PHYSICAL REVIEW LETTERS 120, 201601 (2018)

Editors' Suggestion
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We show that the soft photon, gluon, and graviton theorems can be understood as the Ward-Takahashi
identities of large gauge transformation, i.e., diffeomorphism that does not fall off at spatial infinity. We
found infinitely many new identities which constrain the higher order soft behavior of the gauge bosons and
gravitons in scattering amplitudes of gauge and gravity theories. Diagrammatic representations of these soft

theorems are presented.
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Introduction.—The last few decades have witnessed a
remarkable synergy between particle physics and cosmol-
ogy. While the objects of interest are vastly different, the
tools to study them often share a great deal of similarity. A
recent example of this synergy is the notion of “cosmo-
logical collider physics” [1]. Just as we extract particles’
interactions from scattering in colliders, we can extract the
interactions governing the early Universe from the corre-
lations of primordial fluctuations that seed cosmic structure
formation. Thus, N-point corrections (N > 3) of the cur-
vature perturbation (also known as non-Gaussianities) play
a similar role as scattering amplitudes in particle physics.

Another commonality between particle physics and
cosmology is that they are both populated with a myriad
of theories, and the challenge is to zero in on the right ones.
In this regard, results based on symmetries are especially
powerful as they allow us to test and discriminate broad
classes of theories in a model-independent manner. Soft
theorems which govern the behavior of scattering ampli-
tudes or correlation functions when one or more of the
momenta approach zero are a prominent example. The
subject of soft theorems has a long history in particle
physics, dating back to the early studies of the soft pion
theorem. The equivalence between the soft photon theorem
[2,3] and large gauge transformation has already been
noted long ago by Ferrari and Picasso [4] (see, also, [5]),
where the leading and subleading soft theorems were
shown to follow from the Ward-Takahashi (WT) identity
of linear transformation which survives after Lorenz gauge
fixing.
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Recently, there has been a revival of interest in soft
theorems, due largely to the series of work by Strominger et
al. [6-8] (see Ref. [9] for a review). Along these lines, new
subsubleading tree level soft theorems were found [10].
These results on higher order soft behaviors supplement
earlier findings on the leading and subleading soft photon
and graviton theorems [11-13] (analogous soft gluon
theorem up to subleading order can be found in
Refs. [14-16]). Nonetheless, methods based on asymptotic
charges (symmetry charges of large gauge transformations
that survive at null infinity) have their limitations as they do
not seem to lead to soft theorems beyond the subsublead-
ing order.

In the context of inflationary cosmology, similar soft
theorems have been obtained. The first known example is
Maldacena’s consistency condition [17] which states that
the three-point function of the curvature perturbation {
(also known as the adiabatic mode [18]) in the squeezed
limit where one of the modes becomes soft is determined
by the scale transformation of the two-point function

. 1 - 0
}?ﬂ%@qﬁﬁzzy = —k; '8?1((,;15;)', (1)
where P:(g) denotes the power spectrum, and (...)" are
correlators without the momentum-conserving 6 function.
Subsequently, an infinite set of WT identities for the
adiabatic mode have been derived in Ref. [19], with the
leading ¢° behavior of the soft limit recovering Eq. (1).
This infinite set of WT identities was also shown to be
equivalent to the Slavnov-Taylor identity of spatial diffeo-
morphism [20], with the adiabatic mode argued to be
related to the locality of the theory. (The method of [19] has
been applied to flat spacetime in Ref. [21], but only the
leading soft theorem was derived there.)

