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In a closely packed ensemble of quantum emitters, cooperative effects are typically suppressed due to the
dephasing induced by the dipole-dipole interactions. Here, we show that by adding sufficiently strong
collective dephasing, cooperative effects can be restored. Specifically, we show that the dipole force on a
closely packed ensemble of strongly driven two-level quantum emitters, which collectively dephase, is
enhanced in comparison to the dipole force on an independent noninteracting ensemble. Our results are
relevant to solid-state systems with embedded quantum emitters such as color centers in diamond and
superconducting qubits in microwave cavities and waveguides.
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A collection of two-level quantum emitters (TLEs) with
subwavelength average separations can show remarkable
cooperative behavior like superradiant emission [1–3]. The
study of optical response in such systems has predomi-
nantly been restricted to the emission properties or the
propagation of light within the TLE ensemble. This is
because the systems usually considered in the early days
[2,4], as well as in some recent works [5–8], are gaseous
clouds of atoms. With the advent of artificial atoms in solid-
state systems, e.g., quantum dots [9], superconducting
qubits [10,11], and color centers in diamond [12–14], it
is now possible to study the impact of cooperative effects
on other aspects of the optical response. For example, a
recent experiment [13] studied the dipole force on optically
trapped nanodiamonds containing a high density of nitro-
gen vacancy centers. An intriguing result in Ref. [13] was
that the observed dipole force originating from the emitters
could not be correctly accounted for by considering the
emitters to respond independently.
In this Letter, we focus on cooperative effects in a small

and closely packed ensemble of TLEs subject to strong
coherent driving and collective dephasing. Specifically, we
show that the dipole force on such an ensemble can be
larger than on an equivalent one where each TLE sponta-
neously emits independently. For the emitter separations
that we consider here, the dipole-dipole interaction can be
larger than the linewidth of the individual emitters.
Furthermore, spontaneous emission is not perfectly collec-
tive. In this situation, one typically expects cooperative
effects to be suppressed [2,15]. Here, we show that the
combination of strong driving and large collective dephas-
ing can restore cooperative effects, even in the presence of
dipole interaction shifts and noncollective spontaneous
emission. While there have been previous studies of
cooperative effects with strong driving fields [16–22],
the role of collective dephasing has received less attention

[10,13]. In the context of quantum information, collective
decoherence in general—and collective dephasing in par-
ticular—has been studied both theoretically [23–25] and
experimentally [26,27]. In those works, particular attention
was paid to the existence and the robustness of so-called
decoherence-free subspaces (DFS) under collective dephas-
ing [25]. Moreover, recent studies [28,29] have shown that
collective dephasing could also be used as a resource to
generate strong but separable correlations. We note that,
due to their promise as a general passive strategy to protect
quantum resources from noise, the study of DFS continues
to be an active area of research; see Ref. [30] for a recent
review of the theoretical aspects and Ref. [31] for exper-
imental implementations. Recently, novel applications of
DFS, such as the generation of arbitrary photonic states
[32] and universal quantum computation in waveguide
QED [33], as well as quantum repeaters with trapped ions
[34], have also been proposed.
Let us consider a collection of N identical TLEs with

resonance frequency ω0 ≡ ck0 ≡ 2πc=λ0. The matrix
element of the dipole moment operator d̂ is given by
hejd̂jgi≡ ϵad, where jgi (jei) denotes the ground (excited)
state and jϵaj ¼ 1. For simplicity, we assume ϵa and d to be
real. The TLEs, each with position rm (m ¼ 1;…; N), are
fixed on a background matrix with center-of-mass position
x, namely, r0m ≡ rm − x for all values of m is a constant of
motion. We consider the TLEs to be driven by a classical
electromagnetic field of the formEðr; tÞ ¼ EðrÞ cosðωdtÞ≡
ϵdE0fðrÞ cosðωdtÞ, where ϵd and E0 are real and jϵdj ¼ 1.
We assume that fðrmÞ ≈ fðxÞ for all values ofm. In a frame
rotating with the drive and assuming the rotating wave
approximation, the Hamiltonian describing the interaction
of the identical TLEs with Eðr; tÞ is given by

