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Pion Condensation by Rotation in a Magnetic Field
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We show that the combined effects of a rotation plus a magnetic field can cause charged pion
condensation. We suggest that this phenomenon may yield to observable effects in current heavy ion
collisions at collider energies, where large magnetism and rotations are expected in off-central collisions.
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Introduction.—The combined effects of rotations and
magnetic fields on Dirac fermions are realized in a wide
range of physical settings, ranging from macroscopic
spinning neutron stars and black holes [1] all the way to
microscopic anomalous transport in Weyl metals [2]. In any
number of dimensions, strong magnetic fields reorganize
the fermionic spectra into Landau levels, each with a huge
planar degeneracy that is lifted when a parallel rotation is
applied. The past decade has seen great interest in the chiral
and vortical effects and their relationship with anomalies
(see Ref. [3] and references therein).

Perhaps a less well-known effect stems from the dual
combination of a rotation and a magnetic field on free or
interacting Dirac fermions. Recently, it was noted that this
dual combination could lead to novel effects for composite
fermions at half filling in 1+ 2 dimensions under the
assumption that they are Dirac fermions [4], and more
explicitly for free and interacting Dirac fermions in 1 + 3
dimensions [5-7]. Indeed, when a rotation is applied along
a magnetic field, the charge density was observed to
increase in the absence of a chemical potential. A possible
relationship of this phenomenon to the Chern-Simons term
in odd dimensions and to the chiral anomaly in even
dimensions was suggested. Recently, there have been a few
studies along these lines using effective models of the NJL
type in 1 + 3 dimensions, where the phenomenon of charge
density enhancement was also confirmed with new obser-
vations [6-8].

Current heavy ion collisions at collider energies in
noncentral collisions involve large angular momenta in
the range 10°~10°7 [9,10]. Recently, STAR reported a large
vorticity with Q ~ (9 £ 1)10*! s7! ~ 0.05m,,, by measur-
ing the global polarization of A and A in off-central Au-Au
collisions in the Beam Energy Scan program [11]. During
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the prompt part of the collision, large magnetic fields
B ~ m2 are expected [12]. In this Letter, we show that the
combined effects of magnetism plus rotation can induce a
pion superfluid phase in off-central heavy ion collision.
This superfluid phase may be at the origin of the large
multipion correlations reported by ALICE [13], as is also
suggested by a recent nonequilibrium study [14].

In this Letter, we first illustrate the basic mechanism at
the origin of pion condensation. Next, we quantize the
Klein-Gordon equation in a moving frame. We then make
explicit the requirements for pion condensation for a
charge-neutral system, estimate its amount in current heavy
ion collisions at collider energies, and finally end with our
conclusions.

Mechanism.—In the presence of a fixed magnetic field in
the +z direction, B = BZ, the charged o pion spectrum is
characterized by highly degenerate Landau levels (LLs):

E,p, = (|eB|(2n+ 1) + p* + m})’, (1)

with p being the pion momentum along the 3 direction,
each with a degeneracy N = |eB|S/2x, with § = 7R? being
the area of the plane transverse to B. We will assume that
the magnetic length [y, = 1/+/|eB| < R for the LL to fit
within S. In the circular gauge, the degeneracies of the LLs
are identified with the eigenstates of the z component of the
angular momentum in position space. They are labeled by /,
which enters the azimuthal wave function as e’ with the
restriction —n < [ < N — n, where n labels the LL. For the
lowest Landau level (LLL) with n = 0, [ has a fixed sign,
since 0 </ < N. After quantization, the angular momen-
tum for positive charged particles is /, and that for negative
charged particles is —I. This means that in the LLL, the z*
spins along the magnetic field, while the z~ spins opposite
to the magnetic field as illustrated in Fig. 1.

When a rotation Q along the magnetic field is applied, it
causes the spectrum to shift linearly. Throughout, we will

consider the parallel case with Q- B > 0 unless specified
otherwise. With this in mind, and in the rotating frame,
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FIG. 1. Under the action of an external magnetic field B, the 7+
undergo opposite rotations in the lowest Landau level (LLL),
which is degenerate. The action of a parallel rotation (€2 - B >0)
lifts the degeneracy in the LLL. The energy of the z* shifts down
and splits away from the energy of the z~ that shifts up. The

action of an antiparallel rotation (S—i ‘B < 0) exchanges the roles
of #* and 7.

