of a Lorentzian type.
However, the figure displays that only the calculations
with η from 0.1 to 1 eVat low temperatures are comparable
with the measurement. When η > 2.0 eV or Te > 2.0 eV,
none of the calculations can reproduce the experimental
spectrum. On the other hand, the η cannot be much smaller
than 0.1 eV because the x-ray pulse length is 25 fs,
corresponding to η ∼ 0.08 eV. So, the results essentially
imply that Te should be not greater than 2 eV in order to
reproduce the experimental results no matter how one
adjusts the η [57].
To give further support to our results, we also compare

the experimental See with the measurement of Cazzaniga
et al. [46] at room temperature, as displayed in Fig. 3. The
See of Cazzaniga et al. was measured with synchrotron
radiation at jqj ¼ 0.821 bohr−1, which is quite close to the
one (jqj ¼ 0.890 bohr−1) we are interested in. Also dis-
played are our calculations at Te ¼ 300 K, where η is set to

be 0.93 eV, the same as that used in Ref. [41]. It is not
surprising to see that the two spectra are similar because the
two jqj’s are close to each other. In particular, both have a
sharp decay around 7950 eV. This feature is quite different
from that in the spectra displayed in Fig. 1(a) for
Te > 2 eV, which have a slowly decaying tail in the
low-energy part. In addition, Fig. 3 shows that the calcu-
lated spectra at the same Te (300 K) describe the features of
both measurements well, suggesting that the Te’s of these
two See’s are quite close.
Figure 4 shows the influence of the instrument function,

which was also measured by Sperling et al. in the same
experiment. Although some of the detailed features of See
are smoothed out by convoluting the spectra with the

Expt.

FIG. 2. Calculated See using the TDDFT method with η from
0.1 to 4.0 eV. In each case, See calculated at Te ¼ 300 K, 2 eV,
4 eV, and 6 eV are compared.

Expt.
Expt.

FIG. 3. Comparison between the See in the experiment of
Sperling et al. [11] at jqj ¼ 0.890 bohr−1 with the measurement
of Cazzaniga et al. [46] at jqj ¼ 0.821 bohr−1. The latter
experiment was performed at room temperature. Also displayed
are corresponding TDDFT calculations at Te ¼ 300 K.

Expt.

FIG. 4. Calculated See with the responses (the instrument
function) of the apparatus taken into account, compared with
the measured spectrum of Sperling et al. [11]. Results presented
are calculated by convoluting the See in Fig. 1 with the instrument
function measured in the experiment [11], which is displayed as
dashed lines.

PHYSICAL REVIEW LETTERS 120, 205002 (2018)

205002-4



instrument function, the figure shows that the experimental
result can only be reproduced with Te not larger than 2 eV.
When Te increases further, the deviation between the
calculated spectra and the measurement becomes appreci-
able. Therefore, the effective Te in the experiment of
Sperling et al. would not exceed 2 eV at best, when
compared with the calculations.
In summary, through systematic TDDFT calculations,

we find that Te is not larger than 2 eV in the XRTS
experiment of Sperling et al., much smaller than the 6 eV
estimated based on a less reliable method. Our results may
well reflect the unique electronic properties and transitions
in WDM. However, to arrive at that conclusion, a reliable
estimation of Te from XRTS is necessary. Other methods,
e.g., estimating Te from the shift of the K-absorption edge
[16], may help to further examine this issue. In addition, the
lower Te predicted relieves, at least partially, the concern to
the heating of the sample of XFEL as a structure meas-
urement tool [31].
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