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We use finite-temperature density functional theory coupled to classical molecular dynamics simulation
to calculate the miscibility gap of hydrogen-helium mixtures. The van der Waals density functional
(vdW-DF) theory is used, which leads to lower demixing temperatures compared to computations using the
Perdew-Burke-Ernzerhof functional. Our calculations suggest that current Jupiter models are most likely
too hot to allow demixing in the interior. A Jupiter isentrope based on our vdW-DF data is presented. Our
demixing phase diagram still predicts phase separation in Saturn, but in a significantly reduced fraction of
its volume.

DOI: 10.1103/PhysRevLett.120.115703

Introduction.—Giant gas planets like Jupiter and Saturn
contain mostly hydrogen and helium [1,2]. It has long been
proposed that hydrogen and helium phase separate in the
deep interior of Jupiter and Saturn, causing the formation of
He-rich droplets that then sink towards the planetary core
[3]. Strong indications for this process came from space
missions that measured the He mass fraction Y in the
atmosphere of Jupiter and Saturn. In Jupiter, the Galileo
entry probe found a value of YJ ¼ 0.238� 0.005 [2]. For
Saturn, no entry probe data are available to date but the
atmospheric He mass fraction was inferred from Voyager
spectroscopic measurements that determined a value of
YS ¼ 0.18–0.25 [4]. The available data for both planets
show a He depletion compared to the protosolar value of
Y ¼ 0.28 [5]. The precipitation of He would explain
Saturn’s excess luminosity [6–8] where the sinking droplets
convert gravitational energy to heat, which contributes to
the luminosity and delays the cooling of the planet. Models
neglecting this process consistently fail to describe the
thermal evolution of Saturn and yield a time duration of
only 2–3 Gyr until its present luminosity is reached, much
less than the solar age of 4.56 Gyr [9]. Additionally, the
depletion of neon in Jupiter [10] is believed to be tied to
He rain because Ne was found to dissolve preferably in the
nonmetallic helium rather than in the metallic hydrogen
[11]. Still, experiments have not been able to verify
demixing under these extreme conditions. Thus, for the
quantitative assessment of planetary models and evolution
we rely on theoretical predictions that determine the
thermodynamic conditions under which hydrogen and
helium become immiscible.
Density functional theory (DFT) has become an impor-

tant tool to study matter under planetary conditions. Several
studies on the miscibility gap using DFT have been
published [12–15]. Lorenzen et al. [14] studied the mis-
cibility gap with DFT coupled to molecular dynamics using
the Perdew-Burke-Ernzerhof (PBE) exchange-correlation

(XC) functional and the ideal entropy of mixing. Morales
et al. [15,16] additionally calculated the nonideal entropy
of H-He mixtures with a coupling-constant integration
technique and found significantly smaller demixing tem-
peratures compared to those of Lorenzen et al. Both
demixing phase diagrams have been used to calculate
the inhomogeneous evolution of Saturn and a better agree-
ment with the solar age was found when the demixing
temperatures were artificially lowered [8].
In DFT calculations the choice of the XC functional is of

crucial importance, which, in principle, has to be validated
against high precision measurements. Experiments by
Knudson et al. [17] on deuterium showed that the metal-
lization pressure in the liquid phase is not adequately
described in DFT by using the PBE functional. The van der
Waals density functional (vdW-DF) by Dion et al. [18] and
the related vdW-DF2 [19] achieve better agreement with
the experiment, because metallization is shifted to higher
densities and pressures. It has been suggested that metal-
lization of the hydrogen subsystem triggers the H-He
immiscibility [20]. Thus, an XC functional that describes
the metallization more accurately would also improve the
miscibility diagram. Although the vdW-DF is more in
agreement with the experiments of Knudson et al. [17], it
disagrees with experiments by Ohta et al. [21] and Zaghoo
et al. [22], and the recent quantum Monte Carlo (QMC)
study by Mazzola et al. [23]. In Ref. [24] Knudson and
Desjarlais report on Hugoniot and reshock experiments on
deuterium where the vdW-DF predicts the onset of met-
allization best while the pressure width over which dis-
sociation occurs is better described by PBE. A theoretical
study on hydrogen-helium mixtures has been done by Clay
et al. [25] who performed QMC calculations to benchmark
many DFT XC functionals. They found that PBE is not
able to capture the enthalpy of H-He mixtures, which is the
key quantity in determining phase equilibria. The vdW-DF
performs best with respect to enthalpies, yet the pressure
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shows a larger error than PBE. Because of the high
precision measurements by Knudson et al. and the bench-
marking study by Clay et al. we conclude that the vdW-DF
is better suited for the study of phase separation in
hydrogen-helium mixtures so we present in this work
the first vdW-DF miscibility diagram.
Methods.—Demixing was calculated by evaluating the