ĤA ≡ ℏΩðxÞ
2

Ŝx −
ℏΔ
2

Ŝz: ð1Þ
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Here, ΩðxÞ≡ −2dE0ðϵa · ϵdÞfðxÞ=ℏ is the Rabi frequency
and Δ≡ ωd − ω0 the detuning. Hereafter, we use the
following notation for the spin operators: σ̂αm denotes the
Pauli matrix (for α ¼ x; y; z) and the ladder operator (for
α ¼ �) of the mth TLE, and the collective operators are
denoted by Ŝα ≡P

N
m¼1 σ̂

α
m. Apart from the dynamics

induced by the interaction with the external driving, we
assume the TLEs to experience collective dephasing as well
as dipole-dipole interaction and spontaneous emission due
to the interaction with free electromagnetic field modes in
the vacuum state. The overall dynamics of such an ensemble
of identical TLEs can be then described by the master
equation _̂ρ ¼ Lρ̂≡ ðLH þ LΓ þ LγÞρ̂, where [1–3]

LHρ̂≡ 1

iℏ
½ĤA þ ĤI; ρ̂�; ð2Þ

LΓρ̂≡
X

mn

Γmnð2σ̂−mρ̂σ̂þn − σ̂þmσ̂−n ρ̂ − ρ̂σ̂þmσ̂−n Þ; ð3Þ

Lγρ̂≡ −
γc
4
½Ŝz; ½Ŝz; ρ̂��: ð4Þ

The termLH describes coherent dynamics given by the inte-
raction with the external field, Eq. (1), and the dipole-dipole
interaction given by ĤI ≡P

m≠nℏgmnσ̂
þ
mσ̂

−
n , where [35]

gmn ≡ −
3Γ
4

�

ð1 − cos2θmnÞ
cos ξ
ξ

− ð1 − 3cos2θmnÞ
�
cos ξ
ξ3

þ sin ξ
ξ2

��

: ð5Þ

Here, ξ¼k0rmn≡k0jrm−rnj, and cosθmn≡ðrm−rnÞ·ϵa=rmn.
The term LΓ describes the spontaneous emission of the
TLEs with correlated emission rates given by

Γmn ≡ 3Γ
4

�

ð1 − cos2θmnÞ
sinðξÞ
ξ

− ð1 − 3cos2θmnÞ
�
sin ξ
ξ3

−
cos ξ
ξ2

��

: ð6Þ

The diagonal term Γmm ≡ Γ=2 ¼ 2d2ω3
0=ð3ℏc3Þ is the

individual spontaneous emission rate of the TLEs. The term
Lγ describes collective dephasingwith a rate given by γc. It is
convenient to introduce the rate ḡ≡P

n≠1jg1nj, which
parametrizes the strength of the dipole-dipole interaction,
and Γ̄≡P

n≠1Γ1n=ðN − 1Þ, which parametrizes the coop-
erativity of the spontaneous emission. The physical origin of
collective dephasing is left unspecified in the theoretical
treatment here. Note that it can, for instance, arise via
correlatedmagnetic field fluctuations for ions [28], or due to
interactions with phononic baths in the case of color centers
[23,36,37] (see the Supplemental Material [38] for addi-
tional details regarding such situations).
We are interested in the closely packed regime defined by

k0rmn ≤ 1 for any pair of TLEs. While in this regime the
spontaneous emission is predominantly collective, namely,
Γ̄≲ Γ=2, the strong dipole-dipole interaction ḡ ≫ Γ

typically suppresses any cooperative effect. However, we
show below that strong collective dephasing γc ≫ Γ
together with strong driving ΩðxÞ ≫ Γ can recover co-
operative effects. We concentrate in particular on the steady
state value of Ŝx, namely, hŜxi≡ tr½Ŝxρ̂s�, where Lρ̂s ¼ 0.
This is related to the dipole force exerted by the driving field
to the matrix hosting the TLEs. Indeed, assuming that the
motion of the background matrix in the applied field is
slow compared to the emitter dynamics, the dipole force is
given by