The parallel between inflationary correlators and scatter-
ing amplitudes raises the following puzzle: can we obtain
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all the ¢" soft behavior of scattering amplitudes in gauge
and gravity theories from WT identities of large gauge
transformations? In this Letter, we derive an infinite set of
soft theorems for soft photon, gluon and graviton ampli-
tudes (A similar approach to the subleading soft graviton
theorem can be found in Ref. [22] though, unlike our
present work, self-interactions of the graviton were
neglected.) utilizing the WT identity of large gauge trans-
formation or diffeomorphism. As shown in Refs. [23,24],
on-shell gauge invariance determines (i) the leading and
subleading behavior of soft photons and soft gluons, and
(ii) the leading, subleading, and subsubleading behavior of
soft gravitons. As we shall see, our results are consistent
with these previous works, but we further obtain constraints
on the higher order ¢" terms coming from the infinitely
many WT identities. We focus on tree level processes in this
Letter. The generalization to loop corrected amplitudes is
left for future work.

Furthermore, we comment on the relation with the
approach using asymptotic charges. In Refs. [25,26], it
was argued that the 1/r expansion of large gauge trans-
formations and supertranslation charges correspond to the
(sub)subleading soft theorems of the photon or graviton. In
this sense, our x" expansion seems to correspond to the 1/r
expansion. However, the method in Refs. [25,26] cannot
determine the constant of integration completely, and
higher order charges do not lead to soft theorems beyond
the (sub)subleading order. As a different approach, it was
shown in Refs. [27-29] that the subleading soft photon and
subsubleading soft graviton theorems can be interpreted as
asymptotic charge conservation associated with large gauge
transformation or diffeomorphism.

It would be interesting to compare our method with the
approach based on asymptotic charges. Here, we note the
merits of our approach, in relation to previous works. First,
it is easy to extend our analysis to any order in O(g"), and
indeed, we found infinitely many new constraints. Second,
it is similarly straightforward to treat massive particles as
well as massless particles with our method. Third, the
extension to the higher dimensional case is straightforward.
Fourth, the effect of the higher dimensional operator can be
easily included (see, also, Ref. [30]). We emphasize that our
method needs not assume that the charged particle is
massless or minimal coupled. Our main results, Egs. (7),
(12), and (17), just rely on symmetries and, so, are
applicable to theories with general masses and couplings.

WT identity for large gauge transformation and
diffeomorphism.—OQOur starting point is the WT identity
(see Refs. [4,31] for the derivation) for the large gauge
transformation (See, also, Ref. [32] for the derivation of a
WT identity of the correlation functions for residual gauge
symmetry based on the path integral formalism.), which is
given by

1im (0]Qp «Ey B~ BE, O 0) = lim (0[Q 0. BII0), (2)

Or = / Pxf(E) . 3)

Here, fz(X) = 1,0 for |X| < R and |X| > R, respectively, B
is an arbitrary operator, and E| = ), «ess|) (1] is the
projection on the zero-mass one-particle states of the
theory. On the lhs, R — oo corresponds to the soft limit
of the gauge particle [4], and the rhs is the expectation value
of the transformation of B, and corresponds to the ampli-
tude without the soft particle.

We can schematically express the transformation as
0®; = cg; + ¢1;;P; + ;PP +---. In general, the
transformation of the gauge particle starts from the zeroth
order while that of the matter particle starts from the linear
order. Since we are interested in the scattering amplitude,
we perform the Lehmann-Symanzik-Zimmermann pro-
cedure for the n-point amplitude for both sides.
Interestingly, at least at the tree level, only the linear
transformation part survives on the rhs. (See Ref. [33] for
the proof of Adler’s zero in a similar way.) On the contrary,
only the term in J, corresponding to the zeroth order
transformation gives the contribution to the lhs at the tree
level. This is because the term in J, corresponding to the
nth order should contain n + 1 number of the field and can
only be connected with the one-particle massless state at
the loop level, see Fig. 1. The detailed discussion of this
point will be given in a subsequent paper.

Soft theorems from WT identities.—Applying Eq. (2), we
obtain an infinite set of WT identities. The point is that the
we only need to consider the zeroth and linear order
transformation to derive the tree level identity. (This
situation is similar to Ref. [19].) We derive the soft photon,
gluon, and graviton theorems in theories consisting of the
gauge particle and a (complex) charged scalar. Analogous
soft theorems for theories with fermionic matter fields can
be similarly obtained by our method outlined here.

