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We investigate Dicke subradiance of N ≥ 2 distant quantum sources in free space, i.e., the spatial
emission patterns of spontaneously radiating noninteracting multilevel atoms or multiphoton sources,
prepared in totally antisymmetric states. We find that the radiated intensity is marked by a full suppression
of spontaneous emission in particular directions. In resemblance to the analogous, yet inverted,
superradiant emission profiles of N distant two-level atoms prepared in symmetric Dicke states, we call
the corresponding emission patterns directional Dicke subradiance. We further derive that higher-order
intensity correlations of the light emitted by statistically independent thermal light sources display the same
directional Dicke subradiant behavior and show that it stems from the same interference phenomenon as
in the case of quantum sources. We finally present measurements of directional Dicke subradiance for
N ¼ 2;…; 5 distant thermal light sources corroborating the theoretical findings.
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Dicke superradiance, i.e., the enhanced spontaneous
emission in space and time of atoms in highly entangled
symmetric Dicke states, has been extensively studied over
the last 60 years [1–16]. The corresponding directional
emission of spontaneous radiation has been exploited in
various quantum communication protocols [17–23] and,
more recently, also in the newly evolving field of chiral
quantum optics [24–27]. By contrast, its cryptic twin,
subradiance, has been much less investigated, mainly
due to its higher degree of complexity and increased
demands for experimental verification, even though con-
siderable progress has been made recently. Since the first
indirect observation [28], the main focus has been on
studying the subradiance of two two-level atoms [29–33].
This configuration is most transparent, less fragile [34],
and, moreover, can be prepared in both parities, a fully
symmetric as well as a fully antisymmetric state, where the
latter decouples entirely from the vacuum field for small
atom separations [4,5]. Yet, for N > 2 two-level atoms, the
subradiant Dicke states are merely nonsymmetric [1]; the
corresponding states have recently been used to form a
unimodular basis [35,36]. Various theoretical investigations
have discussed the preparation [9,37–49], as well as the
subradiant emission characteristics, of nonsymmetric Dicke
states for such larger atomic ensembles, either using a
semiclassical theory [9,43–49] or within a full quantum
mechanical treatment [13,40–42]. Very recently, the first
experimental observation of retarded subradiant sponta-
neous decay for N > 2 emitters was reported [50].
Most theoretical studies of subradiant systems have

investigated the temporal aspects of subradiance, whereas
only a few have been devoted to its particular spatial
emission properties [13,40,43]. Yet, in correspondence to

their superradiant counterparts, distant sources prepared in
fully antisymmetric states—thus far investigated only for
N ¼ 2 particles—or nonsymmetric Dicke states display
pronounced directional emission profiles, e.g., exhibiting a
strong suppression of spontaneous radiation in particular
directions [13].
In this Letter, we examine what we call directional Dicke

subradiance, i.e., the spatial emission characteristics of
N ≥ 2 distant light sources arranged in totally antisym-
metric states, enabling the complete suppression of radi-
ation in distinct directions, thereby contributing to the long
ongoing study of the manipulation of spontaneous decay.
We start to analyze the conditions for achieving totally
antisymmetric Dicke states for N ≥ 2 multilevel atoms or
multiphoton quantum sources and explore the specific
spatial emission profiles of quantum emitters prepared in
such states. We thereafter discuss the possibilities of
observing subradiant directional emission behavior of
classical sources. Specifically, we show that the same
photon interferences and thus the same subradiant sup-
pression of incoherent radiation derived for quantum
emitters can be obtained with thermal light sources
(TLS) if projected into particular correlated states via
photon detection. Finally, we present measurements of
directional Dicke subradiance for up to five TLS.
In general, a totally antisymmetric state of N sources is

defined by

jANi ¼
1ffiffiffiffiffiffi
N!

p
X
P

sgnðPÞjnP1
; nP2

;…; nPN
i; ð1Þ

where jnPl
i describes the state of source l, where l ¼ 1;

