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We address the question about the origin of the %(ezlh) conductance plateau observed in a recent
experiment on an integer quantum Hall (IQH) film covered by a superconducting (SC) film. Since one-
dimensional (1D) chiral Majorana fermions on the edge of the above device can give rise to the half
quantized plateau, such a plateau is regarded as conclusive evidence for the chiral Majorana fermions.
However, in this Letter we give another mechanism for the %(e2/h) conductance plateau. We find the

% (e*/h) conductance plateau to be a general feature of a good electric contact between the IQH film and the
SC film, and cannot distinguish the existence or the nonexistence of 1D chiral Majorana fermions. We also
find that the contact conductance between a superconductor and an IQH edge channel has a non-Ohmic
form ogcpan o« V7 in the kzT < eV limit, if the SC and IQH bulks are fully gapped.
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One promising direction in building a quantum computer
is topological quantum computation [1], which can be
realized using non-Abelian topological orders that contain
Ising non-Abelian anyons, or other more general non-
Abelian anyons [2,3]. Although Ising non-Abelian anyons
cannot perform universal topological quantum computation
[4], they can be realized by noninteracting fermion systems,
such as the vortex in a p + ip 2D superconductor [5-7].

In 1993 [8], it was predicted that some non-Abelian
fractional quantum Hall states [2,3] can have 1D chiral
Majorana fermions on the edge. (ID chiral Majorana
fermions are fermions with only fermion-number-parity
conservation [9,10] that propagate only in one direction in
1D space.) In fact, the appearance of an odd number of 1D
chiral Majorana fermion modes on the edge implies the
appearance of non-Abelian defects in the bulk [8,11]. The
non-Abelian states may have already been realized in
experiments [12-14]. In particular, the recently observed
half quantized thermal Hall conductance [15] from the
quantum Hall edge states [8,16,17] provides conclusive
evidence of 1D chiral Majorana fermions and its “parent”
non-Abelian fractional quantum Hall states. In 2000 [5],
1D chiral Majorana fermions were predicted to exist on the
edge of a p + ip 2D superconductor. More recently, 1D
chiral Majorana fermions were predicted to exist on the
interface of a ferromagnet and superconductor on the
surface of a topological insulator [7], and on the edge of
an integer quantum Hall (IQH) film covered by a super-
conducting (SC) film [18,19].

In Refs. [18,19], it was shown that 1D chiral Majorana
fermions can give rise to a 1 (¢?/h) conductance plateau for
a two terminal conductance o, across a Hall bar covered
by a superconductor. Recently, Ref. [20] observed such a
conductance plateau, which was regarded as a “distinct

0031-9007/18/120(10)/107002(5)

107002-1

signature” of 1D chiral Majorana fermions. This leads
to the claimed discovery of 1D chiral Majorana fermions.
The discovered Majorana fermions were named ‘“angel
particles,” and have attracted a lot of attention.

However, observing a 1 (e*/h) conductance plateau may
not imply the existence of 1D chiral Majorana fermions.
For example, in Fig. 4(a) of the very same paper [20], a
1(€*/h) conductance was observed in a stacked IQH film
and a metal film without the Majorana fermions. Similarly,
Refs. [20,21] pointed out that %(ezlh) conductance can
appear when the Hall bar under the SC film is in a metallic
state without the Majorana fermions.

Such an explanation was discarded in Refs. [20,21]
since it was thought to be inconsistent with the observed
magnetic field B dependence of o, [Fig. 2(c) and Fig. 4(a)
in Ref. [20]]. In the experiment, ¢,,(B) is found to be
%(ez/h) when the magnetic field B is high and thereby the
topped film is in the normal metallic state. Then, it
increases up to e*/h, as B is reduced and the topped film
becomes SC. As B is reduced further, o, drops to a (e*/h)
plateau near B,, and then to near 0.

