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The main decay channels of the anomalous low-energy 3/27(7.8 £ 0.5 eV) isomeric level of the 2**Th
nucleus, namely the y emission and internal conversion, inside a dielectric sphere, dielectric thin film, and

conducting spherical microcavity are investigated theoretically, taking into account the effect of media

interfaces. It is shown that (1) the y decay rate of the nuclear isomer inside a dielectric thin film and

dielectric microsphere placed in a vacuum or in a metal cavity can decrease (increase) in dozen of times,

(2) the y activity of the distributed source as a function of time can be nonexponential, and (3) the metal

cavity, whose size is of the order of the radiation wavelength, does not affect the probability of the internal

conversion in 22°Th, because the virtual photon attenuates at much shorter distances and the reflected wave

is very weak.
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The change of the spontaneous emission probability of
atoms and molecules due to electromagnetic boundary
conditions was first predicted by Purcell in 1946 [1]. At
present, this phenomenon is well studied both theoretically
[2-7] and experimentally (see for example [8—12]). In
nuclear physics, a similar effect was observed in the nuclear
forward scattering process at the 'Fe(3/27,14.4 keV)
nuclear level [13]. However, it is difficult to observe the
Purcell effect in the decay of nuclear states since energies of
nuclear transitions are large in comparison with optical
atomic transitions, and penetrating y radiation is practically
not reflected at the boundary of two different media, and
also, the dominant decay channel of the low energy nuclear
states is internal conversion (IC), rather than y radiation.

Nevertheless, there is one exception. As early as 1976,
Kroger and Reich established the existence of a low-lying
nuclear excited state with the spin 3/2% in ?**Th through
the y ray spectroscopy following the a decay of 233U [14].
In 1990, Reich and Helmer analyzed, in detail, the energies
and intensities of y transitions in the ?°Th in a similar
experiment, found that the first excited state in >2°Th has an
extremely low energy of Ej; = 1 £4 eV [15]. Four years
later, the energy range was narrowed to E;; = 3.5 £ 1.0 eV
[16]. In spite of this, precise measurements by Beck et al.
[17] performed in 2007 yielded E;, = 7.8 0.5 eV. The
latest data [18], based on the direct detection of the IC
electrons, result in 6.3 eV < E;, < 18.3 eV.

Since its discovery, the low-lying 3/2" nuclear state in
229Th has attracted great interest of researchers. A number
of limitations on the possible values of its energy and half-
life was established in works [19-23]. The most detailed
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conditions of this kind were obtained in [24] by the direct
excitation of the >*Th nuclei and the detection of photons
in a crystal with a large band gap (this effect was predicted
in [25,26]). Nowadays several promising crystals have been
found and studied intensively [27-30]. Another popular
trend is to use ion traps [31-33]. Here, it is worth
mentioning the highly effective excitation of the thorium
isomer through the inverse electronic bridge, which was
first proposed in [34] and studied later in [35].

The most important applications for all of these studies
are possibly the creation of a laser working on the nuclear
transition [36], and a high precision nuclear clock
[31,33,37,38]. The successful implementation of these
two points will lead to a technological breakthrough with
far-reaching consequences for various fields of science and
technology. Among the interesting possibilities, one can
note the relative effects of the variation of the fine structure
constant e? and the strong interaction parameter my/Aocp
[39], the inversion of the sublevels and decay of the ground
state of the nucleus into the isomeric state in the muonic
atom 2?°Th [40], the a decay of the low-lying level [41] and
the acceleration of the 2*Th nucleus a decay rate by laser
radiation, and some other applications.

In this Letter, we study the change in the decay rate of the
first excited state of the >?°Th nucleus when electromag-
netic boundary conditions are applied to the studied system.
Since for the photon energy range w = E;; = 7.8 = 0.5 eV
there exist transparent crystals and metals effectively
reflecting the radiation with the wavelength 1 = 27/w ~
160 nm (here and below we use the system of units with
h=c=1), it should be possible for the first time to
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control the decay of a nuclear state in the same way as in the
case of optical atomic transitions [8,9]. Here we consider
the following four cases of the >?°Th isomer decay: (a) in a
dielectric sphere surrounded by vacuum, (b) in a dielectric
sphere placed in a metal cavity. (c) in a dielectric thin film
deposited on a semiconductor, and (d) in a spherical
metallic microcavity. In the cases (a), (b), and (c), the y
radiation is considered in a large band gap dielectric, where
the IC is forbidden [25,26]. In the case of (d), we are
concerned with the effect of the reflecting spherical metal
surface on the IC process.