E,, > E,,-QL =E,, - jQl, (2)

with j = 41 for positively charged pions (particles) and
j = —1 for negatively charged pions (antiparticles). As a
result, the degeneracy of each LL is lifted. In particular, the
7t in the LLL splits down, and the z~ in the LLL splits up,
as also illustrated in Fig. 1. Since the chargeless pions 7°
are unaffected by the magnetic field, their rotational shift
averages out. Also, we note that causality requires v =
QR <1 [7], which, together with the magnetic length
constraint (see above), translates to /,; < R < 1/Q.

The mechanism of 7z splitting by a rotation parallel to a
magnetic field in the LLL can cause zt pion condensation.
Indeed, in the shifted spectrum (2), the combination y; =
QI plays the role of a chemical potential for z and —y; =
—QI for z~, in much the same way as noted for fermionic
particles and antiparticles in the LLL [1,7,15,16].
Therefore, when uy = NQ apparently exceeds the z™

effective mass in the LLL, my = \/eB + m2, but it is still
below the zt effective mass in the first LL with n = 1, the
LLL z" may Bose-condense.

Klein-Gordon equation in rotating frame.—To support
Eq. (2), we now give a detailed derivation of the quantiza-
tion of the Klein-Gordon equation in a rotating frame both
for an infinite and for a finite volume V = SL. For that, we
consider the metric for a rotating frame in 1 + 3 dimensions
with mostly negative signature (+, —, —, —):

ds* = (1 — Q?p?)dt* + 2yQdxdt — 2xQdydt — dr*.  (3)

The comoving frame is defined as e, = ef;a,,, with
(eg. e1. ez, e3) = (0, + yQ0, — xQ0,,0,.,0,,0,). Now,
consider a constant magnetic field in the z direction, BZ,
as described by the circular vector potential Ag, =
B(0,yg/2,—xz/2,0) in the rest frame sublabeled by R.
The coordinate transformation to the rotating frame rp =
r,tg = t,0p = 0+ Qt allows the rewriting of the vector
potential in the rotating frame as

A, = B(-Qr?/2,y/2,-x/2,0). (4)

In the rotating frame, there is, in addition to the magnetic

field BZ, an induced electric field E = QB7. This is
expected from a Lorentz transformation from the fixed

frame with BZ to the comoving frame with BZ and E.

A charged scalar field IT in the rotating frame and
subject to the vector potential (4) is characterized by the
Lagrangian

L =|(D, +yQD, - x@D)I|* — |D,II? — m2ITTL,  (5)

with the long derivative D, = 9, + ieA,. We now note the
identity

D, +yQD, — xQD, = 0, + yQ0, —xQ0,.  (6)
The electric field following from Eq. (4) cancels out. The
comoving frame corresponds only to a frame change with

no new force expected. With this in mind, the equation of
motion for the charged field in the rotating frame is

(0, + ¥, ~ X0, P11~ DD~ m2T = 0. (7

In the infinite-volume case, we solve Eq. (7) using the
algebraic ladder construction with

i

=——(D,+1iD,),
“ \/2€B( : y)
1 eB
b= 20+—17). 8
\/263( 2 Z) ( )

Choosing the positive z direction to be that for which eB is
positive yields the operator identities

DiD, + DiD, = eB(2a'a + 1),
L, =i(-x0,+yd,) =b'b—d'a. (9)

The general stationary solution to Eq. (7) is of the form
I1 = e/P7El £ with f solving

(E+QL,)*f = (mz 4 p*)f +eB(2a"a+1)f. (10)
The normalizable solutions form a tower of LLs