Result.—In this Letter, we study the Majorana-fermionless
mechanism for the 1 (e?*/h) conductance plateau in detail.
We find that it can explain the whole observed magnetic field
B dependence of o1, very well. The % (e*/h) conductance
plateau can be a general feature of a good electric contact
between the IQH and the SC films, regardless of whether the
1D chiral Majorana fermions exist or not.

A general understanding for two terminal conductance
o1,.—In the experiment [20], the SC layer is directly
deposited on the Hall bar. Naively, one would expect the
contact resistance 1/ogc.pa between the superconductor
and the edge channels of the Hall bar under the super-
conductor to be much less than h/e* = 25812 Q. In this
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FIG. 1. A Hall bar covered by a SC film. The Hall bar under the

superconductor can be in (a) a Chern number Ny, = 1 IQH
phase (B > B,), (b) a metallic phase, and (c) a Chern number
Nchemm = 0 insulating phase (B < B,.), depending on the corre-
lation length & of the percolation model.

case, the two terminal conductance o1, = 1 (¢*/h). To see
this, we assume the superconductor to have a vanishing
chemical potential ygc = 0 and that there is no net current
flowing in or out of the superconductor. So the chemical
potentials on the two incoming edge channels of the Hall
bar should be opposite: p, and —uy. The chemical poten-
tials on the two outgoing edge channels of the Hall bar are
also opposite: y and —u (see Fig. 1).

When the contact resistance 1/ogcpy 1S low, the
chemical potentials on the two outgoing edge channels
vanish: u = pgc = 0, and the two terminal conductance o4,
is given by o1y = [ — (=)/[uo — (—po)] = 3 (In this
Letter, all conductances are measured in units of e2/h.) We
see that the } quantized conductance of 6, is a very general
feature of good contact between the superconductor and the
Hall bar under the superconductor, and one might expect
the two terminal conductance o, to be always % However,
in the experiment, 61, ~ | is observed for a certain range of
the magnetic field. This suggests the other limit that the
superconductor and the Hall bar decouple electronically, as
then o1, should be 1, contributed purely from the IQH bar.
Indeed, that the contact resistance between the super-
conductor and the Hall bar can be much larger than h/e?
is observed directly at corresponding fields via the meas-
urement of 73 shown in Fig. 4(c) in Ref. [20].

The observed o), = % at a high field, where the topped
film is metallic, indicates the contact resistance between the
metal film and the Hall bar is always much less than h/e.
But in the low field region where the film above the IQH
layer becomes SC, the measured ¢, varies from 1 to %
depending on B, indicating that the contact resistance
1/ogc.qan between the SC film and the Hall bar can become
much bigger than h/e?, as well as much smaller. In this
Letter, we explain such a striking pattern of the contact
conductance ogc_p,; Via a percolation model.

As the magnetic field B is reduced through the critical
value B, the Hall bar under the superconductor changes
from a Chern number Ncpe, = 1 IQH state to a Chern
number Ny, = 0 insulating state. We use a percolation
model to describe such a transition. In the percolation
model, when B is reduced through B, the chiral edge
channels of the IQH state become more and more wiggled.
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FIG. 2. (a) A segment of an IQH edge under a superconductor.
> < .
(b) L, and L, as a function of B.

Correspondingly, the Hall bar under the superconductor has
three phases: the Ncpem = 1 phase in Fig. 1(a) and the
Nchern = 0 phase in Fig. 1(c), where the IQH edge channel
can be straight and short if B is far away from B,.. Thus, the
contact resistance 1/ogc.yq 1S high. The third phase is a
metallic phase in Fig. 1(b), where the IQH edge channel fills
the sample and its trajectory length L4 is long. As a result,
the contact resistance 1/6gc.y,y 1S low.

