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Similarly to the system Hamiltonian, a subsystem’s reduced density matrix is composed of blocks
characterized by symmetry quantum numbers (charge sectors). We present a geometric approach for
extracting the contribution of individual charge sectors to the subsystem’s entanglement measures within
the replica trick method, via threading appropriate conjugate Aharonov-Bohm fluxes through a multisheet
Riemann surface. Specializing to the case of 1 4 1D conformal field theory, we obtain general exact results
for the entanglement entropies and spectrum, and apply them to a variety of systems, ranging from free and
interacting fermions to spin and parafermion chains, and verify them numerically. We find that the total

entanglement entropy, which scales as In L, is composed of v/In L contributions of individual subsystem
charge sectors for interacting fermion chains, or even O(L?) contributions when total spin conservation is
also accounted for. We also explain how measurements of the contribution to the entanglement from
separate charge sectors can be performed experimentally with existing techniques.
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Introduction.—One cannot overestimate the importance
of entanglement as a fundamental aspect of quantum
mechanics [1-3]. Its central measure, the entanglement
entropy (EE), has proven indispensable for characterizing
quantum correlations and phase transitions in many-body
quantum systems in condensed matter and high energy
physics [4-6]. Moreover, the performance of tensor-network
algorithms for many-body systems strongly depends on the
scaling properties of the EE with the subsystem size [7-9].

The computation of the EE often involves the replica
trick, where one introduces n copies of the system. The nth
Rényi entropy (RE) is defined as s, = Trp’;, where py =
Trpp is the reduced density matrix of subsystem A; the EE
is then § = —Trpy Inp, = —lim,_,;0,s,. Recently, this
theoretical tool became an experimental method which
allowed, for the first time, to extract the RE in a bosonic
cold atomic system, by preparing a twin of the many-body
quantum ground state and using an appropriate swap
operation [10].

Following the general path-integral approach [5], intro-
ducing time as a dimension, the computation of s, acquires
a geometrical meaning: in the same way that the partition
function of a 1D quantum system corresponds to a path
integral over a cylinder with circumference given by the
inverse temperature 7, at 7 =0 the calculation of s,
corresponds to computing the partition function on a
Riemann surface geometry R,. For a 1D quantum system
with A a segment of length L, the Riemann geometry with
n = 3 is depicted in Fig. 1(a).

A curious question that motivated this work is, What is
the physical meaning of inserting a space-time Aharonov-
Bohm flux « into this space, coupled, e.g., to the particles
charge? When a charged particle moves from one copy to

0031-9007/18/120(20)/200602(6)

200602-1

the next until it finally returns back to the initial copy, it
acquires a phase a. Thus, the total acquired phase is given
by aN,, where N, is the total charge (number of charged
particles) in region A [see Fig. 1(b)]. Hence, the compu-
tation of the path integral in the presence of this flux gives
the quantity

$2() = Tr(pjeie™). (1)

A related quantity (with different normalization) has
recently been computed for several specific models with
holographic duals [11-13] or nontrivial topology [14], but
its physical meaning has remained obscure. Here we not
only provide such a meaning but also give general results
and particular examples for 1D critical systems described
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FIG. 1. (a) An example of a 3-sheet Riemann surface geometry

with an inserted space-time Aharonov-Bohm flux a. (b) A
generic many body wave function is a superposition of subsystem
charge states.

© 2018 American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.120.200602&domain=pdf&date_stamp=2018-05-16
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.1103/PhysRevLett.120.200602

PHYSICAL REVIEW LETTERS 120, 200602 (2018)

by conformal field theory (CFT) [15], and provide recipes
for its experimental measurement using the setup of [10].

Main idea.—The theme of this work can be presented via
an elementary example of a single particle located in either
one of two sites, described by the wave function
|¥) = ¢1]10) 4 ¢(|01). The reduced density matrix for
the first site is py = |c;*[1)(1] + |co|*|0)(0], so the RE
is s, = Trp’l = |c[*" + |co|*". Is it possible to separately
extract each of these two terms, which are evidently
associated with the region A charge sectors Ny = 1 and
0, respectively [16]? Clearly this cannot be achieved by
simply performing a charge measurement in region A,
which would quench the entanglement.