Gamma emission in the dielectric sphere.—The nuclear
transition current J(7,¥') = e J(r') creates a vector
potential A(t,r') = e"A(r', k), in which the field
A(r', k) obeys the equation (A, +k?)A(r k)=—4z](r'),
where k = \/ew, and ¢ is the dielectric constant of the
medium. (In the following, the field in the region of space
with the permittivity ;) will be denoted by the wave
number index ky(y) =, /€1(2)@.) The solution to this equa-
tion in the region occupied by the dielectric sphere can be
written in the form

Ak) = [ D k) + Dl k)W) (1)

where the Green function obeys the inhomogeneous
Helmholtz equation [42] (A, +k3)D(r, 1, k; ) =153 (r—r').
D(r, ¥, ky) in Eq. (1) stands for a boundary term [42]. This
function is a solution of the analogous homogeneous
equation, and provides the necessary boundary conditions
for A(r, ky).

The Green function D(r,r',k;) can be expanded in
multipoles [42]

D(r,x', ky) —4mklz Z BYy,

J.M a=e.m

k) AGy (v, k),

e,m

where A/ and By are the vector potentials of the
electric (¢) and magnetic (m) types A9, (x, k) =
St (DT + (U + )2/ (2 + 1)y, (kx) x
Yiir (), Ay (x.k) = j; (kx) Y7y, (), Bjij(x. k) =
ASu(x, k) with j,(kx) - b} (kx). Here, j,(kx) and
h(Jl)(kx) are the spherical Bessel function and spherical
Hankel function of the first kind, respectively, Y4,,(Q) =
> eCM Y1, (Q)e, stands for the vector spherical har-
monics, Y;,,(Q) is the scalar spherical harmonic, C4¥
the Clebsch-Gordan coefficient, and e,
basis vector [43].

The function D(r,¥', k;) must be regular at r = 0 and
r' = 0 and symmetric in r <> r’. Therefore [42],

D(r.v' ky) = 4zik; > > RIAG (r k) AG, (K. k),

JM a=em

Lmio 19
is the spherical

where R is the reflection coefficient that must be chosen to
satisfy the boundary conditions at the sphere at r = R.

The field A(r,k,) outside the dielectric sphere is a
divergent spherical wave. It can be written in the form
analogous to Eq. (1) with the Green function [5]

D(r,v ko, ky) =4zikyy | > TGBG,(r k) Ay, (¢ k),
J.M a=em
where 7 is the transmission coefficient.

Using the multipole expansions for D(r,r’ k),
D(r,r, k), and D(r vk, ki), we can write the fields in
the form A(r, ki) = D7 m Da—em AJy (X, ki(2)). The
isomeric nuclear transmon 3/2%(7.8 eV) — 5/27(0.0) in
the 2°Th nucleus is a magnetic dipole (M 1) transition with a
negligible E2 component [44] [even for the magnitude
of the reduced probability of the E2 nuclear transition
By .. (E2) =~ 100, the probabilities of the £2 and M1 photon
emission obey the relation W,(E2)/W,(M1)<107°].
Therefore, in the sums over the multipoles, we can leave
the term corresponding to the magnetic vector potential with
a fixed value of J and obtain

Ay y) = (5 k) + Ry k) () (N )

Al (v ko) = Ty (ko) Y (Q0) (N ). (2)
where we have used the notation (N7,) = 4zmik;x
J AR (X ky) - J(r')d?r . The electric and magnetic fields
corresponding to the potentials A’ (r, k; ) are defined as
E7, (t.r.k)=iwAl,, (t,r.k), BT, (1,1, k) = ikAS,,(t,r, k).
The reflection coefficient R}, which has the form [5]

RM — \/55/1(/’1)51@2) - \/551(,01)5/1@2) (3)
! \/E'EV/J(Pl)i’J(Pz) - \/El—l///J(pl)éj(pQ) ’

obtained from the boundary conditions for the tangential
components of electric and magnetic fields at the media inter-
face, Ej’MH (R,kl):E;”MH (R.k»), BJMH (R.ky)= JMH (R.ks).