…; N, and
P

P represents the sum over all permutations of
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the entries fn1;…; nNg, with sgnðPÞ being the sign of the
permutation. According to Eq. (1), in order to realize a
totally antisymmetric state, all sources have to be prepared
in distinct states, i.e., ni ≠ nj, for i ≠ j; otherwise, the state
vanishes. Specifically, in the case of two-level atoms, a
fully antisymmetric state only exists for N ¼ 2 particles.
Thus, constructing totally antisymmetric states for N > 2
emitters requires internal level schemes with at least N
distinguishable states, e.g., an excited state jei and N − 1

distinguishable ground states jgl̃i, l̃ ¼ 1;…; N − 1 [48].
We call this kind of source a multilevel single photon
emitter (MSPE). To construct a totally antisymmetric state
for N MSPEs, we can choose for example n1 ¼ e, n2 ¼ g1,
n3 ¼ g2;…, and nN ¼ gN−1.
To determine the spatial emission characteristics of such

a state, we assume without loss of generality the simple
source arrangement shown in Fig. 1, where N MSPEs are
located equidistantly, with separation d ≫ λ along the x
axis at positions Rl ¼ ldex, l ¼ 1;…; N. The intensity
recorded at position r1 is defined by

Iðr1Þ ¼ Gð1Þ
ρ ðr1Þ ¼ hEð−Þðr1ÞEðþÞðr1Þiρ; ð2Þ

where ρ is the density matrix of the N MSPEs, and the
(dimensionless) positive frequency part of the electric field
operator in the far field of the sources is given by [15]

½Eð−Þðr1Þ�† ¼ EðþÞðr1Þ ∝
XN
l¼1

e−ilδ1 ŜðlÞ− : ð3Þ

In Eq. (3), lδ1 ¼ −lkd sinðθ1Þ corresponds to the relative
phase of a photon emitted by source l and recorded by a
detector at r1 with respect to a photon emitted at the origin
(see Fig. 1), and ŜðlÞ− ¼ ð1= ffiffiffiffiffiffiffiffiffiffiffiffi

N − 1
p ÞPN−1

l̃¼1
ŝðl;l̃Þ− is the sum

over all atomic lowering operators ŝðl;l̃Þ− ¼ jgl̃ilhej,
l̃ ¼ 1;…; N − 1, deexciting the lth MSPE from its upper
state jeil to the ground state jgl̃il.
For N MSPEs in the antisymmetric state jANi with one

excitation, i.e., with
P

N
l¼1hŜðlÞþ ŜðlÞ− ijANi ¼ 1, the intensity as

a function of δ1 calculates to

IjANiðδ1Þ¼ hAN jEð−Þðr1ÞEðþÞðr1ÞjANi

¼
XN
l¼1

hŜðlÞþ ŜðlÞ− ijANi þ
XN

l1 ;l2¼1
l1≠l2

eiδ1ðl1−l2ÞhŜðl1Þþ Ŝðl2Þ− ijANi

¼ N
N−1

�
1−

1

N2

sinðNδ1
2
Þ2

sinðδ1
2
Þ2

�
; ð4Þ

where in the second line of Eq. (4) all interference

terms contribute with equal weight, hŜðl1Þþ Ŝðl2Þ− ijANi ¼
−1=½NðN − 1Þ�, for l1 ≠ l2. More specifically, in Eq. (4)
the interference term arises from the fact that all possible
combinations of two sources interfere with each other since
the single excitation is equally shared among all sources
[see Eq. (1)]. This is basically identical to the concept of
superradiance arising from symmetric Dicke states (see,
e.g., Refs. [13–16]), with the difference, however, that here
the antisymmetry of the state introduces a negative sign in
front of all interference terms of two distinct sources
l1 ≠ l2. In contrast to the emission enhancement of super-
radiance, the negative correlation between the sources leads
to complete destructive interference and thus to a complete
suppression of emission in certain directions. Note that the
equal negative correlation is also displayed by the cross-
correlation coefficient [51], which is identical for all source
pairs l1 ≠ l2, i.e.,

hŜðl1Þþ Ŝðl2Þ− ijANiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hŜðl1Þþ Ŝðl1Þ− ijANihŜ

ðl2Þþ Ŝðl2Þ− ijANi
q ¼ −

1

N − 1
: ð5Þ

In more detail, Eq. (4) displays an intensity profile
marked by pronounced dips of vanishing radiation, analo-
gous, yet inverted, to the intensity profile of N two-level
atoms in symmetric Dicke states, arranged in the same
manner as in Fig. 1 [13]. A superradiant emission profile
can, furthermore, be observed when recording higher-order
intensity correlation functions for both N uncorrelated fully
excited two-level atoms [14,15] and N uncorrelated
classical light sources [14,16]. Yet, in contrast to the sharp
peaks of increased intensity in the case of superradiant
emission, the inverted grating function of Eq. (4) reveals
highly focused dips of reduced intensity, i.e., directional
Dicke subradiance. Equal to its superradiant counterpart
[13–16], the subradiant intensity profile of Eq. (4) for N
MSPEs in the antisymmetric state jANi with one excitation
displays a visibility of V ¼ 1, with the minima located at

