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We report on experiments performed within the Knudsen boundary layer of a low-pressure gas.
The noninvasive probe we use is a suspended nanoelectromechanical string, which interacts with 4He gas at
cryogenic temperatures. When the pressure P is decreased, a reduction of the damping force below
molecular friction ∝ P had been first reported in Phys. Rev. Lett. 113, 136101 (2014) and never reproduced
since. We demonstrate that this effect is independent of geometry, but dependent on temperature. Within the
framework of kinetic theory, this reduction is interpreted as a rarefaction phenomenon, carried through the
boundary layer by a deviation from the usual Maxwell-Boltzmann equilibrium distribution induced by
surface scattering. Adsorbed atoms are shown to play a key role in the process, which explains why room
temperature data fail to reproduce it.
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A low density gas is statistically described by the
well-known Boltzmann kinetic theory [1–3]. The equilib-
rium state in the bulk, that is the distribution function f
characterizing the molecular motion that cancels the
collision integral Qðf; fÞ, is simply the well-known
Maxwell-Boltzmann (MB) distribution f0.
In any physical situation this equilibrium is imposed

by boundary conditions: the gas is at temperature T0,
and pressure P0 enforced by, e.g., the walls of a container.
The interaction between gas particles and the solid surface
is thus crucial, even in such a simple situation; in more
complex cases where for instance a gas flow is forced near
the wall, the presence of the interface generates unique
features like slippage and temperature jumps [1,4–7]. All of
this happens in a layer of thickness a few mean free paths λ,
the so-called Knudsen boundary layer.
These features are essential in aeronautics and in the

expanding field of micro- or nanofluidics [6,8,9], but their
accurate modeling remains a challenge, even using today’s
numerical computational capabilities [10–13]. Already in
the early days of the kinetic theory development, Maxwell
had noticed the importance and difficulty represented by
the boundary problem [14]; his discussion of molecular
reflections (introducing an accommodation parameter p) is
still valuable today.
The problem is indeed nontrivial, since the scattering

mechanism on the wall depends intimately on details of
complex surface physics phenomena like adsorption
and evaporation of molecules. Besides, this introduces
a strong asymmetry between incoming particles reaching
the wall with the statistical characteristics of the gas, while
escaping particles carry properties defined by the solid
body [1,4,5,10,11].
In the present Letter we report on measurements per-

formed within the boundary layer by means of a high

quality nanoelectromechanical string (NEMS) device.
We use 4He gas at cryogenic temperatures, which is an
almost-ideal gas with tabulated properties [15]. When the
pressure P is sufficiently low, such that the mean free path
of atoms is sufficiently long, we measure a decrease of
the gas damping below the well-known molecular law
Δfmolec ∝ P. Comparing different devices and measure-
ments performed at different temperatures, we show that
this anomalous decrease is consistent with a reduced gas
density within the boundary layer. We can justify it as a
deviation from the standard Maxwell-Boltmzann equilib-
rium distribution induced by the presence of the wall and
its adsorbed atoms: a near-field effect propagated from the
actual boundary scattering mechanisms that decays within
the gas over a few mean free paths λ.
In Fig. 1 we show a schematic of the setup and a

scanning electron micrograph (SEM) of the device. It
consists of a high-stress silicon-nitride NEMS beam of
L ¼ 150 μm length, width w ¼ 300 nm and thickness
e ¼ 100 nm. A 30 nm thick aluminum layer has been
deposited on top for electrical contacts [16]. The moving
structure is suspended at a distance g ¼ 20 μm above
the bottom of the etched chip. Its motion is actuated and
detected through the magnetomotive scheme [17,18]: a
current I0 cosðωtÞ oscillating at frequency ω close to the
first out-of-plane flexure resonance ω0 is fed in the metallic
layer while the structure resides in an in-plane magnetic
field B0 orthogonal to the beam. The resulting Lorentz
force F0 generates the motion while the voltage induced
by the cut magnetic flux V0 is detected by means of a
Stanford© SR844 lock-in amplifier. Details on the scheme
and calibration can be found in Ref. [18] and the
Supplemental Material [19].
The device is glued on a copper plate, which is mounted