1 \n m
fmn:\/m(aw (bT) Soos

(Epn +Q(m—n))>=eB2n+1)+m2=E (11)

with foo ~ e~ (¢B/4(") a5 the LLL. For the LL to fit in a
volume V = LS, we need m,n < N. The quantized charged
field IT in the rotating frame is
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b
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(12)

with the bosonic canonical rules

[bnmp’bT' ! /] = 2”5nn’6mm’5<p - pl)

n'm'p [a”mp’ a.:l’m’p’}
The particle state created by af,mp has energy ET =
E, — Q(m — n), charge +e, and orbital angular momentum
in the z direction as m — n. The antiparticle state created by
bimp has energy E- = E, + Q(m — n), charge —e, and
orbital angular momentum in the z direction as —m + n.
Therefore, the energy relationship between the rotating
frame and the rest frame is E = Ex — QL. This is in
agreement with Eq. (2), where we have set [l = m — n and
defined L, = jl with j = +1 for the particle or positive
charge state and j = —1 for the antiparticle or negative
charge state.

In a finite volume, Eq. (7) can be solved using instead the
circular wave functions with zero boundary conditions:

. B
£1(r.0) = el g=(Br/4) (—a,|l|+1,€2r>, (13)

where | F; is a hypergeometrical function with the param-
eter

—a(l) = S (E+ Q02— g2~ m)

(14)

1
(| =1+1) -
S(=1+1)

Thus, for positive angular momentum states, we have
(E+QI)? = p* +m2 +eBa(l) + 1),

BR?
F <—a(l),l+ 1.6 : ) = 0. (15)

The zero of the hypergeometric function fixes a(l), and
therefore the LL for a finite volume. For example, for N =
25 we have [ =20, and a,;,(20) = 0.43, for which the

energy is E = \/m2 + 1.86eB —20Q. For eB = m2, the
threshold rotation is Q. = (1.69/20)v/eB. Note that for

N = 25, we have R = 1/50/eB, and the luminal constraint
is still fulfilled, since Q.R = 0.59 < 1. For N = 100, we
have / = 84, and a,;,(84) = 0.18, for which the energy is

V/m2 + 1.36eB — 84Q with the threshold QR = 0.25. For
N = 1000, we have / = 935 and a,,;,(935) < 0.1eB. Thus,
as N goes to infinity, the state with the lowest energy will
approach [ = N, and our approximation in the main text
becomes more precise. Note that for exactly [ = N — 1, we
always have a.;,(N —1) =1, and the energy for such a

state is \/m2 + 3eB — (N — 1)Q.

Pion condensation.—For a fixed and isolated volume
V = SL with no charge allowed to flow in or out, strict
charge conservation in the comoving frame is achieved by
introducing a charge chemical potential , in addition to the
induced chemical potential jQI by rotation. (For an open
volume discussion, see Ref. [16] and references therein).
For the LLL, charge conservation requires that the number
of 7z in V be equal at any temperature

- 1
ZO/ 27 er(Eop=1Q—p) _ |

. 1
3 [ ey 09
This equation is solved by inspection with y = —(NQ/2).
Therefore, the orbital assignments [ =N —m and [ = m
for 7 and z~ in the LLL will have the same occupation
number

nga(l=N—-=m)=n,(l=m)
dp 1

= [ — 1
2 e%(EOI,—NQ/ZHQ) -1 ( 7)

with 0 < m < N. For NQ > 2m,, simultaneous condensa-
tion occurs for m = 0; i.e., #7 with [ = N and n~ with
[ =0. For (N —-2)Q > 2m, the condensation involves
both m =0, 1. As we increase € such that Q = 2m,, all
m < (N/2) will condense; i.e., z with (N/2) <1 < N and
z~ with 0 <1 < (N/2), and so on.

Now, consider the rotating ground state with 7 = 0 and
NQ > 2myg but (N —2)Q < 2my, so that only the / = N
state for z and the [ = 0 state for z~ condense. The energy
per unit length in the Bose-Einstein condensate (BEC)
state is

gﬂg = —n(NQ—ZmO) +dNn2, (18)

with the Coulomb factor

2[R 1 \2 2 R o2
sz% 27rrdr<%> =%t 8—lnN. (19)

Ly dr  a

dy characterizes the electric field energy stored between
two charged rings with radius /,; ~ 1/v/eB and charge —e
(77), and radius R > [,; and charge +¢ (z"). The Coulomb
self-energy is subleading and omitted. In the ground state,
the BEC density n is fixed by minimizing the energy
density &£,q in (18), with the result

