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In this plot a pure helicon wave would be repre-
sented by the straight dashed line u/vg=vp/vg.
We see that the lower branches of the dispersion
relation represent excitations which are helicon
waves for vH/vS «1 and which resemble sound
waves for vH/vS >1. The upper branches rep-
resent excitations which change from sound
waves for vy /vg<1 to helicon waves for vy /vg
> 1. The experimental data points contain an
adjustable parameter in the following sense:

The magnitude of the wave number, %2, corre-
sponding to a given peak is not accurately known.
However, in a series of peaks in the beat pat-
tern two successive peaks differ in wave number
by 2m/d, where d is the thickness of the speci-
men. Since k decreases with increasing H,, we
arbitrarily assign a # value to one, and only one,
peak in each series of peaks. In Fig. 2 we have
arbitrarily assigned a %2 value to that peak in
each series of peaks which appears at the high-
est magnetic field. In each case the k value was
chosen to make the data point lie near the cor-
responding theoretical curve. The adjustable
parameter enters essentially as a translation of
each series of data points along the ordinate in
Fig. 2. Consequently, the data points are to be
compared only with the slope and curvature of
the theoretical curves.

From a study of the 20- and 30-Mc/sec data
discussed here and additional data obtained at
frequencies ranging from 5 Mc/sec to 50 Mc/sec,
we conclude that the coupling of helicon waves
and transverse sound waves exists in potassium,
and that there is good agreement of the theory
with experiment.

It is a pleasure to acknowledge the technical
assistance of G. Adams. Miss B. B. Cetlin
computed the theoretical curves.
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In a recent Letter, Langenberg, Quinn, and
Rodriguez® discussed the possibility of measure-
ment of nonextremal Fermi-surface orbits by
observing giant quantum oscillations in the at-
tenuation of sound, for sound waves parallel to
the direction of the magnetic field. In this Let-
ter we wish to point out that these same nonex-
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tremal orbits (as well as other nonextremal or-
bits) may also be observed in geometric reso-
nance experiments, and furthermore, the con-
ditions for observation of these orbits are much
easier to attain in the case of geometric reso-
nance than in the quantum oscillation case. Since
geometric resonances measure linear dimensions



VOLUME 12, NUMBER 13

PHYSICAL REVIEW LETTERS

30 MARCH 1964

of the electron orbit in real space, and giant quan-
tum oscillations measure cross-sectional areas
of the Fermi surface, it will be possible to make
both these complementary measurements upon
electrons of nonextremal orbits. We shall cal-
culate the period of oscillation for geometric
resonances for a general ellipsoidal energy sur-
face for arbitrary angle between magnetic field
and direction of propagation of sound. As a spe-
cial case, the geometric resonance effect for
fields parallel to the sound waves will be found.
This effect was discussed by Quinn? in a recent
Letter, using a quantum mechanical formalism,
which is actually unnecessary for this semiclas-
sical effect; for the special case considered by
Quinn, our results agree with his.

For spherical energy surfaces, there are no
parallel-field geometric resonances. Therefore
it is necessary to consider ellipsoidal energy
surfaces. This has the added advantage of clearly
showing the linear dimensions which are experi-
mentally measured in geometric resonances,
which have never been previously demonstrated
theoretically; and, of course, ellipsoidal energy
surfaces are quite realistic for a number of
materials, e.g., semimetals.

Suppose that a portion of the energy surface is
given by 2mEgF =p+a-p. Then it is easy to show
that the Hamiltonian, the Boltzmann equation,
and the equations of motion of the electrons have
the same form as for spherical energy surfaces,
if the following transformation is made:

p-a Y2y, F=al2F, FT=alZ{,

-
—lal"V2q 121,

-1/2 =,

d=a g, =« vy (1)

where P, V, and T are the momentum veloc1ty,
and coordinate of the electron; E and H the elec-
tric and magnetic fields; d the sound-wave vector,
u the velocity of ions in the lattice; and la| is

the determinant of a.® The solution for the
primed quantities is the same as for electrons
with spherical energy surfaces; the inverse
transformation gives the solution for electrons
with ellipsoidal energy surfaces.

