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I' = expI-(H, /H) ],

Ho =Eh, 'me/E e,

(I)

(2)

where 6 is the energy gap, FF the Fermi energy,
and E a constant of the order unity. "

The galvanomagnetic properties of metals have
been widely used to study the motion of the con-
duction electrons. ' Generally, for high magnetic
fields, two distinct types of transverse magneto-
resistance pz(H) are found, either a resistance
that saturates, i.e. , approaches a constant value
as the field is increased, or a resistance which

increases without bound as H'. These properties
can be uniquely related to the presence or ab-
sence of open trajectories. ' The appearance of
quadratic behavior indicates (a) in metals with an

odd number of conduction electrons per unit cell:
the existence of open trajectories with an average
direction in A space not perpendicular to the direc-
tion of the current; (b) in metals with an even
number of conduction electrons per unit cell:
either no open orbits and equal "volume" of elec-
tron and hole trajectories (the so-called compen-
sated case), or open orbits not perpendicular to
the current.

When high magnetic fields are used in metals
which have relatively small energy gaps, the dy-
namics of the motion is such that there is a finite
probability for the electrons to ignore such gaps
and describe trajectories which connect two dif-
ferent pieces of Fermi surface (thus changing the
character of the orbits). This effect is called
magnetic breakdown, ' and it has been found ex-
perimentally in several metals, mostly those with

hexagonal close-packed structure. ' ' The prob-
ability of breakdown, that is, the probability for
an electron to make a transition between two dif-
ferent orbits, has been found by Blount to be

When orbits of different character are coupled
by magnetic breakdown, new types of behavior
must be expected for p (H). In particular, when

the two limiting cases P —0 and P —1 correspond
to nonsaturation and saturation, respectively,
p~(H) is likely to exhibit a maximum at fields of
the order of Bo.

We have computed semiclassically the trans-
verse conductivity and resistivity tensors by
means of a modification of Chambers' path-
integral method, "which includes the possibility
of magnetic breakdown at a finite number of
points in the orbit. This new method involves a
matrix M, a function of P only, which connects
in the proper way the path integrals over pieces
of the Fermi surface on which the electron tra-
jectories develop. This results in a classical
network, similar to the quantum-mechanical net-
work introduced by Pippard'~' in the study of the
quantization of coupled orbits.

We have solved a large number of cases, all
two-dimensional (i.e. , neglecting longitudinal
effects), which result from a spherical Fermi
surface with a finite number of Bragg reflections.
The intrinsic relaxation time was assumed to be
constant throughout. %e included cases with no
axis of symmetry and with two-, four-, and six-
fold symmetries. We also studied magnetic
breakdown which corresponded to transitions be-
tween the following kinds of orbits: (I) open+elec-
tron - electron, (II) open+ electron+ hole —elec-
tron+hole (compensated), (III) hole —electron,
(IV) electron+ hole (compensated) —electron+
electron. An example of class (I) is shown in
Fig. 1, where transitions between an "undulating
cylinder" and a "lens" make the final orbit equal
to the original circle. Figure l(c) shows the
transverse magnetoresistance in the x direction
as a function of ~T, where &u =eH/me is the cyclo-
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(iii) The saturation value of the magnetoresls-
tance, p t, in cacases (I) and (IV) satisfied the
equation

p =p (I+C(u 7),sat 0
(4)

t f quency and as a function of the parameterron re
here ru =eH /mc and H, is define ln,

exam le ofand (2). Similarly, Fig. 2 shows an examp e o
class (IV) with sixfold symmetry.

From these calculations the following conclu-
sion can be drawn:

i Cases (I) and (IV) show an initial increase of
2magnetoresistance as e, a maximum va ue aue at

d decrease towards a saturation valuea~, an a e
, different from the initial pa= p~H =~sat

is only a. fraction of uL)0 of thee order of
-' to ' and it moves to the lower values as the
urity of the sample is increased. For instance,

for the case shown in Fig. 2, ~~ sa,
' '

psa,tisfies approx-
imately the equation

=—3.14' + 0.0356~
0 n) M

where C is a constant of the order unity. In the
cases of Figs. 1 and 2, C takes the values 4/ll

and H3/2, respectively. If we take into account
the fact that p, ~ 7 ',

p '~ (T +C(do)1
-1 (5)

and consequently it should approach a. constant
1 e as ~ l. »1. Equations (4) and (5) can be

n eintheeasily interpreted by assuming a change in e
effective relaxation time jeff due toue to an additional
scattering mechanism associate with incoherent
Bragg reflection after breakdown is complete and
such that

