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the effective mass, ' which is about 0.7. Since
the density surface thickness in the model is
sharper than that of an actual nucleus, we can-
not expect better agreement. Calculations based
upon a finite square-well potential (now in prog-
ress) will yield a more gradual falloff in nuclear
density, and are expected to reduce the effective
mass required to fit the data.

The identification of the energy gap as a func-
tion of surface-to-volume ratio indicates that
the gap should also be an increasing function of
nuclear deformation as Griffin' deduced from the
anisotropies of fission fragments. If we assume
that the gap in spherical nuclei is given by

=cA '",
sph

then for a spheroidal nucleus characterized by
a deformation parameter P, we have

S =cA '"[1+(3/4s)P']

with c =12.8 MeV. This estimate, of course,
ignores specific shell structure effects.
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Recently Brown and Singer' found a good agree-
ment with all the available data concerning ener-
gy spectra and branching ratios in the three-pion
decays of the g and K mesons by assuming the
existence of an I= J = 0 di-pion resonance of mass
about 400 MeV and of full width 75 to 100 MeV
reported earlier by Samios et al. ' The purpose
of the present paper is to point out that the pres-
ence of such a resonance would make the K,
meson heavier than the K, meson by the right
order of magnitude. '

The dispersion-theoretical formulation of this
problem was first presented by Barger and Ka-
zes, and we shall briefly recapitulate their ap-
proach. Within the framework of the I;conserv-
ing strong interactions the rest masses of the K,
and K, mesons are degenerate and their mass
difference is generated by weak interactions. In
order to study this problem let us introduce the
proper self-energy operator or the polarization
operator II(s) of the Kp meson due to weak inter-

actions, where s is the square of the virtual K-
meson mass m. Then the self-energy of the K
meson due to weak interactions is given by'

where M is the degenerate K-meson mass and
GER' is the complex self-energy given more ex-
plicitly by

and

55K = 5M - 2-il .
5M and I are the mass shift and full width of the
K meson. These formulas give a physical inter-
pretation of the quantity ll(s).

Next we shall introduce an unsubtracted disper-
sion relation for Il(s), i.e. ,

(4)
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For the present purpose it is more convenient to
consider a function m(w) defined by

m(w) = Il(w')/2w;

then on the mass shell M) =M we find

(5)

(8)

If we write

Imm(u)) =-';I"(w),

I'(w) expresses the full width of the virtual K mes-
on of mass M) so that it is positive-definite, and
the dispersion relation (4) reads

P t w "I'(w')dw'
wRemw =—

Pi /2N -N
0

(8)

In particular, on the mass shell ur =M, we obtain

P
t

w "I'(w')dw'
w J, M(M'- w")

If we distinguish the K, and K, mesons by sub-
scripts 1 and 2, we have the following inequality
on the mass shell:

(10)

so that the K, - K, mass difference is given ap-
proximately by

le = 5M, - 5M = 5M . (13)

Furthermore, the K, meson is known to decay
predominantly into two pions, so that we can ap-
proximate the full width I', (w) by the correspond-
ing partial width I'2„(w). Then the lower limit
of the dispersion integral (9) is given by 2p. , since
a virtual K, meson cannot decay into two pions
unless zv & 2p, . Thus we arrive at an approximate
formula

P i w'I'~(w)dw
w 2~M(M -w)

Since I'2„(w)is positive-definite, this formula
shows that the domain 2p &&A&M gives a positive
contribution to b,M, whereas the domain u &M

gives a negative contribution. The sign of the
mass difference L&f is determined, therefore,

(14)

It would not be unreasonable to assume that the
above inequality persists over a wider energy
region, i.e. ,

I,(u&)» I', (w).

The dispersion relation (9), then, leads to another
inequality

(12)

by the competition between the two energy regions,
below and above M. It is clear, therefore, that
for a stable spin-zero meson there is only a nega-
tive contribution so that the self-energy is always
negative. This theorem was first given by Leh-
mann. '

To be more specific, it is necessary to know
the final-state interactions in this two-pion chan-
nel. If we take the selection rule I 4I I ='; for
granted, the quantum numbers I= 0, J= 0 are
uniquely assigned to the final two-pion state, and
the energy dependence of I'2„(w) is determined
by the phase shift for pion-pion scattering in the
I=J= 0 state by solving an integral equation of
the Qmnes type. This can be done in the same
way as done for the calculation of the electromag-
netic form factors of the nucleons.

Now coming back to the original problem, it is
intuitively clear that the assumed 400-MeV reso-
nance slightly below the K-meson mass would
enhance the positive contribution to hM. In order
to evaluate its effect on hM, we have assumed
an S-wave resonance formula' for I'2z(w) instead
of solving the Omnes equation, i.e. ,

2~ s (s —sR)'+ y'(s —4y, ')/s '

where the parameters sR and y are related to the
di-pion mass M and full width I'R by

=M ', y[1- (2g/M )']'"=M I'

The normalization constant c is determined sub-
ject to the condition

Insertion of Eq. (15) into the dispersion relation
(14) gives the mass difference bM. Using M = 500
MeV, p, = 140 MeV, and MR = 400 MeV, we find

6M=1. 4h/T, for I' =70 MeV;

= 0.7h/T, for I' = 100 MeV. (18)

These values are consistent with the experimental
ones. ' The basic assumptions made in this cal-
culation are the existence of the I=J= 0 di-pion
resonance at about 400 MeV and the rapid decrease
of the width I'2~(w) as is manifestly seen in the
resonance formula (15). Should this prediction
fail, that would be an indication either against
the assumed resonance or for a slow decrease of
the width I'2„athigh energies, and the 400-MeV

40



UOLUME 12) NUMBER 1 PHYSICAL REVIEW LETTERS 6 JANUARY 1964

enhancement would be due to final state interac-
tions.

The resonance formula (15) corresponds to an

effective-range formula

[(s —4p. ')/s]"' cotd = (M '- s)/M I'
R R R

This formula gives a rather small scattering
length, i.e. , half the pion Compton wavelength

or less, and cannot account for the ABC anomaly'
near the threshold. Inclusion of such an effect
is expected to increase ~ further, but it is less
important than the resonance under consideration
because of the smaller kinematical factor and of
the larger dispersion demoninator. It is instruc-
tive, however, to recall the qualitative conclu-
sion of Barger and Kazes that negative and small
scattering lengths will give a negative AM, and a
positive large scattering length can yield positive
mass difference if the phase shift becomes as
large as 0. 5-1.8 for large momenta. The exist-
ence of the ABC anomaly seems to rule out the
former possibility.
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