free enthalpy (or Gibbs free energy) of mixing ΔG,

ΔGðx;p;TÞ¼Gðx;p;TÞ−xGð1;p;TÞ−ð1−xÞGð0;p;TÞ;
ð1Þ

whereG is the free enthalpy as a function of helium number
fraction x, pressure p, and temperature T,

Gðx;p;TÞ¼Uðx;p;TÞ−TSðx;p;TÞþpVðx;p;TÞ; ð2Þ

whereU is the internal energy, V is the volume, and S is the
entropy. We followed the approach of Lorenzen et al. [14],
who fitted the free enthalpy of mixing using a Redlich-
Kister ansatz [26] and applied a common tangent con-
struction to ΔG to determine the helium fractions of the
helium-poor and helium-rich phase. Equation (1) requires
the first term on the right-hand side to be the free enthalpy
of a perfectly mixed system. It has been shown [20,27]
that demixing occurs directly in the simulation box if
particle numbers are sufficiently high. From this, one could
determine the thermodynamic states, for which demixing
occurs, and the fractions in the He-rich and He-poor phase,
but it is unclear how these properties converge with system
size. Additionally, the demixed system would change the
free enthalpy so that it eventually differs from the enthalpy
of a uniformly mixed system. Thus, Eq. (1) would be
inapplicable. To avoid these problems, we use relatively
small particle numbers that ensure sufficiently mixed states
in our simulations.
Density functional theory.—Finite-temperature density

functional theory simulations coupled to classical molecu-
lar dynamics simulations (FT-DFT-MD) were performed
with the VASP code [28–32], using the projector augmented
wave (PAW) method [33] and the nonlocal vdW-DF of
Dion et al. [18]. The internal energy U and pressure pwere
calculated as a function of helium concentration x, temper-
ature T, and volume V. A constant electron number of 64
was used for all helium fractions. The resulting relatively
small number of atoms ensures that the system remains
fully mixed at all temperatures, pressures, and helium
fractions considered. A plane-wave cutoff of 1200 eV
and the Baldereschi mean-value [34] k point was used to
obtain energies and pressures that were converged within
1%. Convergence tests with respect to electron number
were carried out for pure H and He, where deviations have
been less than 1% in the relevant pressure range. The Nose-
Hoover thermostat [35] has been used and averages of
pressure and energy have been taken for at least 10 000

time steps (2 ps) after thermodynamic equilibrium was
reached. Calculations on the equation of state (EOS) were
performed for 15 temperatures from 1000 to 15 000 K,
several pressures in the range of 0.2–30 Mbar, and 31 He
concentrations summing up to more than 7000 FT-DFT-
MD simulations.
We correct our equation of state data for nuclear quantum

effects (NQE) by applying the correction formulas of
Ref. [36]. These corrections are weighted integrations over
the spectral density of states, where the weighting function
corresponds to the difference of a quantum harmonic
oscillator to a classical one. This approach captures most
of the quantum effects, but treats anharmonic contributions
in the spectral density of states as being harmonic. In general
NQE are only important for low temperatures while anhar-
monic effects become important for high temperatures.
The nonideal entropy was calculated by a combination of