Fdp ¼ −
ℏ∇ΩðxÞjx0

2
hŜxi; ð7Þ

where x0 is the equilibrium position of the matrix. For an
ensemble ofN independent TLEs, namely,with gmn ≡ 0 and
Γmn ≡ 0 (for m ≠ n), one has

hŜxiind ¼ N
4ΔΩ0Γ

Γð4Δ2 þ γ2⊥Þ þ 2Ω2
0γ⊥

≤ N
Ω0Γffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Γγ⊥ðΓγ⊥ þ 2Ω2
0Þ

p : ð8Þ

Here,Ω0 ≡Ωðx0Þ, γ⊥ ≡ ðΓþ 2γcÞ, and the upper bound is
achieved at the optimal detuning

Δ0 ≡ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ⊥ðΓγ⊥ þ 2Ω2

0Þ
4Γ

r

: ð9Þ

We are interested in the parameter η≡ hŜxi=hŜxiind evalu-
ated at Δ ¼ Δ0 (note that hŜxi is not maximized at Δ0).
Specifically, we refer to situations when η > 1 as co-
operative enhancement (CE). We remark that, since we
are interested in closely packed ensembles, we do not
consider variations of the Rabi frequency with emitter
locations rm, which can also lead to interesting modifica-
tions of collective effects [44,45].
Let us considerN identical TLEs, randomly positioned in

a three-dimensional volume with an average separation
given by r̄≡P

m>nrmn=N; see Fig. 1(a). We generate
multiple random configurations at a fixed value of r̄ using
the procedure described in Ref. [46] (see the Supplemental
Material [38] for details) and numerically calculate ρ̂s in
each case using Ref. [47]. The average η value over 1000
configurations is plotted in Fig. 1(b) as a function of r̄=λ0 for
N ¼ 6 with (solid line) and without (dotted line) collective
dephasing. The shaded regions correspond to the interval
where a majority, 68%, of the values for η lie. In the absence
of collective dephasing (γc ¼ 0), there is no CE (η ≤ 1).
However, in the presence of strong collective dephasing
(γc=Γ ≈ 104) and strong driving (Ω0=Γ ¼ 103), there is a
range of separations r̄ where there is CE (η > 1). This is the
main finding of this Letter. In the inset of Fig. 1(b), the
parameters ḡ=Γ and 2Γ̄=Γ as a function of r̄ (averaged over
1000 configurations) are plotted. Note that CE vanishes both
at large average separations due to the noncollective nature
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of spontaneous emission and at small distances due to the
large dipole-dipole interaction.
Let us analytically support these statements for the

simplest N ¼ 2 case [15]. The Hamiltonian including the
dipole interaction is

LHρ̂≡ 1

2i
½Ω0Ŝ

x − ðΔ0 þ ḡÞŜz þ 2ḡŜþŜ−; ρ̂�: ð10Þ

In this case, the Hamiltonian is collective and commutes
with Ŝ2. By contrast, in the finite emitter separation regime,
where the so-called small sample limit [1,2,16,22,48]
cannot be used, the spontaneous emission equation (3) is
still noncollective, i.e., χ ≡ 2Γ̄=Γ < 1. Following Ref. [15]
and as shown in the Supplemental Material [38], one can
analytically calculate η. Figure 2 plots the CE region
(η > 1) in the plane ðΩ0=Γ; γc=ΓÞ for different values of
r̄. Note that CE requires both large dephasing and large
driving. Furthermore, from the lengthy analytical expres-
sion for η, one can obtain that, in the limit of large
dephasing, η reads

lim
γc=Γ→∞

ðη − 1Þ ∼ Γ
γc

χ

2ð1þ χÞ
�
Ω2

0

Γ2
− 1 − χ

�

: ð11Þ

In this limit, CE (η > 1) requires sufficiently large driving:
Ω0 >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γ2 þ 2Γ̄Γ