x

z

d

far field

1

2

j

FIG. 1. Setup considered for the oberservation of directional
Dicke subradiance: N light sources are aligned along the x axis
equidistantly at positionsRl, l ¼ 1;…; N, with separation d ≫ λ.
In the far field of the sources, N detectors measure the Nth-order
correlation function at positions rj, j ¼ 1;…; N.
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δ1 ¼ 2mπ, m ∈ Z, having an angular width of
δθ1 ≈ 2π=ðNkdÞ. These properties describe distinctive
features of superradiance [13–16] but can also be used,
as in our case, to characterize the particular attributes of
Dicke subradiance.
A further option to construct totally antisymmetric states

jANi and observe the corresponding subradiant behavior is
to make use of multiphoton sources (MPSs). Hereby, each
source l emits a discrete number of photons nl, assumed to
be different from the other sources, i.e., ni ≠ nj, for i ≠ j.
This could be realized, e.g., by combining nl single photon
emitters for each source l. Again considering the source
arrangement of Fig. 1, the (dimensionless) positive fre-
quency part of the electric field operator in the far field of
the sources reads [16]

½Eð−Þðr1Þ�† ¼ EðþÞðr1Þ ∝
XN
l¼1

e−ilδ1 âl; ð6Þ

where âl denotes the annihilation operator of a photon
emitted from the lth MPS. Choosing n1 ¼ 0, n2 ¼
1;…; nN ¼ N − 1 again yields the intensity profile of
Eq. (4), i.e., a distribution following a negative grating
function and displaying directional Dicke subradiance, yet
with a different global prefactor of N2=2 [52].
Note that when computing the Nth-order intensity

correlation function GðNÞ
NTLSðδ1;…; δNÞ of a light field

produced by N TLS, similar multiphoton interference
terms appear as those occurring in the derivation of
IjANiðδ1Þ for N MPSs [52]. This indicates how directional
subradiant behavior can also be observed with classical
light sources, i.e., by exploiting correlations produced
among TLS when recording a specific number of photons
at particular positions [14,16].
To corroborate this argument, we consider again the

source arrangement of Fig. 1, where this time N detectors
are placed at positions rj, j ¼ 1;…; N, in the far field of N
TLS. The density matrix ρNTLS of the field generated by the
N TLS can be written in the number-state representation in
the form [14,16]

ρNTLS ¼ ⊗
N

l¼1

X∞
nl¼0

PTLSðnlÞjnlihnlj; ð7Þ

where PTLSðnlÞ denotes the (Bose-Einstein) distribution of
source l, and we assume equal mean photon numbers for all
sources, i.e., n̄ ¼ n̄l ¼ hâ†l âliρ, l ¼ 1;…; N.
The Nth-order intensity correlation function for N light

sources is defined by [53]

GðNÞ
N ðr1;…; rNÞ ¼

�
∶
YN
j¼1

Eð−ÞðrjÞEðþÞðrjÞ∶
�

ρN

; ð8Þ

where h∶F∶iρN represents the (normally ordered) quantum
mechanical expectation value of the operator F for a field in
the state ρN .
To observe directional Dicke subradiance via measure-

ments of GðNÞ
N ðr1;…; rNÞ, we suppose that N − 1 detectors

are placed at the fixed subradiant positions (SP)

δj ¼ 2π
ðj − 1Þ

N
; j ¼ 2;…; N: ð9Þ

These positions are identical to the arguments of the Nth
roots of unity and therefore fulfill the identity

XN
j¼2

eiδjn ¼
�−1; n ≠ f0g; mod ðNÞ
ðN − 1Þ; n ¼ f0g; mod ðNÞ : ð10Þ

Since we assume N statistically independent TLS, we can
make use of the Gaussian moment theorem to also write
Eq. (8) in the form

GðNÞ
NTLSðδ1;…; δNÞ ¼

X
P

YN
j¼1

hEð−ÞðδjÞEðþÞðδPj
Þi; ð11Þ

where
P

P now refers to the sum over all permutations of
the N detectors, and the first moment is given by [see
Eq. (6)]

hEð−Þðδj1ÞEðþÞðδj2Þi ¼ n̄
XN
l¼1

eilðδj1−δj2 Þ; ð12Þ

where the label ρNTLS of the expectation value has been
dropped for simplicity.
In the case in which detector δ1 is not involved in the

sum, i.e., for j1=2 ¼ 2;…; N, Eq. (12) simplifies to [see
Eq. (10)]

hEð−Þðδj1ÞEðþÞðδj2Þi ¼ n̄

�
1þ

XN
l¼2

eiδlðj1−j2Þ
�

¼
�
0; ðj1− j2Þ≠ f0g; mod ðNÞ
Nn̄; ðj1− j2Þ ¼ f0g; mod ðNÞ ;