thermodynamic integration over the EOS [37] and coupling-
constant integration (CCI) [16,38]. Thermodynamic integra-
tion allows the computation of entropies at arbitrary pressures
and temperatures if a thermodynamic consistent EOS is
available and if the entropy at a given reference EOS point
is known. This reference entropy was calculated by the CCI
procedure. A more detailed description of this method and a
comparison of our entropy data with other results can be
found in Supplemental Material [39].
Results.—To illustrate the effect of the XC functional,

we first restricted our calculations to the ideal entropy of
mixing, which allows for a direct comparison to the earlier
results of Lorenzen et al. [14] shown in Fig. 1. The
demixing temperature is given as a function of the He
fraction x for various pressures. Results using the vdW-DF
are shown as points and the dot-dashed curves are
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FIG. 1. Miscibility diagram of H-He mixtures for ideal entropy
of mixing. Shown are the demixing temperatures as a function of
the He fraction x for different pressures. The colored area indicates
the immiscible region according to Ref. [14], where thick dashed
lines indicate a possible liquidus line. The colored points are our
results with the vdW-DF and ideal entropy of mixing; dot-dashed
lines are guides to the eye. Colored diamonds show the melting
temperatures of He for the color-coded pressure.
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smoothing splines acting as a guide to the eye. The
smoothing splines have been restricted to show a maximum
between the highest T, where demixing occurs, and the
next higher T, so that the critical point can only be
estimated within 1000 K. For pressures of 24 and
10 Mbar we obtain similar demixing temperatures
compared to PBE, especially for lower He fractions.
Differences are more pronounced for higher He fractions.
The PBE results show a vertical edge in the demixing
temperatures at a He fraction of 0.9 for 24 Mbar and 0.86
for 10 Mbar, while our vdW-DF results show a tilt towards
lower He fractions. At lower temperature, a kink appears
where the demixing region extends to higher He fractions,
and a complete separation into the pure components occurs
below a certain temperature. Comparing these temperatures
to the melting temperatures of He (colored diamonds at
x ¼ 1) results in good agreement.
For lower pressures the demixing region exhibits an

island structure, where the islands are well separated from
the possible liquidus line (dashed) at lower temperatures.
The 2 Mbar demixing region is significantly smaller for the
vdW-DF compared to PBE and we do not see demixing at
pressures below 1.5 Mbar. This indicates that the vdW-DF
shifts the miscibility diagram to higher pressures by
0.5 Mbar compared to PBE. It is known that the PBE
functional underestimates the band gap. In liquid hydrogen,
the underestimated band gap leads to metallization at too
low pressures compared to the experiment of Knudson
et al. [17]. In the PBE miscibility diagram this leads to
demixing at too low pressures and thus too high temper-
atures in the low-pressure region. The vdW-DF improves
the band gap of hydrogen so that metallization occurs at
higher pressures more in agreement with the experiment of
Knudson et al., which is also reflected in the miscibility
diagram. Despite this progress, it remains a source of
uncertainty if the vdW-DF predicts the actual band gap
right, which has a direct influence on the low-pressure
demixing diagram. Still, the overall similarity of the PBE
and vdW-DF immiscibility region drives the conclusion
that the general property of H-He insolubility is robust with
respect to the chosen XC functional. To avoid the approxi-
mation of the ideal entropy of mixing, we performed
coupling-constant integrations together with thermody-
namic integration via the equation of state to assess non-
ideal effects in the entropy; see Supplemental Material for
detail [39]. In Fig. 2 we show the miscibility diagram with
the vdW-DF and compare the influence of entropy. Solid
lines show smoothing splines corresponding to the colored
circles, similar to Fig. 1. The inclusion of nonideal effects
in entropy has four main consequences. First, the demixing
temperatures are lowered significantly at high pressures and
low He fractions. This consequence is particularly impor-
tant for Jupiter and Saturn, whose mean He content is
similar to the solar He abundance. Second, the demixing
region now extends to smaller pressures than 1.5 Mbar,