p
. Alternatively, one can also show that, in

the limit of no dephasing (γc ¼ 0) and large driving, η reads

lim
Ω0=Γ→∞;γc¼0

ðη − 1Þ ∼ −
Γ2

Ω2
0

1

8

�

χ2 þ 2χ þ 4ḡ2

Γ2

�

; ð12Þ

and hence there is no CE (η < 1). This is in agreement with
previous studies of resonance fluorescence [16–18,22] at
strong driving, which results from the increased occupation
of the bright Dicke subspace in the small sample limit. It
was shown in Ref. [15] that when χ < 1, such an enhance-
ment is absent. Interestingly, we claim here that large
collective dephasing can restore cooperative effects.
Returning to Fig. 1(b),N ¼ 6, we observe that there is an

optimal separation distance r̄=λ0 where η reaches a maxi-
mum. In general, the dipole-dipole interactions for N > 2
do not conserve permutation symmetry. As a result, large
dipole interactions induce strong local dephasing, apart
from providing energy shifts, that prevent the TLEs to be
polarized at the chosen detuning Δ0. We see in Fig. 1(b)
that, in regions with CE, the dipole interactions satisfy
γc ≫ ḡ ∼ Γ. In this manner we can understand the maxi-
mum η in Fig. 1(b) as occurring at separations where the
dipole interactions are small enough to not dephase the
collective behavior fostered by the cooperative spontaneous
emission and collective dephasing. This statement can be
quantified by noting that the product g12ð1 − 2Γ12=ΓÞ, for a
pair of TLEs with parallel moments and θ12 ¼ π=2, is
locally minimized at r12 ≈ 0.2λ0. This is consistent with the
position of the peak in Fig. 1(b). Furthermore, this also
agrees with the observation that the location of the peak
remains in the same density region for various ensemble
sizes (see Fig. 3) and driving strengths Ω0 (see the
Supplemental Material [38]).
For N > 6, an exact numerical calculation of ρ̂s

becomes rapidly intractable with standard resources.
State-of-the art approximation methods in the field, such
as Holstein-Primakoff [49–51] or extended mean field
[52], are not valid in the strong driving (Ω0 ≫ Γ) and

FIG. 1. (a) Schematic illustration of a driven ensemble of
randomly distributed identical TLEs in a 3D volume. (b) η is
plotted as a function of r̄=λ0 for N ¼ 6. The thick lines are the
mean η over 1000 random distributions and the shaded areas
represent regions where 68% of the values for η lie (see [38] for
further details). Solid (dotted) line corresponds to γc=Γ ¼ 1.3 ×
104 (γc ¼ 0) for Ω0=Γ ¼ 103. Inset plots the mean and the 68%
confidence interval of ḡ=Γ and 2Γ̄=Γ as a function of r̄=λ0.

FIG. 2. Regions of CE for N ¼ 2 in the plane ðΩ0=Γ; γc=ΓÞ for
different values of r̄=λ0. The contour line corresponds to η ¼ 1.

PHYSICAL REVIEW LETTERS 120, 033602 (2018)

033602-3



strong dipole-dipole interaction (ḡ ≫ Γ) regimes, respec-
tively. The separation of time scales between the sponta-
neous emission and collective dephasing γc ≫ Γ alsomakes
trajectory methods [53] unsuitable. For small emitter sep-
arations up to r̄=λ0 ∼ 10−1, we find that a numerical
diagonalization of the Hamiltonian ĤA þ ĤI followed by
a secular approximation to convert the master equation to a
rate equation in the dressed basis [54] allows us to go up to
N ¼ 10 emitters. For r̄=λ0 ≳ 10−1 the weak dipole-dipole
interactions do not appreciably lift the degeneracy between
the Dicke states with the same angular momentum projec-
tionm but different total angularmomentumS, rendering the
dressed approach invalid. In this regime we proceed as
follows. The Liouvillian of the master equation can be
written as L ¼ L0 þ L1, where L0ρ̂≡ Lγρ̂þ iΔ0½Ŝz; ρ̂�=2
and L1 ≡ LΓρ̂þ ðiℏÞ−1½ĤI þ ℏΩ0Ŝ