ð13Þ
which means that all cross-correlation terms for any
two fixed detectors j1 ≠ j2 vanish. Equation (11) thus
reduces to

GðNÞ
NTLSðδ1; SPÞ ¼

YN
j¼1

hEð−ÞðδjÞEðþÞðδjÞi

þ
XN
k¼2

jhEð−Þðδ1ÞEðþÞðδkÞij2

×
YN
j≠k
j¼2

hEð−ÞðδjÞEðþÞðδjÞi; ð14Þ
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where the interference term is given by [see Eq. (10)]

XN
k¼2

jhEð−Þðδ1ÞEðþÞðδkÞij2 ¼
XN
k¼2

����n̄
XN
l¼1

eilðδ1−δkÞ
����
2

¼ n̄2ðN − 1Þ
XN
l1;l2¼1

eiδ1ðl1−l2Þ

− n̄2
XN
l1 ;l2¼1
l1≠l2

eiδ1ðl1−l2Þ

¼ n̄2N2

�
1 −

1

N2

sin ðNδ1
2
Þ2

sin ðδ1
2
Þ2

�
;

ð15Þ

where the negative sign in front of the grating function in
the last line of Eq. (15) stems from the identical negative
weight in front of each source pair interference term in line
3 of Eq. (15), caused by the sum over all (N − 1) detectors
being placed at the SP. The normalized Nth-order intensity
correlation function, finally, reads

gðNÞ
NTLSðδ1; SPÞ ¼ 2 −

1

N2

sin ðNδ1
2
Þ2

sin ðδ1
2
Þ2 ; ð16Þ

displaying an inverted grating function identical to the one
obtained for quantum sources in Eq. (4), i.e., a subradiant
intensity distribution IjANiðδ1Þ produced by MSPEs and
MPSs in the totally antisymmetric state jANi. Note that,
owing to the different constant term, the visibility of the
classical subradiant pattern of Eq. (16) equals VTLS ¼ 1=3,
independent of the number of sources N.
To reach higher visibilities for classical sources, one

could increase the number of fixed detectors, e.g., using
multiples α of complete sets of N − 1 detectors placed at
the SP, i.e., αðN − 1Þ, α ∈ Nþ. In this case, we obtain [52]

g(1þαðN−1Þ)
NTLS ðδ1; α × SPÞ ∼ 1þ α −

α

N2

sin ðNδ1
2
Þ2

sin ðδ1
2
Þ2 ; ð17Þ

where in the limit α ≫ 1 the visibility VðαÞ
TLS ¼ α=ðαþ 2Þ

approaches unity, as in the case of quantum sources.

Note that an isomorphism between GðmÞ
ρN and Gð1Þ

ρ̃ðm−1Þ
N

,

where m ∈ Nþ, was recently identified for a light field ρN
produced by N sources [15,16], i.e.,

GðmÞ
ρN ðδ1;…; δmÞ ¼ Gð1Þ

ρ̃ðm−1Þ
N

ðδ1ÞGðm−1Þ
ρN ðδ2;…; δmÞ; ð18Þ

where ρ̃ðm−1Þ
N describes the state of the field after m − 1

photons have been recorded at positions δ2;…; δm. In the
case of N TLS and αðN − 1Þ detectors placed at the SP, the
projected state ρ̃(αðN−1Þ)

NTLS reads

ρ̃(αðN−1Þ)
NTLS ¼ ½QN

j¼2 E
ðþÞðδjÞ�αρNTLS½

Q
N
j¼2 E

ð−ÞðδjÞ�α
G(αðN−1Þ)

ρNTLS ðα × SPÞ
; ð19Þ

with Tr½ρ̃(αðN−1Þ)
NTLS � ¼ 1. The state ρ̃(αðN−1Þ)