In Eq. (3), w,(x) = xj,(x) and & (x) = xh\" (x) are the
Riccati-Bessel functions, pyz) = kjo)R.

The Purcell factor fp is the ratio of the transition
probability from a source located near the interface and
the probability in an infinite medium. For the M1 radiation
source located at the center of the sphere, the Purcell factor
is calculated by the formula [6]:

f¥! =1+Re[RY]. (4)

In addition, using the reflection coefficient, the correspond-
ing frequency shift can also be estimated from the relation
Aw/TM =1Im([R’}]/2 [6], where I')! is the M1 y emission
probability in an infinite medium.

The influence of the boundary conditions on the
M1(7.8 eV) y transition is demonstrated in Figs. 1-2.
As a host, we consider a crystal with a band gap larger than
. This can be, for example, LiSrAlFg, which is easily
doped with ?*Th and has the refractive index n = /e ~
1.4-1.5atw ~ 8 eV. For Al, we obtain ¢ = —2.8 + i0.30 at
w~8 eV [45].
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FIG. 1. The averaged Purcell factor (f¥') (6) for the 2**Th
nuclei uniformly distributed inside a dielectric sphere as a
function of R/A. The inset (a) shows £ for the 2?°Th nuclei
placed at the center of a sphere.

As follows from Figs. 1(a)-2(a), the y emission proba-
bility can vary by a factor of 1.5 due to the presence of the
LiSrAlFg/vacuum boundary. If a dielectric sphere is placed
in the Al cavity, the decay rate can vary by a factor of 50-60.
This is a consequence of the high reflectivity of aluminum at
o = 8 eV. As for the normalized frequency shift, its value
oscillates as a function of R/A in the range |Aw/T}!| < 0.2
for a dielectric sphere in a vacuum, and in the range
|Aw/TM'| < 10 for a dielectric in a cavity of metallic Al

The present consideration can be easily generalized to
the case of a dielectric microsphere filled with 2>°Th with
the distribution n(r},). To calculate the radiation probability
(4) in the case when the nucleus is located at a distance
0 < ry < R from the center of the sphere, the current in the
form J(r') = Jo6(r' —ry) is substituted in Eq. (1).
Following the work of [2-4,7], we obtain formulas for
the Purcell factors for a magnetic dipole oriented in the
radial (L) and tangential (||) directions

M1 _ 3¢ J%()’) m
fPL_1+§ZJ(J+1)(21+1) - Re[R%],
J=1

w=1 +i;(2J+ ) <W1y§y) Re[RY] +j3(y)Re[R5]>’
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FIG. 2. The same as in Fig. 1, but with the dielectric sphere
placed in a cavity of metallic Al

where y = k;ry, R is the reflection coefficient for electric
multipoles (I’M mode), which is connected with R’} by the
relation R§ = R’} with €, — &, 1. When ryy — 0, only the
term with J = 1 remains in the sum, and we arrive at Eq. (4).

The total Purcell factor fp' = (1/3)f} +(2/3) %‘1
depends on the distance to the center of the sphere r).
Accordingly, the y decay of nuclei located in the different
spherical layers occurs at different rates. The detector, in
turn, measures the decay activity Q(¢) from the entire
source:

0(1) = / AWrn(ry)e0ray. (5)

where A(7y) = f¥1(¥y)Ao is the decay constant of the nuclei
placed in the corresponding spherical layer, 15 = FJ’,"’ ! and
n(r)y) is the density of the nuclei distribution. The presence
of the Purcell factor in the exponent in Eq. (5) means that the
averaged activity as a function of time can differ markedly
from the exponential one (see below).