NQ —2my

= O(NQ ~ 2my) —
N

(20)

The rotating z* condensate induces a uniform magnetic
field b, that enhances the applied initial field B and back-
reacts on the formation of the charged condensates to order
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a = e*/4x. Indeed, the rotating BEC of z* at r =R
generates an azimuthal current

¢2Bn
o(r—R), 21
Dsr-r. )

where f(y is the LLL with angular momentum / = N. The
corresponding induced magnetic field

¢*Bn

4myg

b.[n] (22)
modifies the applied magnetic field to order a = e*/4x
through B — B + b,[n]. The back-reacted LL problem
amounts to the following substitutions for m, and N:

2
mn] = m%—i—eB(l +4jn: >,
0

2

N[n]—N<1+ e"). (23)

4my

The back-reacted density for the 7+ condensates follows by
minimizing the energy per unit length:

E[Q,n] = —n(N[n]Q — 2m[n])
eBN In Nn]
+nle (167‘[1’11(2) [n] T8 > (24)

This is the analogue of Eq. (18) with dy = [e? In N(n)/8x],
including the additional magnetic energy from the back-
reaction

b2 2 4B2R2 3BN 2
e S AL (25)
2 32zmgm]  16zmgn]

The true ground state follows by minimizing (24) with
respect to n. Both my[n] and N[n| are observed to be
weakly dependent on the n contributions from the back-
reaction. We now explore the physical implication of
Eq. (24) in heavy ion collisions.

Pion BEC in heavy ion collisions.—Current heavy ion
collisions at collider energies are characterized by large
angular momenta [ ~ 103-10°% [11] and large magnetic
fields B ~ m,zr [12] in off-central collisions. While main-
taining these strong fields all the way across the collision
would be in general unexpected, even in the presence of a
strong Faraday effect, we will assume here that they are still
sizable at chemical freeze-out, where R ~ 10 fm with
eB ~ m2. This would translate to a LL degeneracy N =
eBR?/2 ~ (m, x 10 fm)? ~ 100/4 and a rotational chemi-
cal potential iy = NQ ~ 1.25m,,. From the hadrochemistry
analysis, the pion chemical potentials at freeze-out are
typically p; ~ 0.5m, at RHIC, and yty ~ 0.86m,, at the LHC
[14]. With the rotation at finite B, they would translate to
Mz = My + 2up ~ 1.96m, and 2.98m,, respectively. Since
the threshold of the LLL for the combined z* pion energy

|
. . ‘ A 0
0.040 0.045 0.050 0.055 0.060

FIG. 2. The mean number of condensed pions N+ = N_- in
the range 0.04m, <Q <0.06m,, for pu;=0.86m, and
0.5m, <T <15m,.

is 21/2m,, charge pion condensation is possible. Using (24)
at finite 7', ¢, the number of #* pions in the BEC is
N 20:0 ne—%(LE[Q.%]—Znyf)
= S e LEQRY-2nps)

(26)

For L ~ 10 fm, eB ~ m2 and N ~ 25, we show in Fig. 2 the
average number of condensed 7+ for temperatures in the
range 0.5m, <T <1.5m, and rotations in the range
0.04m, < Q < 0.06m,, for the most favorable case with yy =
0.86m, at the LHC. It is interesting to note that the ALICE
Collaboration has recently reported a large coherent emission
from multipion correlation studies in Pb-Pb collisions [13].

Conclusions.—The combined effects of a rotation paral-
lel to a magnetic field yields to pion condensation both in
the vacuum and at finite temperature. The z* pions
condense at the edge, while the z~ pions condense at
the center in equal amounts when charge conservation is
strictly enforced in a closed volume. Since parallel rotations
and magnetic fields can be generated in current heavy ion
collisions at collider energies, charged pion condensation
could be generated if the combined effects survive with
considerable strength in the freeze-out phase. Such effects
are likely to affect both the flow of charge particles and
their number fluctuations. This separation of charged
bosons by centrifugation in a magnetic field may also be
probed in atomic physics (trapped and cooled atoms), in
condensed matter physics (quantum Hall effect) and
possibly in compact stars (magnestars).
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