More generally, let us assume that the density matrix of
the total system p commutes with a conserved quantity N
(e.g., the total system is in a pure eigenstate of N), which is
a sum of contributions of the two subsystems, N=N,+Ng
(the non-Abelian case will be discussed later on). Tracing
the equation [N, p] =0 over the degrees of freedom of
subsystem B, we find that [NA ,pa] = 0,1.e., that p, is block
diagonal, with different blocks corresponding to different
eigenspaces of N, (charge sectors). Thus, the entropies
are sums of contributions of the different sectors,
Sp = >_n,5n(N4). The individual contributions s,(N,)
were calculated numerically for a particular model [18],
but how could one resolve them analytically in general?
Here comes the connection with the replica trick: the
symmetry resolved entropies s,(N,) are simply the
Fourier transform of the partition function on the n-sheet
Riemann surface with a generalized Aharonov-Bohm flux:

T da .
2Na) = [ Ss@e ™ = TrlpiPy,). (2)

where Py, the projector into the subspace of states of

region A with charge N, is the Fourier transform of eiala,

General CFT result—Having defined the geometry R,
of an n-sheet Riemann surface pierced by an Aharonov-
Bohm flux a, we now consider critical 1D systems and
obtain a general exact result for the nth RE, which we will
employ in various physical examples below.

The n-sheet Riemann geometry pierced by a flux may be
viewed as an extension of the theory into n copies
¢— ¢ (I=1,...,n), where the fields ¢, satisfy the
boundary condition ¢;(x,7=07) = ¢, (x,7 = 0T)e'®s
(x € A), and ¢;(x,7 = 07) = ¢;(x,7 = 0") (x € B). Here,
we have chosen to insert the Aharonov-Bohm phase in the
link between copies j and j + 1. We have also made the
assumption of a U(1) symmetry, which will be generalized
below. As suggested in [19,20], in the absence of flux, one
can define a local twist field 7 living at the end points of
region A, denoted w and w' (w — w' = L), which generates
the twisted boundary conditions with & = 0. We incorpo-
rate the additional Aharonov-Bohm phase into the boun-
dary condition by “fusing” this twist field 7 with the

operator ) generating a phase a for particles moving
around it in sheet j, resulting in the composite twist field
Ty = V7. One may view 7y,(w) as an additional field in
the n-copy theory C", such that any correlation function on
the n-sheet Riemann surface R, with Aharonov-Bohm flux
a is given by

(O)Ty(W)Ty(W))er
(TyW)TyW))en

In order to fully characterize the properties of our composite
twist field 7, we follow Ref. [5] and uniformize the
n-sheet Riemann surface into a single plane with a leftover
flux via a conformal transformation. Relegating the deri-
vation to the Supplemental Material [21], we find that the
composite twist field has scaling dimension

(O@)r, .« = (3)

C(L”‘_lh_ﬂ' (4)

Anla) == n

Here ¢ is the central charge of the CFT, and Ay is the
scaling dimension of the operator V' generating the gener-
alized Aharonov-Bohm phase. This twist field correlator
then yields our general result for the RE [5],

Ap+Ay,

(@) ~ L L2 (5)

where A, is the scaling dimension of the antiholomorphic
part of V.

U(1) charge.—In this section we exemplify our general
result Eq. (5) for a generic spinless fermionic chain
described by a ¢ =1 CFT which is equivalent to 1D
massless bosons [24]. Using the bosonization relation
w ~ e one can implement the phase ¢® accumulated
upon taking a fermion around w or w’ in copy j, by inserting
the vertex operator V = ¢!(*/>D%;_ For a system of inter-
acting fermions generically described by a Luttinger liquid
with parameter K, the scaling dimension becomes
Ay = Ay, =1 (a/27)*K, such that [25]

su(@) = s,(a = 0)L77E, (6)

Assuming In(L) > 1 (with appropriate dimensionless L,
e.g., lattice site number), the integral in Eq. (2) gives for the
symmetry resolved RE

2 AN2
n _mr ANA
€ 2KInL

2KInL ’

$n(Na) 2 s,(a = 0) (7)

with AN, = Ny — (N,). Forn = 1, s;(a) is the generating
function of the charge distribution, and s;(N4) = P(N,) is
the probability of having N, particles in region A, which
has been calculated before [28]. Equation (7) with n =1
implies that the variance in the number of particles in a
segment of length L is (AN3) = K InL/#* [29].
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The charge-resolved EE can now be calculated from
S(NA) = _ansn(NA) |n—>l’ glVlng

1 /zlnL v 1
SWNa) =3\ ¢ ™™ 0<—m> (8)

We can see that the decomposition of the total entangle-
ment S(L) = (¢/3)InL into charge contributions is con-
trolled by P(N,), the Gaussian distribution of charge in
region A. The maximal contribution S((N,)) scales as

VIn L, which is plausible given the v/In L scaling of the
standard deviations of charge fluctuations. Equation (8)
was recently conjectured based on numerical data [18].