Soft photon theorem.—We take the Lorenz gauge and the
residual symmetry is 0%y =0, where y is the gauge
transformation parameter, namely,

where # is totally symmetric and traceless. For simplicity,
we assume that y only depends on the spatial coordinate,

OO~ >
\ e \\=

FIG. 1. The Feynman diagrams which contribute to the lhs of the
WT identity. The black dot represents the insertion of the current
Jo. There are infinitely many diagrams where n legs attach with J,
and we show the first three diagrams here. Since the intermediate
state should be a Nambu-Goldstone (NG) one particle state, only
the first diagram gives contribution at tree level.
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which is sufficient to reproduce the known soft theorems
and derive new identities. (It might be possible to find new
identities if we include the time coordinate. We leave this
for future study).

First, let us apply the WT identity to the two-point
functions (See Ref. [4] for the derivation of the M = 1 case.
We extend this result to general M.)

it lx——io, S(P)T'(=p = 4. P.9)S(p + q)
= [ @txer (o (pl0)) (s)
More explicitly, we obtain

s i Oy -+ 0g, S(P)T (=P =4.p.q)S(p+q)

:Qq&'hl ..... iMap,-l""78p1MS(p)’ (6)

where Q, is the U(1) charge of the matter, S is the matter
propagator, I['*(p, g, r) is the three-point vertex with out-
going momenta (g, p, r), and y = O(xM). See Fig. 2 for the
diagrammatic representation of Eq. (6).

Next, we consider the (2m + n)-point function, B =
T{AM (xl)’ ""Aﬂn(x11)¢(y1)7 ""¢(ym)¢*(zl)’ ""¢*(Zm)}’
i.e., the time-ordered product of m-charged matter,
m-charged antimatter, and n-gauge bosons. The momenta
of these particles are denoted by (pi,....pn. P, .-
Pskis..k,). The WT identities give (As a
convention, we take all external momenta to be outgoing
direction.)

lig(l)miz ,,,, iMang 8 Mn+2m+l<qpp k)
—}]{T})Zﬂuz ..... iv q,2 -vaq,M
X[['(=pj=q:pj9)S(P;+ Q)M 2m(p;+9)
+ Moo (P +@)S(=p = )T (=P = 4.1 q)]
0 _
2 Pl Oy <20y Moz + (DM (p o )],
(7)
p+q p
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FIG. 2. Diagrammatic representation of Eq. (6).

where M, 5,11, M, 12, are the amplitudes with and
without the soft photon (g, i); ¢, i are the momentum and
the polarization, respectively. The rhs of Eq. (7) is derived
by the following steps. First, we replace d¢ and d¢* on
the right hand side by the derivatives with respect to
the external momentum p, p’ in the Fourier space. If the
derivative acts on an external line, we can use Eq. (6) to
obtain the ¢ derivative. If the derivative acts on an internal
line or a vertex, we can also obtain the ¢ derivative as
(Since the momentum ¢ is introduced as in Eq. (6), the
argument of M,.,, should become p; — p;+g¢q in
order to maintain momentum conservation (translation
invariance) of the amplitude.) 0, M, 2n(p; +q) =
0, M2 (p; + q). In this way, the p derivatives becomes
a ¢ derivatives. On the other hand, the last term in
Eq. (7) corresponds to terms with derivatives of M, »,,.
The diagrammatic representation of the identity is
clear. The amplitude M/, ., consists of diagrams
where the soft photon is attached to an external line, an
internal line, or a vertex. Thus, in principle, we have to
consider all kinds of diagrams. However, the identity says
that if the derivative 7;;, . ;,0,,.....0,, Is acting on

wiome1» then it can be determined by the diagram
where the soft photon is attached only to an external line
and the diagram without the soft photon, see Fig. 3. For
M =1, we can completely fix the amplitudes. The M = 1
case is known in Ref. [4] and is equivalent to the
Low’s subleading theorem [2]. For higher order, we
identified a model independent part by using the projector.
These M > 2 identities are new, and constrain the higher
order soft photon amplitude.