which directly removes the islandlike structure that
appeared when using the ideal entropy. Third, the kink
at high He fractions in the ideal entropy calculations is
smoothed out at pressures above 2 Mbar. At pressures of
1.5 and 1.2 Mbar there is still a small sign of this effect.
Fourth, the size of the demixing region is increased
especially for high He fractions and low pressures. If
demixing occurs in a planet, this significantly increases
the amount of He in the He-rich droplets compared to
the ideal entropy case. We estimate the uncertainty of the
miscibility gap to be δx ¼ �0.02 due to errors in the
underlying DFT-MD data and the Redlich-Kister fit of ΔG.
In Fig. 3 we show the miscibility diagram for the mean

solar He concentration xsolar ¼ 0.086, which is relevant for
Jupiter and Saturn. We compare the miscibility regions
obtained with PBE and the vdW-DF each for both ideal and
nonideal entropy of mixing. Error bars are shown for the
vdW-DF results for the nonideal entropy case only. These
error bars have been determined from the data points in
Fig. 2 for a maximum error of δx ¼ �0.02 in the helium
fraction. The error is added and subtracted to the miscibility
diagram in Fig. 2, so that the demixing temperature at xsolar is
shifted, thus translating into error bars for the temperature.
For low pressures diamond anvil cell (DAC) results by

Loubeyre et al. [42] exist. The orange points indicate the
PBE demixing region with ideal entropy according to
Lorenzen et al. In our vdW-DF calculations using the
ideal entropy of mixing, we observe a similar shape of this
region, which is a direct consequence of the island structure
in Fig. 1. As noted before, the vdW-DF shifts demixing
pressures upwards by 0.5 Mbar, which results in lower
demixing temperatures at pressures smaller than 10 Mbar.
Morales et al. also calculated the nonideal entropy using a
coupling-constant integration and showed that a significant
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FIG. 2. Miscibility diagram of H-He mixtures for the vdW-DF.
The points and colored areas indicate the immiscible region
using the vdW-DF and nonideal entropy. Dot-dashed lines are our
results with the ideal entropy of mixing as in Fig. 1. The vertical
black line indicates the value of solar He concentration as relevant
for Fig. 3. Colored diamonds show the melting temperatures of
pure He at pressures indicated by the color code.
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decrease in demixing temperature of at least 1000 K is
obtained compared to the ideal entropy calculation of
Lorenzen et al. In our calculations using the vdW-DF
we also observe a lowering of the demixing temperature
by 1000–2000 K when including the nonideal entropy.
The influence of nonideal entropy on the enthalpy of
mixing leads to a completely different low-pressure and
low-temperature behavior than in the ideal entropy case.
The demixing pressure decreases with decreasing temper-
ature due to the removal of the island structure, cf., Fig. 2.
For low pressures our results are in excellent agreement
with calculations by Schouten et al. [41]. Thus, we derived
a demixing line that perfectly connects our data to that of
Schouten et al. and Loubeyre et al. [42].
In Fig. 4 we show isentropes for Jupiter and Saturn in

comparison to our new demixing phase diagram. A value
for Jupiter’s entropy has been given in Ref. [38]: s ¼
7.0782 kB=electron ¼ 7.613kB=atom for a mixture with He
fraction x ¼ 0.07563. We performed additional DFT-MD
simulations using 256 electrons at the same He fraction to
provide high accuracy data for the calculation of a vdW-DF
isentrope. From our CCI entropy data, we determined the
pressure and temperature for the given entropy value. This
vdW-DF isentrope is shifted to higher pressures compared
to the PBE isentrope of Militzer et al. [43] such that it
intersects with the error bars of our miscibility diagram.
An extension of this isentrope to lower pressures is, in
principle, possible, but the additional simulations that are
required at low densities are beyond the scope of this
work. The Jupiter isentropes of Nettelmann et al. [44] and

