
VOLUME 12 )0 MARCH 1964 NUMSER 13

PLASMA EQUATION OF STATE~
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Frieman and Book' have derived a convergent
kinetic equation for a plasma by combining as-
ymptotic [i.e. , asymptotic in e —= (4wnAd )

'
= (e'/6)Ad '] solutions of the Bogoliubov-Born-
Green-Kirkwood-Yvon hierarchy separately valid
in the three regions r & e'/6 (Boltz mann), d =e'/
tl & r & gd (Fokker-Planck), and r & Ad (Debye) .
Three-particle correlations are systematically
ignored since they are shown to contribute only
in higher order in each of the three regions.

In the same article, the equilibrium case is
also considered, but the treatment appears to
suffer from the disadvantage that the resultant
expression for the two-particle correlation func-
tion leads to a divergent expression for the in-
ternal energy, and no equation of state can be
derived. Vfe wish to point out that this difficulty
is only apparent, resulting from a minor mis-
interpretation of the asymptotic solution of the
differential equation for the two-particle correla-
tion function.

For a spatially homogeneous plasma in equi-
librium, we may write

g (r, v, v') =I' (v)F (v')4'(r).
eq ' ' eq eq

Clearly, for r-Ad the third term in (2) is negli-
gible; for ~-d the fourth term is negligible; for
r -n '" the third and fourth terms may be ne-
glected. Thus

-d/r
4 = -1+8 =4', r&d,

= -(d/r) y -pgII'

= -(d/r) exp(-r/Xd) = 4' ~, y & g,
d

where the constants of integration have been
chosen so that the solutions match where their
regions of validity overlap. The prescription
of reference 1,

=4 +4
approx I III II' (5)

yields a solution to (2) asymptotic in e for all r.
However, this property is of no value in comput-
ing thermodynamic functions. There, the perti-
nent quantity is the contribution to the internal
energy per particle,

U(e) = ,'nf (e'/r) 4(r) 4w—r'dr; (6)
0

If three-particle correlations are ignored, 4'

must satisfy'

d2@ 2d+ d g4
dH ~dr 2 dr d

along with the boundary conditions

4(0) = -1, 4(~) =0.

(2)

and if (5) is taken for 4i, this integral diverges.
Nevertheless, there is no difficulty in obtaining
an asymptotic expression for U(e) from the solu-
tion (4). A particularly simple technique is to
construct a function 4' such that

4'/@ = l + O(e) (uniformly in x) .
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It is easy to see that one such function is

d-/r+ = —(1 - e ) exp(-x/Xd), (6)

which possesses the added convenience that (6)
may be evaluated in closed form. The result is'

U(e) = -8(1 —2EE2(2e )f&

from which we obtain the equation of state

P/n = 8(1 —ze —~e' inc + O(e')f.

(9)

(10)

Ne have shown that the equation of state for an
electron gas in a positive background follows
straightforwardly from the truncated Liouville
hierarchy. The results obtained agree (to the
extent to which three-particle correlations may
be neglected) with the results of Abe, ' Friedman, '
and Guernsey' obtained by other methods. Vfe

are presently considering the effects of higher
order correlations.

The author is indebted to M. Kruskal and
I. Bernstein for helpful discussions, and to
E. Frieman for suggesting the problem.
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In solid 'He the atomic wave functions overlap
because of the finite mass of the SHe atoms ("zero-
point motion"). The requirement for antisym-
metry of the total wave function under exchange
of any two atoms then leads to a nuclear spin-
dependent energy usually discussed in terms of
the two-body exchange interaction J defined by the
phenomenological exchange Ha.miltonian

x =- —,'KJP' I - I
ex

change heat capacity

C = 350C
ex Z'

for a sample and magnetic field for which the
value calculated from the measured T, and T„
by means of the relation

c =' vz(az)2/u r2
ex ~

gives

(2)

(where 5 ' runs only over the z nearest neighbors
of each atom). Values of 4 in both bcc and hcp
(3.5 A&a &3.65 A), (3.38 A&a &3.63 A) 'He have
recently been published as a result of Ty and
measurements and of a consistent theoretical in-
terpretation. '&' In this density range, 8/2v & 2. 7

Mc/sec. Several workers have attempted to mea-
sure the heat capacity associated with this mea-
sured exchange intera. ction in solid He, but have
thus far been able only to set upper limits on the
heat capacity measured calorimetricallys~ and a
lower limit in a spin-echo experiment. This
Letter presents the first actual measurements
of the exchange heat capacity Cex. In terms of
the Zeeman heat capacity CZ, we find the ex-

Q = 0.084C
ex

a discrepancy of a factor 4000. [We also confirm
in detail the exchange-lattice relaxation mecha-
nism (Raman effect) which was reported previous-
ly, ' but which has rema, ined a subject of contro-
versy. ]

In Fig. 1, the Zeeman, exchange, and lattice
reservoirs are coupled as shown. The present
experiment was done at a field such that the Zee-
man-exchange cross-relaxation time Ty = TZE
= 0.15 sec, while the bath temperature TL was
low enough that the diffusion-induced Zeeman-
to-lattice relaxation time TZL-~. For the mea-
surement of the exchange-bath heat capacity,
we worked at TL =0.45'K, so that the exchange