A microscopic calculation of the contact conductance
osc.nan between the superconductor and an IQH edge
channel.—We first assume the SC film and IQH bulk are
clean enough that they are both fully gapped. Thus, only
Andreev scattering along the edge contributes t0 ogc_pa-
To include the effects of charge conserving inelastic
scattering, we first divide the IQH edge channel into many
segments each of length /,—the dephasing length. Each
segment is coupled to a superconductor [see Fig. 2(a)],
which induces the coherent Andreev scattering: free elec-
trons up to a chemical potential u can be coherently
scattered and come out as holes. The incoming edge state
is an equilibrium state with an incoming chemical potential
u, while the outgoing edge state out of one SC segment is
not an equilibrium state. Charge conserving inelastic
scattering equilibrates the outgoing edge state, which
now has a chemical potential x’. From p— ', we can
determine ogcyy, for the segment.

To analyze the change in u after passing a single SC
segment, let us start with the equation of motion for a free
chiral fermion:

s . in .

ihe = Uf(_lax - kF)C + E [”scaxc' + 8x<vscCT)]’ (1)
where v, is the velocity of the chiral fermion, ky is the
Fermi momentum at y = Er = 0, and vy (x) is the SC
coupling coefficient, which depends on x (v, = 0 for an
edge not under the superconductor). We treat (c,c’) =
(wi,w,) =yw! as independent fields. For a mode with
frequency w, the equation of motion becomes

< Uf(_iax - kF)
oy = |,
2

%(Uscax + axvsc) ) (2)
(020, + D,0%) v

Uf(—lak + kF)
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or (up to linear vy, order)

Dse \ — Lse \ —1
1 2vf 1_ 1 2vf

- f Ve lax Vi 14
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w+ v 'kF 0
~ ( / )y/. (3)
0 w — Ufkp

-1
Let @ = ( /1 vscl(12vf )) w; we can rewrite the

Vse (27‘7)
above as

—i0,p (x) = M(x)i (x), (4)

20y v F 2vf
M(x)_<ygc )(fo o _ L )(bﬁc )
T‘_f 1 vy F Z_”f 1
Usc(x)
o (VST (ke 0
Top\ 0 —kp/)’

Solving the above differential equation, we find ¥ (x) =

Plé' 0 ' M15,(0), where P is the path ordering. Now we
assume that v (x) = 0 forx < Oandx > [y, and vy (x)isa
constant for x € [0, /,,]. We find y(1,) = Sy (0), where the
unitary matrix S is given by

ekrly cos @

S — P[eiﬂ’/’ dxM(x)} _ ei‘/’< ie'? sin @ >

ie”®sin@® e *rly cos @

and, to the linear order in v, the scattering angle is

PPLECRN (5)
kaf

The modes with frequency @ are electronlike states
with momentum k + kr and holelike states with momen-
tum —k + kg, where k = w/v;. Denote a;, by as the
incoming and outgoing electron annihilation operator of
momentum k measured from kp. b, is determined by
by = Syjay + Sppal,.

In the zero temperature limit, the occupation numbers
of incoming and outgoing electrons are (aZak> =1 for
k < ulhvg, (apaz) = 0 for k > p/hv;, and

b = cos0lala) 501 —{aa)
0, k > m ,
— { cos?(0(k)), —,/j—,f_ksh%f, (6)
1, k < —ﬁ

The outgoing electrons relax to x4’ with the same density

1hve dk sc| sin(kply 'Ihvy dk
/u f_Cosz<|U‘c| ( F¢)k) ://4 rdk o)

—plhoy 2r Uko —ulhvy 2r

thkF
2|vg| sin(kply)

.n2|vsc| Sm(kquﬁ)

=y =
# nutkr

(8)

When (|vy|u)/(hvikp) < 1, we have

i L (2l sintiely )
6 hokp '

This change of y through one segment of length /, allows
us to obtain, for a length 6L.4,. edge,

Su (1\?6Leq
OSC-Hall — —— — (Z) % (9)
H ¢

with 1/A = \/ |vgel/(hv}kp), where we have replaced

sin?(kgly4) by its average 1 1. Interestingly, 6c_gan 1S propor-
tional to x?, or rather, non-Ohmic.
In the high temperature limit,

. 1
f
(arar) = g(u. k) = SRkl T) |

(biby) = cos’0g(u, k) + sin*6(1 — g(u, =k))
= cos?0g(u, k) + sin?0g(—u, k). (10)

Keeping to the first order of u/kgT and v /vy, we reach

272 ol sin(kply) kpT\ 2
//:ﬂb_%(wL) ] (11)

Uko flUf
From this we obtain, for a length 6L 4. edge,

6Led e
OSC-Hall = 7 ] £ (12)
¢

with y = (2%/3)[|vge| kpT/(hv7kp)]*. In this case, osc.pan 1S
independent of y and is Ohmic.