To get an idea of the decay rate in a distributed source at
the initial time, one can average the Purcell factor over the
volume of the dielectric sphere V. The averaging of f¥! is
carried out using the uniform distribution of sources
n(ry) = (4zR3/3)~'. Integration [, f¥1(ry)n(ry)dry
(see Ref. [4] for details) gives the following formula for
the normalized average decay probability at t = 0

GH) =143 074D GHo) =)

2J -1
P1

% Jys1(pr)Re[RS) + (ﬁ_l (01) -

: : pi=2J.
<o)+ B JRefRyl ] 9
1

An example of a calculation is given in Figs. 1-2. The
main feature of Fig. 1 is the appearance of narrow high
peaks. They emerge as a result of the total internal
reflection of the electromagnetic waves emitted parallel
to the media interface by the sources placed near the
interface. The corresponding standing waves create strong
electromagnetic fields at certain locations inside the dielec-
tric sphere, which lead to the acceleration of the isomeric
nuclei decay. The peaks disappear if the refractive index of
the dielectric medium surrounding the sphere satisfies the
condition n, > n;. Note that this situation is very similar to
the E1 atomic radiation in water drops of micron size
described in detail in Ref. [4].

Gamma emission in the dielectric thin film.—Let us
consider the decay of the >*°Th nuclei, which can be excited
in a laser plasma [44] and implanted in the form of the Th
ions into the thin (with the width dy ~ 10 nm) SiO, film
(the band gap is ~10 eV) grown on the Si substrate [46].

The Purcell factor at the case of the M1 radiation is
obtained by generalizing the approach [47] for the E1
transition. The calculation gives:
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N o (F(dy—2,Ri5)F (2, Riz) &
7 (z) ==Im ~ L pl 1
2 0 F(dy, —Ri5Ry3) I
F(dy— %, —RL)F(3, —R:
+ [(1 —x%) = IZ)L (i !
F(dy, —Ri3R13)

N F(dy -2, —R|1|2)F(2’ _R|13)} £}dK. (7)

F(Zio, _R‘I‘2R‘1‘3) I

Here, F(x,y) =1+ yexp(=2l,x), dy=kidy, %= kz
and z is the distance between the >?°Th nuclei and
vacuum/SiO, interface. The reflection coefficients in

Eq. (7) are defined as R!.j = (e1l; —g;1y)/(e1]; 4 €;1y),
Ry = (&1 —¢€))/ (&1 +¢;), where [| = —iV1 = «%, j =2,

3,1; = —iy/e;/e; —k?, index 1 refers to SiO,, index 2 to

Si, and index 3 to the vacuum.

As far as fM! is dependent on the position of the emitting
object relative to the interfaces, we calculated f¥' as a
function of z for the following values of dielectric con-
stants: € ~ 3.3, &, = —=3.6 +i1.9 at the photons energy
8 eV. The result is shown in Fig. 3.

The radioactive decay curves for the same number N of
isomeric nuclei 22°Th uniformly distributed [1(z) = Ny/dy]
in the SiO, thin film and placed in the infinite SiO, medium,
are shown in Fig. 3. The curves are normalized to the initial
activity in the infinite SiO, medium. It can be seen that the
Purcell factor and decay probability for the nuclei placed in
the vicinity of the SiO,/Si interface are rather high. That is
why at the initial time the activity of the nuclei in the film is
higher than in the medium. Over time, the activity in the film
decreases and then the decay is supported by nuclei located
near the SiO,/vacuum interface where f¥! < 1. All this
leads to a seemingly nonexponential decay in the thin film.

Internal conversion in metal cavity.—Now we consider
the decay of the *Th nuclear isomer in a spherical metal
cavity. Here the dominant decay channel is the IC.

z (nm)
01 2 3 45 6 7 8 910
101 L ! L h L L L L L
100
F10
<

—— % 0.1
01 2 3 45 6 7 8 9 10
AL
FIG. 3. Radioactive decay curves Q(t) from Eq. (5) for the
229Th nuclei in the SiO, thin film: (1) with f¥!(z) for the SiO,/Si
sample from Eq. (7), (2) with f¥!(z) =1, and (3) the Purcell

factor f1(z).

In the geometry under consideration, the change in the
probability of the IC due to the influence of the metal cavity
on the conversion electrons will be negligibly small. The
energy of the conversion electrons during the decay of the
22%Th isomer is several electron volts. The normal incidence
reflection coefficient of these electrons does not exceed
20% for Al [48]. The wavelength of such electrons is of the
order of 10 A. This is two orders of magnitude smaller than
the wavelength of the nuclear transition and the cavity size,
and it is comparable with the surface roughness of a high-
quality cavity. As a result, electrons are scattered by the
cavity surface, and there will be no quantum electronic
states and effective interference of the incident and
reflected electron waves. Therefore, this cavity can not
significantly affect the density of the final states of
conversion electrons.