Soft gluon theorem.—Again, we take the Lorenz gauge.
Contrary to the U(1) gauge theory, we cannot write down
the exact y* which preserves the Lorenz gauge in a simple
way because of the existence of hard gluons. However, in
principle, we can calculate the gauge parameter "¢ which
preserves the Lorenz gauge order by order of the gauge
field. The zeroth and the first order solutions are sufficient
for our purpose. To the zeroth order of the gauge field, we
have 0%y =0

(9]
0)a __ E a i) 4l iy, a —
)(( Ja — nilzz ..... z,,x X X nm3 ..... i, 0 (8)
n=1
lim @ 9]
q—0 /

q;?

)

FIG. 3. Schematic diagrammatic representation of the soft
photon theorem, Eq. (7).
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We concentrate on t-independent y. To the first order, we
obtain

1
82){(1)41 +gfahcAZa;4)((O)c =0, _))((l)a — _?gfahcAfay)((O)c‘
9)

Applying the WT identity to the two-point functions
gives us

Ot g, D14, (p)T Wik (g p, —p — )

x D (p 4 ) = / & pei™ (AL (1)AL(0)).  (10)

spd i.a . /
‘1]1—I>I(l)’7i(12 ,,,,, (lMaqaz’ “"8an "+2m+1(q’p’p ’k)il """ Jseess@seess

iaid,

for the gluon two-point function, where D is the gluon
propagator, I" is the gluon three-point vertex, and

0it|v——io, S (P)Tmad” (4 - —p — @)1 (p + q)

_ / & peP (547 (x)(0)), (11)

for the matter two-point function where I',,,,; is the matter-
gluon three-point vertex. Here, (8A4,,)* =0,x"+gf*“*“Aby*,
o = igy* Tg¢.

By using the result of the two-point function,

we can derive the identity for B = T(A{*, ..., AZ™ ¢y, ...,
Im %] *]m).
Y@z s Pz )t

= lim Z ’7?0!2 ..... aMa‘IzQ’ ""8%M [Fmatt (q,Pl, —Pi— Q)Si;iy(l’l + Q)Mn+2m(l7/ =+ (])i}’
I

+ Moo (P +4) ST (=P = @) mart ' (45 P =p) = @) + T#H4 (q kyy —ky = g) D (ky + q) My o (kg + ) ]

g
+M771|
Mk ,
- |]—€'|l241 akl.,-z LERRE] 8k1_,-M (T?\d)a,a;Mn-ﬁ-Zm(ll s klv (l;) ’
where M, (¢ p' k) oo oay....» i the amplitude

with the soft gluon (g, a). The momenta and color indices
of the hard charged scalars, antiscalars, and gluons are
(pi-i1), (P} Ji), and (k;, a;), respectively. M, ,,, is the
amplitude without the soft gluon. As in the photon case, we
have checked that the M =1 case corresponds to the
leading and subleading soft gluon theorems. The M > 2
identities constrain the higher order terms. The interpreta-
tion of the identity is the same as in QED, see Fig. 4.

;/q,i | :/q

=limeo®
—0 q ’
+e (a;4®—, o w@&m)

FIG. 4. Schematic diagrammatic representation of the soft
gluon theorem, Eq. (12).
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(12)

Soft graviton theorem.—We take the following gauge:
ds* = —dr* 4 (e),;;dx;dx;, (13)

where y;; is transverse and traceless: 0;7;; = y; = 0. As in
QCD, the hard graviton mode prevents us from finding an

explicit solution of the gauge preserving &;. We can write
(0)
¢

;~ and the zeroth order transformation as

i i 0 0
S = Mgy i, XX 57’1‘1‘“’51'5; )Jrajf,( ) (14)

where #; . ; is traceless in the (n+ 1) indices and
symmetric in the latter n indices. In the language of
Ref. [19], this is the “tensor symmetry” which prevents
the adiabatic mode from receiving time dependent correc-
tions, see, also, Ref. [21]. In principle, we can write down
the linear transformation of y;;, but it is complicated, and
the explicit form is not important.