If either the SC film or IQH bulk is not clean enough
and has gapless electronic states that couple to the chiral
edge channel, we can take into account those gapless
states by assuming the superconductor to be a gapless
superconductor. In this case, ogc_p,; Will in addition
receive a contribution from the electron tunneling into the
quasiparticle states in the gapless superconductor. We
expect such a contribution to be Ohmic and ogc_, can
be modeled by Eq. (12) over the entire temperature
range.

In the following, we will separately calculate o,(B),
using the non-Ohmic (9) or Ohmic (12) o5c.fan-
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Non-Ohmic case.—From Eq. (9), we see that the
contact resistance can be much bigger than h/e?, as long
as ,Lt25Ledge is small enough. The current 61 = o5y K
flowing from the edge to the superconductor will cause a
drop in the chemical potential y along the edge:

3
L (xz) dx.
lyA

du(x) = —6scpai h = — (13)

Solving the above equation, we find u = p(Lege) =

,uO/\/ 2u3/A%1y) Legge + 1 for an edge of length Legge.
Therefore, for B > B, [see Fig. 1(a)]

Ho + =

"0

Az,d) edge+1

- 14
2pg 2pg (14)

In a percolation cluster of size &, the edge length is (£%/a),
where a is the cutoff length scale of the percolation
model. The total edge length is L2, = (legee/$)(&%/a) =
leage(&/a). The linear size of the percolation cluster &
scales as

B.— B\
§—a<4| LB |) +a,
0

With the above choice, we see that (L;dge, o1y) =

v=133.  (15)

(ledgw l)
as B — oo (assuming (2yp/h*v7)logee is small), and
(Ljdge,alz) — (oo,%) as B — B..

But £ can only increase up to [.qq., the width of
superconductor covered Hall bar, beyond which £ remains
as leqqe in the metallic phase in Fig. 1(b). To model such a
behavior, we choose

L;dge - a_lgledge®(B - Bc)®(ledge - 5)
_llgdgee)(é: - ledge)
+ a_llgdge (Edoe /§®(B - B)G)(ledge - 5)9 (16)

where ©(x) =1 if x >0 and ©(x) =0 if x < 0. When
B > B,, the above gives L, = a™'Elegge OF a™' Iy, near
B. [see Fig. 2(b)]. When B is much less than B,

we also assign Ledge a very large value to make

,uO/\/ 2u5/ A1) Ly, + 1 vanish. This allows us to com-

bine the B > B, and B < B, results together later. For
B < B, [see Fig. 1(c)]

Ho = 2ﬂ°
ﬂ <
o) = Ho—H _ !
2pg 2u ’
Le<dge - a_lgledgeG)(B - B)G)(ledge - 5)
—l ZZ

edge ( edge)
(

—|—a‘112 (laee=8)¢@ (B — B,)© (legge = &). (17)

We can combine the B > B, and B < B, cases:

(18)
2 2
\/ Aflo L:dge +1 \/ Aflo L:dge

and L=

With the above design of L2 edge

cdge only

one of the two terms in 1/\/ 24315 Loy + 1=

1/ \/ 215/ A%1,) L5, + 1 contributes in either the Neper, =

1 phase or the N,y = O phase. In the metallic phase [see
Fig. 1(b)], both terms are small, and their difference makes
the contribution even smaller. This gives rise to the %
quantized two terminal conductance. The above result is
plotted in Fig. 3(a). Such a result is very close to what was
observed in Ref. [20]. But it has a very different mechanism
than what was proposed in Refs. [18,19]. In our non-Ohmic
case, the 1, = 3 (€*/h) plateau roughly corresponds to the
metallic phase in Fig. 1 where &/l.4, ~ 1, with no need to
introduce a 1D chiral Majorana fermion on the edge.
Ohmic case.—From Eq. (12), we see that the contact
resistance can be much bigger than h/e?, if YOLeagelly 18
small enough. From the equation du(x) = —y(dx/l;)u(x)
and for a given total length of the edge channel L.,
we find p = pge 7 e'ls, Therefore, for B > B, [see
Fig. 1@ o1 = (4o +p)/(2u) = (1 + e7huelle2),

1 T T T 1
V dependence ~,

0.8 0.8

o 8
© ©
02 0.2

(a) (b)
0 ‘ ‘ ‘ 0 ‘ ‘ ‘
o (B-B,)/B, ! -1 (B-BJ/By !
FIG. 3. Two terminal conductance o;, as a function of the

magnetic field B. (a) Non-Ohmic case (18), with [¢4e./a = 70 and
243 leqee! (A1) = 0.12. Deviation of 6y, from e?/h and 0 will
have a clear voltage V = po/e dependence. (b) Ohmic case (19),
with y(ledge/l¢) = 1/14. The curve for the Ohmic case is
independent of the percolation cutoff length scale a.
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where Legge = (leage/€)(E2/a) = legge(E/a). With £ given in
Eq. (15), we see that Legee = legee @as
and Lgoe = 00 as B — B,. Similarly, for B < B, [see
Fig. 1(0)l, 013 = (ko — u)/(2p19) = (1 — e77heulls/2). We
can combine the B > B, and B < B, cases together:

B -

1 + sgn(B — B, )e~(Bi/IBe=BI +1)(rleagelly)
C12 = ( ) 2 . (19)

The above result is plotted in Fig. 3(b). Such a result for the
Ohmic case is also very close to what was observed in
Ref. [20]. But for the Ohmic case, the o1, =1 (e*/h)
plateau is much broader than the metallic phase in Fig. 1.

Summary.—In the percolation model, we considered two
possible cases, the Ohmic case and the non-Ohmic case;
both can explain the o,(B) curve in the experiment of
Ref. [20]. More experiments are needed to see which case
applies. If an Ohmic contact conductance is observed, it
will indicate that either the SC and/or IQH bulks have
gapless electronic states, or the electron temperature is
high.

If a non-Ohmic contact conductance ogc . between the
superconductor and the IQH edge channel is observed near
o015 ~0oroj, ~ 1, it will indicate the SC and IQH bulks are
fully gapped. Therefore, observing a non-Ohmic contact
conductance is a sign of clean samples, which is necessary
for further strong quantum coherent phenomena. For
instance, on such samples at a low enough temperature,
the dephasing length can become large, and 1D chiral
Majorana fermions can appear.

We would like to thank K.L. Wang, Yayu Wang, and
Shoucheng Zhang for very helpful discussions. This
research was supported by NSF Grant No. DMR-
1506475 and NSFC Grant No. 11274192.

Note added.—Recently, another paper [22] appeared where
the same conclusion was reached via a similar consider-
ation. And in another recent paper [23], the dephasing
length [, is assumed to be larger than the “p +ip SC
coherence length” &,.;, (to put it another way, the
minimum width of a p +ip SC stripe is such that 1D
chiral Majorana fermions on the two edges are well
separated). In this case, the 1D chiral Majorana edge mode
can be well defined, and gives rise to a § (¢*/h) plateau in
012 In this Letter, we consider the opposite limit [, < &,

without a coherent 1D chiral Majorana edge mode, and
show that there is still a1 (¢*/h) plateau. Furthermore, the B
dependence of o, can be made to agree with the experi-
ment very well, with a proper choice of some parameters.
In particular, if we choose By ~ 200 mT, the plateau width
will be about 20 mT (see Fig. 3).
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