x=2; ρ̂�. In most of the
regimewhere η > 1, one has it that γc andΔ0 aremuch larger
than Γ̄, ḡ, and Ω0. Indeed, note that Δ0 ≈Ω0

ffiffiffiffiffiffiffiffiffiffi
γc=Γ

p
when

Ω2
0 ≫ Γγc, which, according to Eq. (11), is required to have

an appreciable value of η − 1 > 0. Under these assumptions,
L0 describes faster dynamics than L1, and hence one can
adiabatically eliminate [55,56] the fast dynamics. This leads
to an effective master equation in the dark subspace of L0,
namely, for states μ̂ such that L0μ̂ ¼ 0. As shown in the
Supplemental Material [38], the effective master equation is
given by

_̂μ ¼ 1

iℏ
½ĤI; μ̂� þ LΓμ̂ −

κ

4
ð½Ŝ−; ½Ŝþ; μ̂�� þ ½Ŝþ; ½Ŝ−; μ̂��Þ:

ð13Þ

Here, κ ≡Ω2
0γc=ðγ2c þ Δ2

0Þ is on the order of Γ in the
assumed parameter regime. Equation (13) can be conven-
iently solved numerically via trajectory unravelling [53].

In Fig. 3, the results for the averaged η over multiple
random configurations, hηi, for eight and ten TLEs are
presented. For r̄=λ0 < 10−1, hηi was calculated by averag-
ing over 400 random configurations, with steady states
calculated using the rate equation method. For
r̄=λ0 > 10−1, the mean was calculated over 200 configu-
rations from the steady state solutions determined by
averaging over 500 trajectories each [47].
The statistical distribution of η and checks to ensure that

the approximate methods used forN ¼ 8, 10 in Fig. 3 agree
with the exact results for N ≤ 6 are presented in the
Supplemental Material [38]. From the inset in Fig. 3, we
see that while hηi increases with N in the CE region up to
N ¼ 8, there is no appreciable gain for N ¼ 10. In the
Supplemental Material [38], we also demonstrate CE for an
equidistant circular arrangement of TLEs. Since dipole-
dipole interactions are permutation symmetric in this case,
we find a significant CE also at smaller separations than in
the random arrangement. We remark that the choice of
detuning Δ0 maximizes hSxi for independent emitters and
that, hence, an optimized choice for the collective case can
certainly lead to even larger η. A more systematic study of
the CE as a function of different arrangements of TLEs
[35], as well as the development of efficient methods to
numerically and analytically address larger number of
TLEs, is left for future work.
We conclude with some remarks relating our findings to

the recent studies of dipole force on color centers
embedded in nanodiamonds [13,14]. In the experiment
[13], the underlying mechanism for the large dephasing at
room temperature is mediated via phonon interactions [36]
and consequently changes rapidly with the temperature of
the lattice. Since we have demonstrated that the presence of
large collective dephasing is crucial to the observation of
the enhanced dipole force, this raises the prospect of
repeating the experiment [13], or even lifetime measure-
ments in Ref. [14], at lower temperatures. At lower
temperatures, the dephasing will be reduced, which should
lead to a strong modification—or even suppression—of
collective effects. This is counterintuitive to the study of
collective effects in atomic systems. In connection with the
proposal for levitated optomechanics with nanodiamonds
[57] (as well as other proposals [58] concerning collective
effects in optomechanics), it would be interesting to explore
whether collective effects in dense ensembles would lead to
polarizabilities comparable to or greater than the bulk
polarizability of the embedding medium. A promising
direction for further research would be to explore other
scenarios where large collective dephasing restores co-
operative effects. Remarkably, in systems such as super-
conducting qubits [10,11] where the collective dephasing
can be externally controlled, this could allow us to observe
cooperative effects even in the presence of inhomogeneities
and dipole shifts.

FIG. 3. hηi is plotted as a function of r̄=λ0 for different values of
N using a rate equation approximation for r̄=λ0 < 10−1 (averaged
over 400 random configurations) and using a trajectory method
simulation (averaged over 200 configurations) r̄=λ0 > 10−1.
(Inset) Enlargement of the region of CE.
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