We checked our CFT predictions via numerical simu-
lations for noninteracting (K = 1) fermions on a lattice. In
general one may define the entanglement Hamiltonian H ,
by p4 = e, For a noninteracting system H , is quadratic
in the fermionic operators. Denoting its single-particle
eigenvalues by ¢;, the expressions for the entropies are
similar to the thermal entropies of free fermions with unit
temperature and Hamiltonian H ,,

sa(@) = [Tle™(r0" + (1= £1)"] ©)

l

where f; = 1/(e® + 1) can be easily obtained numerically
as the eigenvalues of the equal-time two-point fermionic

correlations matrix, C;; = <cjcj) (i,j=1---L) [31].
Choosing a subsystem of L = 10000 sites of an
infinite half-filled tight-binding chain (for which C;; =
sin[z(i — j)/2]/[=(i — j)]) we computed the distribution of
occupancies P(Ny) =s;(N,), and the particle-number
resolved entanglement S(N ). Figure 2 shows the numeri-
cal results as dots and our analytical formula with K = 1
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FIG. 2. Charge distribution P(N,) and charge-sector contribu-
tions to entanglement entropy S(N,) in a subsystem of
L =10000 sites of an infinite half-filled tight-binding chain,
computed numerically (dots) and analytically (continuous lines).

without any fitting parameter (but including O[(InL)]
corrections [28,32]) as continuous lines. As also seen in
Fig. 2, even for a large subsystem of L = 10000, In L is
moderately large and the distribution is quite narrow. Thus,
in practice it is inaccurate to keep only the leading

contribution in vInL in Eq. (8) and instead one has to
evaluate Eq. (2) with Eq. (6).

The analytic dependence of Eq. (6) on n can be used
to extract further information including the full entangle-
ment spectrum of each charge block of the density
matrix, {4;(N4)} (so that s,(N,) =>;[4(N4)]"). Let
us first consider the maximal eigenvalue, A (N4) =
lim,_, o [s,(N4)]"/". Using Eq. (6) we find

2

1
Ay (Ng) = -InL +——

ANZ. 1
6 2K1InL Na (10)

While the first term was derived by Calabrese and Lefevre
[33] we here obtain the dependence on the particle number
N4 [34]. Let us recall that —In4; are the many-
body eigenvalues of the entanglement Hamiltonian H,.
For noninteracting fermions, the low-lying single-
particle eigenstates of H, have been calculated analytically
[37], & = +(#*/2InL)(21—1), [=1,2,3,.... Filling
up the negative energy states (AN, =0) and then
adding AN, particles gives (7?/2InL) IA:AiA (21-1) =
(7*/21n L)AN?, in exact agreement with our general result
Eq. (10). Our field-theory approach generalizes these
results to the interacting case, K # 1, confirming a previous
conjecture based on numerics [18].

Turning to the full entanglement spectrum, let us denote
its density for a given charge sector by P(4, N, ). Defining

the integrated density, n(4,N,) = ff max (V) dXP(X,N,),
and using the methods of Calabrese and Lefevre [33], we
find (see the Supplemental Material for details [21])

7 d 1 A
n(A, Ny) :/ —acos(aNA)IO (2\/r(05)1n}L In “/I{”‘),
0o 7 max
(11)

where Apax = Amax (AN, = 0), r(a) = 1-3Ka? /%, and
I5(z) is a modified Bessel function [38]. The same quantity
can be calculated numerically for the noninteracting
(K = 1) tight-binding chain, and the results nicely agree
with the CFT prediction, as can be seen in Fig. 3.

SU(2) symmetry.—The possibility to decompose entan-
glement measures into charge sectors via the insertion of an
Aharonov-Bohm flux in the Riemann geometry applies to
general symmetries. Now we will demonstrate this for a
non-Abelian symmetry, and consider SU(2) spin chains as
a case study. Our basic goal is now to break the entropy of
an SU(2) symmetric system into contributions with a fixed

total spin §i as well as total projection S in region A.
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FIG. 3. Integrated density of the entanglement spectrum
n(A,N,) for the same system in Fig. 2 computed numerically
(discontinuous lines) and analytically (continuous lines) for
various particle numbers N,. Numerically we used the 24
closest-to-zero single particle eigenvalues of the entanglement
Hamiltonian to build the highest many-body eigenvalues of p,.

In order to compute Trg, p; for a fixed spin S, of region A,

Si=5 4(S4 + 1), one can use an identity valid for any
spin-rotation-symmetric operator such as p} [39],

Trg, s:ph = Trss—s,p4 — Trse—s, 11P4- (12)

The right-hand side involves the quantity s,,(S}) = Trs: o},
which is a sum over states with fixed S5 in region A. The
latter can be computed along the same methods developed
for the U(1) case above.