Thus, if the inverse transformation is applied
to the solution of the equation of motion for an
electron with spherical energy surfaces in a
constant magnetic field, one finds the following
solution for ellipsoidal energy surfaces:

T(t)=70) +mH-a 'l-fl)"ifl(fl-ﬁ)t

+[L(cosw t-1)+ -H——rﬂ
w c

c

sinw 't] X a‘l-flf,(z)

where p = p(O) v=v(0), we, =eH/mc, w.'
=wclla|H-a *H]'? and A is a unit vector in the
direction of the magnetic field. Thus, the motion
of the electron is an ellipse in the plane perpen-
dicular to @ 'H; and at the same time the electron
moves with uniform motion in the direction of the
magnetic field. The physical explanation* of
geometric resonances for the field perpendicular
to the direction of the sound-wave vector shows
that there is a maximum in the attenuation when-
ever the extremal dimension of the orbit of the
electron in real space in the direction of the
sound-wave vector is equal to an integral multi-
ple of the wave length. This is also the case for
arbitrary angle between sound wave and magnetic
field, provided that the sound-wave vector has a
nonzero projection upon the plane of the orbit,
i.e., § is not parallel to @ *H. Thus, only for
spherical energy surfaces will no oscillations be
observed for qI|H in fact, geometric resonances
have been observed for this geometry. *’

The exact analysis of the oscillation of the at-
tenuation may be made by transforming the spher-
ical case to the ellipsoidal case. This analysis-
will also enable us to identify the orbits which
contribute to the attentuation, that is, the (5-H)
values of the orbits observed.

According to Cohen, Harrison, and Harrison,*
the conductivity tensor for spherical energy sur-
faces has the following form:

[67 (2) 1[o’fJ ()]

) T4, @
7= Z _[1+ z[Vw +(v H)(qH) wlr ©

V= =00

where O is a differential vector operator, Jy(£)
the Bessel function of vth order, dQ an element
of solid angle of ;F’ the Fermi velocity, and

= 1gxHV_xHI/
E=1gx IVF Hl/wc

-1 - @R HV 2B - GRP I B). (@)

For (ﬁ-fl)vETE (G-I})l > 1, the function {1 +i[vw,
+(VpH)(@-H) - )7}~ which appears in (3) effec-
tively differs from zero only when cosf= (ﬁF'f{ )
(where o is a unit vector) is in a small neighbor-
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hood of
6* = - s H
COS (w vw )/ 14 (q H)

=@ Rl - (o _/w))@H)™, (5)

where vg is the velocity of sound and ¢ is a unit
vector. The half-width of this neighborhood is
[@-H)!)™. Values of v for which | (w - vw¢)/
vF(q-H )I>1 give negligible contributions to the
summation. In the limit (@- H )I>>1, the integra-
tion in (3) may be performed, to a good approxi-
mation, by evaluating the Bessel functions for
cosf=cosf*. Thus,

o~2 [O7 (¢ #]OTT (¢ *)]
xf{l +i[VwC + (ﬁF-H)(ﬁ-il) -w]T} e, (6)

where

£E*ew H™ (6?82 - G-H))

(- v PHT]|M?
o s e
F @-H)?

and the summation is over all v such that £,* is
real.

We now transform to the ellipsoidal case by
using the transformation inverse to (1). Then
5,,* becomes

<2E )( q-a-q)H-a" H) - (GH)?
lal @-a™1H)?

(1)

£ e

14 w
c

m

1/2

(8)

m w-vwc’ 2 ) )

This shows that the conductivity, and hence, the
attenuation, is a sum of oscillatory functions of
the arguments 51, . Each period is due to a dif-
ferent orbit, i.e., a different value of (pF-H)
These (Pp -H) values are found by transforming (5)

Gl =lm/@H)H-a 7 H)w-vw /). (9)

For v= 0 (ﬁF i!) (‘Us/UF)((}I? —l(f}'(!_l'i{
Therefore except for d almost perpendicular to
H (pF-H) 0, and the extremal orbit will be ob-
served. For v#0, nonextremal orbits will be
observed. These orbits are identical to those
discussed in reference 1 for /I H; but in addition
to these orbits others will be observed for other
values of angle. The reason that the identical
orbits contribute in the quantum oscillation case
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is that these effects are all due to the same
energy denominators, which correspond to Dop-
pler -shifted cyclotron resonance conditions. i

It may be shown that £,* = 3¢(Rymax - Rmin),
where Ry, ax is equal to the maximum value of the
oscillatory part of F(f) in the direction of the wave
vector, and Rmin the corresponding minimum
value, for that orbit whose (ﬁ-i! ) value is given
by (9). The condition for a maximum in attenua-
tion is 51/*: nm, where 7z is an integer. This
means that the condition for a maximum in geo-
metric resonances is the well-known “matching”
condition:

D=R -R . =mnx. (10)
max ~min

The conditions for observation of these oscil-
lations are w,7>1; and also £,* must be of or-
der 1 (but greater than 1). This latter condition
requires w > (g/v p)wc- This condition is also
required in the quantum oscillation case, but in
order for quantum oscillations to be observed,

w, must be much greater than for geometric re-
sonances. Hence, significantly lower frequen-
cies are satisfactory for the observation of non-
extremal orbits for the case considered here
than for the quantum oscillation case.

I would like to thank Dr. Y. Eckstein for several
helpful discussions, and for calling to my attention
the similarity between the nonextremal orbits dis-
cussed here and those in the quantum oscillation
case.
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