in a chamber placed inside a 4He cryostat. The pressure is
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measured at room temperature using a Baratron© pressure
gauge. 4He gas was added by small portions to the cell from
the evaporation of a dewar connected through a needle
valve. The temperature is lowered from 4.2 K down to
1.3 K by pumping on the 4He bath of the cryostat. It is
regulated up to 20 K by means of a heater attached to the
copper sample holder. The temperature is measured from
the other side with a calibrated carbon resistor connected to
a bridge. More details can be found in the Supplemental
Material [19].
We first perform measurements at 4.2 K as a function of

pressure. Subtracting the intrinsic damping of the mode
(about 100 Hz), we plot in the Fig. 2 inset the broadening
Δf of the resonance as a function of P. The drive has been
kept low enough to be in the linear regime, and the
resonance is a Lorentzian peaked around 1.65 MHz.
No particular nonlinear damping has been noticed in the
measurements. When the pressure remains below typically
1 Torr, the gas is said to be in the molecular regime: the
mean free path is long and the gas damping on the NEMS
device has to be described by molecular shocks transferring
momentum [20,21]. At higher pressure, the fluid can be

described by the Navier-Stokes equations [22]. The cross-
over between the two regimes is a complex issue that has
attracted interest recently for both fundamental and prac-
tical reasons [23,24]. Besides controlling thermal gradients
in the cell and NEMS velocities, we believe that there is no
relevant net (static or oscillatory) flow around the boundary
in our experiments (see Supplemental Material [19]).
When the pressure is low enough such that the mean free

path λ is of the order of the gap g, we observe a reduction of
the damping below the expected Δfmolec ∝ P molecular
law (Fig. 2 inset). This was first reported in Ref. [25] for
two other devices of different length L and gap g. However,
at that time, the low-pressure analytic interpretation was not
specific and a tentative power-law fit had been proposed. In
the main graph of Fig. 2 we plot the broadening normalized
to the standard molecular law Δf=Δfmolec with respect to
λ=g, the relevant Knudsen number in our problem. These
data are compared with that of the two devices of Ref. [25],
analyzed in the same way. By construction all curves start
at 1, and decrease for larger λ=g with up to a factor of 10
reduction in damping, which is remarkable.
The shape of the measured curves in Fig. 2 for different

devices is rather similar; assuming that indeed the analytic
dependences should be the same, we show that all data can
be fit consistently by the same Padé approximant leading to
the same asymptotic laws:

Δf
Δfmolec

¼
1þ c λ

g

1þ ðc − αÞ λg þ c
α0 ðλgÞ2

; ð1Þ

which gives 1þ αðλ=gÞ at first order (P ≈ 1 Torr) and
α0ðg=λÞ when the pressure is very low P ≪ 1 Torr. The
parameter c then captures the rounded shape that joins
these two limits in Fig. 2 (see Supplemental Material [19]
for details).
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FIG. 2. Main: Deviation form molecular damping (proportional
to P) measured at low pressures, for three devices at 4.2 K as a
function of the Knudsen number λ=g. The lines are fits to Eq. (1),
see text. Inset: Raw data for the 150 μm long device (intrinsic
damping subtracted); the full line is the standard molecular
damping expression, and the vertical dashed line shows the
crossover to Navier-Stokes damping (see text).

FIG. 1. (a) Schematic of the experimental situation with in
brown the container’s surface (on left), in light yellow the
adsorbed atoms and then the gas (bulk on the far right). The
pressure P0 remains constant while the density nðxÞ drops from
n0 as we approach the wall, within a thickness of order a few
mean free paths λ (Knudsen layer). Our NEMS local probe of
width w lies a distance g from the surface (red rectangle). Close to
the wall, macroscopic theories based on simple expansions fail
to describe the physics, and delicate microscopic modeling or
numerical simulations are required (shaded area). (b) Actual
device used in this work (SEM false color image), in which
oscillatory motion is orthogonal to the wall (arrow). Note the
spongy nature of the interface.