NTLS is not of
diagonal form, where the nondiagonal terms describe the
correlations between the TLS induced by the detection of
αðN − 1Þ photons at the SP. The corresponding cross-
correlation coefficient is given by [52]

hâ†l1 âl2iρ̃(αðN−1Þ)
NTLSffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hâ†l1 âl1iρ̃(αðN−1Þ)
NTLS

hâ†l2 âl2iρ̃(αðN−1Þ)
NTLS

q ¼ −
α

N þ Nα − α
; ð20Þ

demonstrating that the cross-correlations are negative and
identical for any two sources where l1 ≠ l2. Equation (20)
shows that any state described by Eq. (19) displays
destructive interference for all possible source pair combi-
nations and thus will exhibit directional subradiance.
Specifically, for α ≫ N, Eq. (20) becomes identical to
Eq. (5), displaying the correlations between any two of the
N multilevel atoms prepared in the totally antisymmetric
state jANi.
To measure gðNÞ

NTLS for N statistically independent
TLS, we use the pseudothermal light of a coherently
illuminated rotating ground glass disk [54] (coherence
time, τc ≈ 50 ms), impinging on a mask with N identical
slits of width a ¼ 25 μm and separation d ¼ 200 μm (see
Fig. 2). As a coherent light source, we utilize a linearly
polarized frequency-doubled Nd:YAG laser at λ ¼ 532 nm.
Working in the high intensity regime, we employ a
conventional digital camera placed in the far field of the

mask to determine gðNÞ
NTLSðδ1;…; δNÞ, where we correlate

N − 1 pixels of the camera located at the SP ∼ δ2;…; δN
with one moving pixel ∼δ1 (integration time of the camera,
τi ≈ 1 ms ≪ τc) [14].
The experimental results for gðNÞ

NTLSðδ1;…; δNÞ obtained
in this way for N ¼ 2;…; 5 TLS are shown in Fig. 3. From
the plots, the directional Dicke subradiant behavior of theN
TLS is clearly visible, with dips of vanishing radiation that
are in excellent agreement in position, depth, and width
with the theoretical predictions of Eq. (16). This confirms

FIG. 2. Experimental setup to measure gðNÞ
NTLS with N pseudo-

thermal light sources. M, mirror; L, lens. For details, see the text
and Ref. [14].
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the theory outlined above stating that (a) with distant
quantum sources as well as classical TLS in corresponding
states, directional subradiance can be observed [see Eqs. (4)
and (17)], and that (b) directional subradiance of TLS
occurs due to the similarity between the totally antisym-
metric state jANi of N quantum sources and the highly

correlated state ρ̃(αðN−1Þ)
NTLS , obtained from N initially uncor-

related TLS via αðN − 1Þ photon detection events at the
SP [see Eqs. (1) and (19)], leading to identical cross-
correlations for N quantum sources and for N TLS in the
limit α ≫ N [see Eqs. (5) and (20)].
In conclusion, we discussed in this Letter the spatial

aspects of Dicke subradiance, i.e., the emission profiles
observed for incoherently emitting distant light sources
prepared in totally antisymmetric states. We examined the
conditions to achieve totally antisymmetric states for
multilevel atoms, as well as multiphoton sources, and
derived analytical expressions for the resulting spatial

spontaneous emission patterns. We also showed that direc-
tional Dicke subradiance can be observed with incoherently
emitting TLS, i.e., by measuring higher-order photon
correlations projecting the TLS into highly correlated
states. The latter result is unexpected, as subradiance is
usually considered to be a nonclassical phenomenon
displayed uniquely by quantum sources [48]. Directed
emission of spontaneous emission has lately been discussed
in the context of quantum communication and the coupling
of quantum nodes within quantum networks [17–23], and
more recently in the field of chiral quantum optics [24–27]
and many-body subradiance [55–57]. The above analysis
of directional Dicke subradiance could invoke new aspects
in that framework, e.g., for chiral quantum optics in free
space [58].
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FIG. 3. Experimental results. (a) Average intensity I2TLSðδ1Þ of
N ¼ 2 TLS demonstrating that the pseudothermal light sources
are spatially incoherent in first order. (b)–(e) Measurement of

the normalized Nth-order correlation function gðNÞ
NTLSðδ1;δj¼

2π½ðj−1Þ=N�;j¼2;…;NÞ¼GðNÞ
NTLSðδ1;δj¼2π½ðj−1Þ=N�;j¼2;

…;NÞ=½INTLSðδ1Þ
Q

N
j¼2 INTLSðδj¼2π½ðj−1Þ=N�Þ� for N ¼ 2;

…; 5 as a function of the first detector at δ1 (the red solid
curves). The suppression of incoherently emitted radiation at
δ1 ¼ 0 after N − 1 photons have been recorded at the SP at
δj ¼ 2π½ðj − 1Þ=N�, j ¼ 2;…; N, is clearly visible. The theo-
retical predictions of Eq. (16) are displayed by the black (dashed)
curves.
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