We will now calculate s, (S%) for critical spin chains. A
family of critical SU(2) symmetric theories are the SU(2),
Wess-Zumino-Witten (WZW) models [40]. For k = 1 they
describe the familiar spin-1/2 Heisenberg chain, while for
other integer k they correspond to certain critical spin-k/2
chains [40]. Let us first recall that in the U(1) case, the

operator el appearing in Eq. (1) can be written as
o' 2”)fAdxa*‘/’, which indeed becomes a product of the
vertex operators mentioned above, V(w)V'(w') =
ei(a/27)¢(w) p=i(a/22)¢(W) (here we write only holomorphic
factors). Similarly, in a spin chain we have the operator
eiaSi = ei"fAd”z, with J(z) the WZW spin current.
The corresponding vertex operators have the scaling
dimensions

_ k 2
AW = A :Z<%) . keN.  (13)

As a check, for k =1 we have the Heisenberg chain,
which is equivalent (via the Jordan-Wigner transformation)
to interacting spinless fermions with K = 1/2 [24], in

agreement with our previous U(1) results. Using Egs. (2)
and (12) we obtain (for InL > 1)

c 5/2 ”2534
— et 14
3k32y/InL (14)

where ¢ = 3k/(k + 2) is the central charge of the WZW
model. This equation displays a further reduction of the
scaling of the entropy; since the typical value of S, scales
as VInL, S(S4, S3) scales as O(LO).

Discrete symmetries.—To demonstrate the method
for discrete symmetries, consider a Z, charge Q mod N
with Q = Q4 + Qp. The system under consideration
can be the clock model, or a chain of parafermions
[41,42]. For a Zy symmetric state we can decompose
the entropies according to the subsystem charge,
sa(Qa) = (1/N) 12075 e7/2r/N)Cus, (a), where s, (a) =
Trp,e'? /N (a0, Q4 =0,1,...,N—=1). Does s,(Q4)
actually depend on Q4 and how?

As a transparent example, consider N = 2, and specifi-
cally the quantum Ising chain H = —J) 6707, — h) 07,
which is equivalent to a chain of Majorana fermions via the
Jordan-Wigner transformation [43]. Here the components
of the total spin (fermion number) are not conserved, but
the parity (—1)2 = [];07 of the number of spins in the
+x direction (fermion number parity) is, so entanglement
can be decomposed into the two sectors of even or odd Q4.
Using the duality transformation to disorder fields which
are new Pauli operators i = [[,;07, uf = o707, (in terms
of which the Hamiltonian attains the same form but with
J <> h), we express the desired counting operator as
(=1)2 = [];ea0} = Hipi, where region A extends from
site 1 to L. Moving to the critical state at J = h, described
by a ¢ = 1/2 Ising CFT, the disorder operator x has scaling
dimension A, = A, = {. Plugging this into the above
results (with V = u) we get

S(8S4.85) = (285, +1)

1
sn(Qa) = L_("_l/")/lzi(l + LTVEN(=1)2),  (15)

a result we have verified numerically. Setting n = 1 one
obtains P(Q,), the probability of finding a given parity in
region A. As expected, the dependence on Q4 disappears at
L — o0. One can readily generalize the calculation to
Zy models such as the clock model or parafermions,
using the parafermion CFT [41] where the central
charge is ¢ = 2(N — 1)/(N + 2) and the scaling dimension
of the generalized disorder operators is A, = Aua =
a(N—a)/2N(N +2) (a=0,...N-1).

Experimental measurement.—While so far we treated
the replica construction as a purely theoretical trick, in a
remarkable recent experiment [10] it has been applied in the
lab, demonstrating for the first time the possibility to
perform a measurement of entanglement in a many-body
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system, specifically the second RE. Following a theoretical
prediction [44], their protocol for measuring s, consists of
(i) preparing two copies using optical lattice techniques,
(i) performing a transformation between the copies using a
Hong-Ou-Mandel interference, and (iii) a parity measure-
ment of the charge in region A in a specific copy. One can
then easily modify the last stage by measuring the charge of
region A in both copies and calculating the average N,
(since only integer values of this average contribute
[26,44]). The average parity of one copy for given N,
would yield s,(N,4). One may also multiply the parity by
e'™Na and average over all N to experimentally obtain the
“flux RE” s,(a). The extension to n > 2 is similar. Let us
note that a recent work brought up another route for the
experimental measurement of the RE without using repli-
cas, which actually gives access to the charge-resolved
entropies as well [45].

Future outlook.—Many interesting questions arise from
our results, including the scaling of the charge-resolved
entanglement in higher dimensions or in the presence of
boundary critical phenomena [27,46,47], its behavior in
topological systems, and other entanglement measures such
as the negativity [26,48] and the relative entropy [49].
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