Let us consider now the effect of a vacuum-metal
interface on the IC in the ?**Th nucleus using the technique
of the photon propagator. The Hamiltonian of the inter-
action of the electron current j(r) with the field A%, (r, k)
in Eq. (2) is Hyy = [ j(r)A%y, (v, k))d®r. It is easy to see
that the change in the rate of the IC decay of >*°Th is caused
by a change of the electronic matrix element

/ §() - (B (. k) = RPAD, (v k). (8)

Taking into account that hgl)(y) = j;(y) + iny(y), where
n;(y) is the spherical Neumann function, the radial part in
Eq. (8)isrepresented by M7 (k) = (1 — R {f|j;(k;r)|i)+
i(f|n;(kyr)|i), where |i) and | f) are the initial and final radial
wave functions of the electron.

The ratio of the IC probabilities for the nuclear MJ
transition in a sphere and in vacuum is

W= | (ky) 2/ i (k) 2, 9)

where M (ky) = (f|j;(kir)[i) + i{f|n;(kyr)|i). Using the
dimensionless parameter 5, = (f|j;(k,r)|i)/{f|n;(ki7)|i),
we rewrite Eq. (9) as

wy 1 +2Im[R7]6, + [(14Re[R7}])* + (Im[R7}])*]87

Prc 148
In the case of low-energy nuclear transitions, we have
0; < 1. For example, the numerical calculation yields §; <
107" for the M1 IC from the 7s, /, shell of the Th atom. At
the same time, the imaginary and real parts of the reflection
coefficient R'" for metallic Al are {|Re[R7"]|, [Im[R""]|} <
1 in the range x > 1. The similar situation holds for the E2
component of the 3/27(7.8 eV) — 5/27(0.0) transition:
8~ 107" — 107" for the E2 IC from the 6d;, shell and
85~ 10712 — 107" for the transitions from the 7s, , shell,
and {|Re[R5]|, [Im[R5]|} <1 in the range x > 1. Thus,
f’,‘fli ~ 1, and inside a metal cavity it is not possible to
detect a visible change in the probability of the IC for the
229Th isomeric transition.

The electronic wave functions corresponding to a bound
state are localized in the region r < ap in the IC process,
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where ap is the Bohr radius, and all electron integrations
should be performed in this region. However, in this region,
the argument of the spherical functions j,(wr) and n;(wr)
in the matrix element m’'(k;) satisfies the condition
wag < 1. The Bessel function j;(wr)~ (wr)’ is very
small, while the Neumann function has a pole
ny(wr) ~ 1/(wr)’*!. Correspondingly, the imaginary part
of the matrix element m’}'(k,) is several orders of magni-
tude larger than the real part, and §; < 1.

In the IC process for the M1 component, the atomic
nucleus and the electron exchange a virtual photon,
whose energy is w = 7.8 eV, and the momentum is
q = py = V2mE.Here, p; is the momentum of the electron
in the final state, m is the electron mass, and £ = @ + Ej, is
the energy of the conversion electron, whose initial atomic
shell binding energy is E},. For the conversion from the 75,
state, E, ~ -6 eV, E~2 eVand g ~ 1.5 x 103 eV. Such a
virtual photon lies outside the mass surface. It has an

effective “mass” m; = \/¢* — w* ~ ¢, exists for a time of

the order Atx~1/m;~4x 10719 s, and it provides an
effective interaction of the characteristic length
r, < Ar=~1/m}~107% cm, which is much less than the
cavity radius R > 1 = 27/w = 1.6 x 107> cm. Thus, the
virtual photon attenuates at very short distances, and the
resultant reflected wave is very weak. It should be noted that
for the same reason, it does not matter where the atom is
located inside the cavity.

Summing up, we have shown the possibility to control
the radioactive decay of the isomeric >Th nuclei due to the
boundary conditions for the electromagnetic field. This can
be important for experimental studies of the isomeric level
properties, in particular for obtaining realistic values of the
isomer half-life and nuclear transition matrix element.
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