Militzer et al. [43] do not cross our new demixing line
while Saturn’s isentrope still intersects with the miscibility
region. We expect that a vdW-DF isentrope for Saturn
would be shifted to higher pressures in a similar way as the
vdW-DF Jupiter isentrope.
Discussion.—The combination of the vdW-DF and non-

ideal entropy lowers the demixing temperatures to such an
extent that the Jupiter isentrope of Nettelmann et al. [37]
and even the substantially cooler isentrope of Militzer et al.
[43] are completely outside of the immiscibility region; see
Fig. 4. A corresponding preliminary Jupiter model was
proposed recently [46]. Only our vdW-DF isentrope allows
a minimal amount of demixing, if the error bars are taken
into account. If demixing still occurs, it remains to be seen
if planetary evolution models with helium rain are still able
to reproduce the observed helium fraction in the atmos-
phere. The occurrence of hydrogen-helium immiscibility in
Jupiter should therefore be critically discussed and the
possibility of no helium rain at all should be taken into
account. Other factors than demixing could influence the
amount of He in the atmosphere. It has been suggested that
molecular hydrogen might have such low opacity that a
radiative zone may develop [47,48]. This zone could act
as a barrier to convection, so that the combined effect of
gravitational settling and thermal diffusion leads to a
depletion of helium. Interestingly, the atmospheric helium
abundance in the Sun is similar to that of Jupiter and this
He depletion compared to the protosolar value is actually
caused by gravitational settling and thermal diffusion [49].
However, it is still uncertain if a radiative zone does
actually exist in Jupiter, because the opacity profile
depends crucially on the abundance of heavy elements
like sodium and potassium as well as titanium oxide [50].
The small neon abundance found in Jupiter, which has been
linked to helium rain, might alternatively be explained in
a clathrate-hydrate formation scenario where neon is not

0 1 2 3 4 5 6 7 8 9 10

Pressure [Mbar]

0

2

4

6

8

10

12

T
em

pe
ra

tu
re

 [1
0³

 K
] Jupiter (N

ettelmann)

Saturn (Nettelmann)

Jupiter (Militzer)

this work:  vdW-DF, non-ideal entropy
this work:  vdW-DF, Jupiter isentrope

FIG. 4. Planetary isentropes in comparison to our miscibility
diagram. Present-day isentropes for Jupiter [43,44] (black and
blue solid line) and Saturn [45] (dashed black line) are indicated.
Our vdW-DF isentrope is shown as a red dashed line.

0 1 2 3 4 5 6 7 8
Pressure [Mbar]

0

2

4

6

8

10
T

em
pe

ra
tu

re
 [1

0³
 K

]

H melting line

CP
PBE

He melting line

exp. H metallization
vdW-DF

Lorenzen: PBE, ideal entropy
Morales:   PBE, non-ideal entropy
this work:  vdW-DF, ideal entropy
this work:  vdW-DF, non-ideal entropy
Schouten: eff. potential
Loubeyre: DAC experiments

FIG. 3. Miscibility diagram at mean solar He abundance.
Diamonds and the colored area show our vdW-DF results using
the nonideal entropy; upward triangles are ideal entropy. Also
shown are PBE data with ideal entropy [20] (orange circles) and
nonideal entropy [15,16] (violet rectangles and the corresponding
line). Small blue circles are from Schouten et al. [41]. The right
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easily trapped in these ice cages [51]. For the shown Saturn
isentrope only a small fraction of the planet would lie inside
the new demixing region. This implies that Saturn enters the
demixing region at a later time than predicted from PBE
calculations, which eventually reduces the cooling time to
values below the age of the Solar System. On the other hand,
the He fraction of the He-rich droplets will be significantly
increased compared to PBE, leading to a substantially higher
amount of He raining towards the interior and thus increas-
ing compositional gradients. Leconte and Chabrier [52]
pointed out that these gradients could lead to layered
convection, which reduces the cooling rate of Saturn
significantly and offers an alternative explanation for its
excess luminosity. Since Militzer et al. found a substantially
cooler Jupiter isentrope than Nettelmann et al., we believe
that a cooler Saturn isentrope remains possible, resulting in a
larger demixing region. The miscibility diagram presented in
this work sets important new constraints on planetary
isentropes and thermal evolution tracks and enables the
treatment of Saturn’s luminosity problem in futurework. Our
data for the vdW-DF miscibility gap with nonideal entropy
are available in Supplemental Material [39].
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