As in other cases, we start from the application of the
WT identity to the two-point amplitude. It is found that
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: 0 0 ivivdl i
}1{%(5‘@‘; )+ 0,67 ,—_ig, DI (p)
x TG (g, p,—p—q) D215 (p+ g)

- / & pe™ {5y, 1 (D)7, (0)). (15)

for the graviton and

(lli_lg(']ijab...,aM + l/ljlaz ..... )8q,2 . 8 Mn+2m+l

+ Njias.,.... otM)aq,,2 ’

+ M,y o (P} + 9)S(=p) = )T (q. Pl =P}

+ (All derivatives acton M, »,,).

Here, M,1+2m(p,p’,k)(lljl> ..... (i) 15 the n+2m-point
amplitude and (i,/;), ..., (i,,j,) 1s the polarization of each
graviton. The diagrammatic representation of the identity is
the same as before, see Fig. 5. As in the soft photon and
gluon theorems, the last term corresponds to the case where
all the derivates act on internal lines or vertices. The
detailed form may not be important, but the important
point is that this term can be expressed in terms of the
amplitude without the soft graviton.

We have checked that the M = 1 identity corresponds to
the leading and subleading graviton theorems, and the
M = 2 identity is the subsubleading soft graviton theorem.
The M >3 identities constrain the higher order soft
graviton amplitude.

Discussion.—In closing, we outline several interesting
future directions motivated by the present work. As shown
in the recent body of works (e.g., Refs. [6-8,34-39], and
reviewed in Ref. [9]), there is an intriguing relation between
the asymptotic symmetry at null infinity and the memory
effect. A natural question is whether there is a similar

s
- F—@ f;w@w

(- @~ @)

FIG. 5. Schematic diagrammatic representation of the soft
graviton theorem, Eq. (17). The wavy line represents the graviton.

04, Minan(q- P1- =P

— g) + TR (g, Ky, —k,

lim(@1&” + 9,610, S(P) 4. p.=p = DS(p + 0)

— [ @pertop (0. (16)

for the scalar. Here, 6¢p = —&'0;¢p.

Let us move on to the (n + 2m)-point amplitude. By
using the identity for the two-point function, we arrive at
the following identity:

—q@)S(p1 + Q)M 2m(p1 + )

— @)D (k) 4 Q)Mo (ki + )]
(17)

|
relation between the large gauge transformation or diffeo-
morphism at spatial infinity and the memory effect.

In addition to soft theorems for photons, gluons, and
gravitons, it would also be interesting to apply our method
to studying the soft behavior of the Nambu-Goldstone
mode. (for recent work on the single soft scalar or pion
theorem, see Refs. [37,40-42]).

Our result may also have implications for elucidating the
symmetry constraints of quantum gravity. In addition to the
first few leading soft theorems that were previously known
in the literature, the identities for the higher order soft
behavior that we found should further constrain the tree-
level scattering amplitudes in any quantum theory of
gravity. It would be interesting to pursue this possibility
in conjunction with the study of soft theorems in string
theory [43]. Another interesting direction is the generali-
zation to the higher spin case [22].

In this Letter, we focus on tree level processes. It is
known that soft theorems get corrections from the infrared
singularity at the loop level except for the leading soft
theorem [44,45]. Extending our method to the loop level
may shed some interesting light on these corrections, see
Ref. [46] for a related discussion.

We used TikZ-Feynman [47] to draw the Feynman
diagram. This work is supported in part by the Grant-in-
Aid for Japan Society for the JSPS Fellows No. 16J06151
(Y. H.), the DOE Grant No. DE-SC0017647 (G. S.) and the
Kellett Award of the University of Wisconsin (G. S.).
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