PHYSICAL REVIEW LETTERS 120, 036802 (2018)

036802-2



Remarkably, the parameter α is independent of the gap g,
which proves that indeed the crossover from the standard
molecular regime to the boundary layer regime occurs
when λ ≈ g. However, α0 is inversely proportional to g
meaning that when the NEMS device is deeply immersed
into the boundary layer, the measured gas damping is
independent of g (Fig. 3 inset). This is also to be expected,
since in this limit λ ≫ g and g cannot be a relevant length
scale anymore: essentially the local probe senses molecular
shocks almost on the boundary surface.
The first order deviation αðλ=gÞ to molecular scattering

can be accounted for by adapting known kinetic theory
models. The idea is that the boundary scattering on the
surface induces deviations from the MB equilibrium dis-
tribution that propagate within the gas over a length scale
commensurate with the mean free path. Furthermore,
we shall demonstrate that the mathematical development
interprets the measurements as a rarefaction phenomenon
occurring within the boundary layer: locally, because of the
deviations to MB distribution the gas density is reduced.
The starting point consists in noting that the NEMS

probe is essentially a noninvasive sensor since w ≪ λ and
w ≪ g [25]. As such, all deviations to standard molecular
damping have to proceed from the boundary scattering.
On the wall, the collision integral Qwallðf; fÞ writes
formally as follows:

Qwallðf; fÞ ¼
Z Z

ðf0f01 − ff1ÞB½Ω; v⃗; v⃗1�dΩdv⃗1; ð2Þ

with BðΩ; v⃗; v⃗1Þ the scattering kernel produced by the
actual interaction on the surface, the notations correspond-
ing to the process fv⃗; v⃗1g → fv⃗0; v⃗10g [1]. The distribution
function fðv⃗Þ verifies the Boltzmann equation, but on the
wall there is no reason for the complex interactions

between gas particles and adsorbed atoms to zero the
collision integral, leading to Qwallðf; fÞ ≠ 0.
This implies [1] that f ≠ f0 (the MB distribution) close

to the surface, and we assume the deviation to be small and
regular enough to be expanded in powers of the particles’
velocity field v⃗:

fðv⃗Þ ¼ f0ð1þ Pl½v⃗�Þ; ð3Þ
with Plðv⃗Þ a polynomial. This is essentially the approach
first proposed by Grad [1–5], but we do not assume here
any particular polynomial form since we do not know the
symmetries of the scattering kernel B. We proceed by
applying the Chapman-Enskog method to the coefficients
of the polynomial Pl themselves [1,2]: we assume that each
of them can be developed in a series of λ=x.
The combination of the two mathematical techniques

(Grad and Chapman-Enskog) does not aim at calculating
these parameters; it is essentially a phenomenological
macroscopic approach which enables us to justify the
analytic form Eq. (1) in its “high pressure” asymptotic
dependence (the P ≈ 1 Torr range, when ðλ=gÞ ≈ 1). The
interesting aspect of the mathematical treatment lies in the
fact that we do not need to stipulate the scattering kernel B.
Furthermore, it is not a trivial expansion: the calculation has
been performed up to order 4 in velocity, and order 3 in
Knudsen number in order to demonstrate that indeed the
approach is self-consistent. As a result, one obtains the
macroscopic thermodynamical parameters temperature
TðxÞ ¼ T0 þ δTðxÞ, densitynðxÞ ¼ n0 þ δnðxÞ, and kinetic
pressure along the x⃗ axis PxxðxÞ ¼ P0 þ δPðxÞ as Taylor
series in λ=x depending on the near-field parameters intro-
duced by the expansions.
The key result is that the kinetic pressure PxxðxÞ is

constant within the boundary layer (δP½x� ¼ 0), the temper-
ature contains a second order correction at lowest order
δTðxÞ ∝ ðλ=xÞ2 leading to the known temperature jump
phenomenon on the surface [26], while the density
deviation is first order δnðxÞ ∝ ðλ=xÞ. This is schematized
in Fig. 1(a), with the device probing the x ¼ g position in
space: in this sense, the measured first order decrease of the
friction force with respect to molecular damping is due to
the rarefaction of the gas in the boundary layer. Details on
the calculation can be found in Supplemental Material [19].
This macroscopic approach is robust, provided all the