+Ca
eff

(iv) The influence of more complicated orbits,
posslsible only in the case of intermediate prob-

in at.abilities I', can be partly analyzed by looking a
the off-dlagollal componellts pl2, p2l (HalHall resis-
tance) of the magnetoresistance tensor. From
Fig. 2(d) it is possible to see that initially the
"effective" number of electrons and holes is
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FIG. 2. Magnetic breakdown between compen t d ( l
bits. (a) The broken-dov n electron orb't P =

sa e e ectron-plus-hole& orbits an)
'

d uncompensated (electron) or-
ron or i at P =1; (b) the hole orbit at P =0: c the tr

d) h ll ' — Alp f 2 lop f I values p in arbitrary units .

equal; the presence of extended hole orbits at
intermediate ranges makes the "effective" num-
ber of holes larger than the number of electrons,
while at higher fields the orbits reduce all to
electron type, approaching asymptoticall t thy o e

curve. It is interesting to note that the
change in sign in Fig. 2(d) takes place at values
of a close to &0.

(v) Complete analysis of the other cases studied
has been carried on in a similar fashion and with
similar results.

It should be noted that the case of Fig. 2 cor-
responds fairly closely to the actual cases found
jn M &~~ andg and Zn ~ for magnetic fields parallel
to the hexad axis. In fact, curves very similar
to Fig. 2(c) have been observed by Stark" for
both M andb th g and Zn. The general features described
above seem to agree well with experiment. Oscil-
latory behavior, small in Mg but very large 'arge in

n, corresponds to quantum effects not included
in our semiclassical approach. The oscillations
are due to the Landau levels discussed by Pip-
pard. '~" eir effect on the galvanomagnetic
properties at high fields could possibly be in-

eluded by assuming an oscillatory probability I'
similar to that proposed by Stark, ' particularly
when the second term in (6) dominates. In this
way no problem of gauge invariance arises.
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Two years ago a group' at Bell Telephone Lab-
oratories discovered an exceedingly long-ranged
magnetic interaction among rare earth (RE) atoms
dissolved in palladium. It is the purpose of the
present note to suggest a theory for this phenom-
enon, which, it will be recalled, could not be ex-
plained by the Ruderman-Kittel interaction

=A(sinx-xcosx)/x, x=2k R, (1)
R-K

2j F zj'

nor even by the longer ranged Yosida modifica-
tion,

H = - Z J (R . .)J J.,
27 2

(4)

where

J(R, .) =BZf (1 f, ) exp[i(k --k').R. .]
2i U

already been pointed out by Brout and Suhl' that
such processes add a gap (in excess of 0. 1 eV)
to the Ruderman-Kittel energy denominators.
Consider the complete indirect exchange Hamil-
tonian

Y 3J . . =A'(sinx —x cosx)/x,
27

(2) x (g. -1)(g. —1)(E,-E ) '+exp(iwq. )
7

without assuming an unreasonably small value of
kF. In fact, the experimenters had to adopt an
ad hoc interaction'

J A" R
27

'0'

=0, R. .&x,
2g 0' (3)

such that any two RE atoms separated up to a
distance r, (-15 A) underwent an interaction A".
No physical explanation was proposed for this
novel interaction, nor do we know of any pub-
lished to date.

We propose the possibility that the physical
mechanism is none other than the usual indirect
exchange via conduction electrons, but modified
to include exchange matrix elements which change
the total angular momentum of the f shell by +I2,

and suggest Eq. (10) to replace Eq. (3). It has

x ((g. —1)+exp(imp, )[S.(S.+1) - J (J.+1)(g - 1)']'~' j
2 2 2 2 2 2 2

x[S(S ~ ))-S[S ll[S 1)']'"(S S S )-)j j 7 u

The quantity (g; —1) is like a "charge": negative
for the rare earths to the left of Gd in the periodic
table, and positive for those to the right. The sign
factor g; =0 or 1 depends on the relative phases
of the ground state (Ji) and the excited state
(J, + 1). Both terms in Eq. (5) contribute to the
Ruderman-Kittel interaction, although the con-
tributions may add or cancel depending on the
relative sign. In addition, the second term has
a monotonic long-ranged part that we isolate by
means of the identity,

(E + 6 - E )
' = (E E )-'

k' A

—A(E, —E ) '(E, +6 —E )
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