expansions are defined. These hypotheses essentially mean
that we consider the mathematical treatment far enough
from the surface (x ¼ 0 is indeed pathological). What
happens very close to the surface is an extremely complex
problem as far as mathematics are concerned, far beyond
the phenomenological approach. Note also that in the
literature, the deviations from MB distribution close to a
wall are discussed usually in the framework of gas flows
[1,4,10–12]; here, the complex nature of the interaction
with the surface is the only source of deviations. The gas is at
equilibrium, with a continuous dynamic exchange of atoms
between the adsorbed ones and the gas boundary, but the
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FIG. 3. Main: Effective density calculated at three different
temperatures for the 150 μm long device. Thin lines correspond
to fits obtained from Eq. (1) while the thick lines at high pressure
(∝ P) and the dashed lines at low pressures (∝ P2) are the
asymptotes. Inset: Same data at 4.2 K for the three different
devices, showing the independence towards g.
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distribution of velocities is non-MB: the spatial gradients can
be seen as due to a near-field force which originates on the
boundary, from the presence of the adsorbed atoms.
By changing temperature T we can also tune the mean

free path λ [19]. Besides, since the decrease in damping is
essentially due to a decrease in density, we can compute an
effective density neff ≡ n in the boundary layer from the
molecular damping expression Δfmolec ∝ n. We present in
Fig. 3 these measurements with the L ¼ 150 μm NEMS
device at three different temperatures. We see that the data
can again be very well fit by the Padé approximant Eq. (1).
At high pressures, we find, as we should, the asymptotic
deviation αðλ=gÞ for the effective density. Remarkably, the
fit coefficient α appears to be also temperature independent;
this is shown in Fig. 4.
On the other hand, at low pressures the effective density

scales as P2 (dashed lines in Fig. 3). This corresponds to the
α0ðg=λÞ asymptotic behavior already discussed when we
introduced Eq. (1). In the inset of Fig. 3 we show that the
measured effective density does not depend on the gap g,
as it should. The fit parameter α0 is presented in Fig. 4; as
opposed to α, it strongly depends on temperature.
The fact that α is temperature independent suggests that

the first order deviation is essentially driven by the physical
mismatch that the surface introduces in the problem,
regardless of the excitations that it can support. In this
sense, the first order deviation in Knudsen number λ=g
seems to be universal. However, in the other limit, α0
depends on temperature, and seems to increase rather
quickly when the temperature becomes equivalent to the

adsorption energy (Fig. 4). In the inset of Fig. 4, we show
how the NEMS resonance frequency shifts when mass is
added through adsorbed layers. Even if the NEMS surface
is physically not the same as the probed boundary [the
spongy background in Fig. 1(b)], this gives us important
information about the surface coatings present in the
experimental cell [19]; in particular, we can estimate the
number of adsorbed atomic layers. The growth of α0
correlated with the adsorption temperature proves that
the surface coating plays an important role in the scattering
mechanisms at very low pressures. Besides, it explains why
the rarefaction effect could not be demonstrated at room
temperature [34]; indeed in Fig. 3, as the temperature is
increased the cusp in the measured friction (change from P2

to P laws) becomes less and less visible.
In conclusion, we measured the friction force exerted by

4He gas at cryogenic temperatures on a NEMS device.
When the pressure is very low, we report on a decrease
from the standard molecular damping Δfmolec ∝ P. We
explain how this effect can be interpreted in terms of a
rarefaction of the gas near the surface boundary, induced
by a deviation from the standard Maxwell-Boltzmann
equilibrium distribution. This phenomenon can be seen
as a near-field force propagating within the gas over a
length commensurate with the mean free path λ, the
Knudsen layer. Deep in the boundary layer, the effective
density of the gas seems to scale as P2 instead of P. All the
experimental data can be fit using a simple Padé approx-
imant expression, demonstrating that the first order
deviation from molecular damping is temperature and
geometry independent. On the other hand, the P2 depend-
ence is also a function of temperature, strongly marked by
the adsorption energy of 4He atoms on the chip surface.
This demonstrates the importance of the dynamics of
adsorbed atoms in this effect, and explains why room
temperature experiments fail to reproduce it. The phenome-
non should be accompanied by a temperature jump, and is
clearly calling for further theoretical and experimental
developments.
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