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it gives rise to terms with (Q Q'), (Q'+ Q")Q Q',
(Q Q')', and Q'Q", because I' should vanish at the
long-wavelength limit. This kind of treatment is
valid in insulating ferromagnets, where we have
a, T"' dependence of D. However, there is no
reason for I" to be an integral function of Q and
Q'. As shown in Eq. (9), our interaction leading
to a T' dependence of D is not an integral function
of Q and Q', while it still vanishes at the long-
wavelength limit as required. Note that the third
derivative of Eq. (9) is not continuous at Q' = Q.
The appearance of such a singular interaction is
due to the continuum of electron states outside
the Fermi surface.

%e note finally the approximate nature of the
present treatment. The starting point of the
treatment is a Hartree-Fock solution, which is
based on the neglect of the Coulomb correlation.
The correlation acts in such a way that electron
interactions are screened. U one could interpret
our V to be an effective interaction with an appro-
priate screening effect, the present theory might
still work, if the frequency dependence of the ef-
fective interaction is assumed to be negligible.
It is a difficult problem to determine the change
of magnitude of magnon interactions in the theory
with the screening effect taken into account self-
consistently.
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Thus far, the magnitude of the nuclear quadru-
pole coupling has been determined in about a doz-
en metals by magnetic resonance (including "pure
quadrupole" resonance) and specific-heat mea-
surements. These measurements do not, however,
determine the sign of the interaction which is of
considerable importance from the standpoint of
determining whether the two contributions to the
total interaction —that due to the lattice of point
charges and that due to the conduction electron
distribution —have the same or opposite sign.
This follows from the fact that the lattice con-
tribution can be calculated with considerable con-
fidence, '&' and although its actual magnitude de-
pends on the Sternheimer antishielding factor, '
its sign does not. On the other hand, the con-

duction electron contribution has not been con-
sidered readily amenable to calculation, '&' and
the magnitude of the measured total interaction
must be used, together with the calculated lat-
tice contribution, to estimate this quantity. The
purpose of the present note is to point out evi-
dence for the lattice and conduction electron con-
tributions having opposite sign in the case of pure
P-tin, and to suggest possible correlation be-
tween the conduction electron contribution and
the anisotropic Knight shift in metals.

Evidence for the difference in sign is based on
recent Mossbauer effect measurements of the
magnitude and sign of the quadrupole coupling of
the first excited nuclear level of '"Sn in metal-
lic tin and on a value for the quadrupole moment
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of the first excited level, Q("~~Sn), derived from
Mossbauer effect measurements on nonmetallic
tin compounds. Alekseevskii et al. ' measured
the magnitude and sign of the quadrupole split-
ting in single crystals of P-tin. They found the
interaction to be negative and to have the mag-
nitudes

t —,'e'q Q/h I = 8. 8 + 4 Mc/sec at 298 K,

=9.6+ 4 Mc/sec at 77'K.

Hoyle et al. ' measured the "' Sn quadrupole
splitting in powdered tetragonal SnO and were
able to determine the sign of the coupling from
the asymmetry of the spectrum. From the cal-
culation of the sign and magnitude of the field
gradient (due to covalent bond electrons) they
derived

Q('" Sn) = -0. 08+ 0. 04 barn.

With this value of the quadrupole moment, we can
infer that the total electric field gradient (EFG)
in I3-tin has the value

eq (P-tin) =+3000 x10" esu (+50%%uo).
exp

The EFG at the '" Sn site may be considered
to consist of two contributions, eqcond and

eqlatt(1 —y ). Here, eqco„d is due to the non-
spherical distribution of the conduction electrons
inside the central atomic cell whereas eqlatt is
due to the external charges of the ion cores
shielded by a uniform distribution of the conduc-
tion electrons. The factor (1 —y ) gives the
Sternheirner antishielding enhancement' of the
lattice contribution, with the latter quantity it-
self given by

'

&e 2P, (cos0), i 2&,(cos&)

C

We have calculated eqlatt for the case of I3-tin
using the plane-wise summation method developed
by de Wette, considering the tin lattice as made
up of four interpenetrating simple tetragonal lat-
tices centered, respectively, at (0, 0, 0); (—„-,, —,);
(-„0,4);(0, —:,—,'), and taking the lattice constants
as c = 3. 1749 A and a = 5. 8197A. The result ob-
tained is that

eq (p-tin) = -1.67 x 10 esu.latt

On the basis of a calculation of y for In'+, ' we
estimate that for Sn', y = -10. With this,

eq (1 - y ) = -183x 10" esu.latt

where P is the Bohr magneton, V~ is the atomic
volume, N(EF) is the one-electron density of
states per unit energy and volume, and the quan-
tity qF is defined by

$3cos'9 -I)
gf *(r)l ~ g(r)d'

atomic
volume

(3)

where the average is over the Fermi surface, and
0y is the angle between H, and the radius vector
connecting the electron and the nucleus. Thus,
qF measures the average quadrupole moment per
electron at the Fermi surface.

On the other hand, the contribution of the con-
duction electrons in the central cell to the EFG,
eqcond, can be exPressed as

eq
cond

t3cos'8 -I)
p(r, l(-

atomic
volume

where the average is now over the entire occupied
conduction band, and p(r) =Zesty~(r)|/y(r). Using
the very simple approximation for the %ave func-
tion that

g (r) =u, (r) exp(ik r),
where u, (r) is the wave function at the bottom of
the conduction band, the two averages per unit
cell are the same:

Zeq F cond.

We have calculated the value of ZeqF for the
metals Sn, In, and Sc using the relation (2). The

Comparison of this result with the experimental
total EFG shows that in order to account for the
experimental EFG we need to assume that the con-
tribution due to the conduction electrons in the
central cell is an order of magnitude larger than
and of opposite sign to the lattice contribution.
That is, we need

eq =+ 3200 x 10"esu.
cond

The sign of eqcond ls the same as that of the
Knight shift anisotropy in P-tin. ' We have re-
measured this latter quantity and find that

(hH)( —~~) /H = 3K = + 0.075%.
0 ax

The Knight shift is defined by'

K = P'V N(E )qax c F F'
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Table I. Values of the electronic specific heat y, density of states N(EF), anisotropic Knight shift Kax, nuclear
quadrupole moment Q, experimental quadrupole coupling e2qQ/A, and the lattice field gradient eqlatt(1-y }, for
the metals scandium, indium, and tin.

Metal
'Y

(10 3 J/mole-deg2)
V,X(ZF)
(10i2 cgs)

&ax
(%) 10 "cm')

le'qq/& i

(Mc/sec)
eqj.a

(10'~ cgs)

In

Sc

1.80a

1.61

11.3b

0.47

3.00

+0.0235

-0. 14

-0.03

-0.08'

+1.16

-0.22g

17.66h

29. 54

2. 15

-183

81.7
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Table II. Comparison of the conduction electron
contribution to the total EFG calculated from the
anisotropic Knight shift, ZeqF, and the conduction
electron contribution deduced from the measured
total quadrupole coupling and the calculated lattice
contribution. In the cases of indium and scandium
the sign of the measured coupling has been chosen so
as to give the sign of the electronic contribution in
agreement with the sign of the Knight shift anisotropy.

Metal

Sn

In

Sc

Z8qF
(cgs)

+11170 x10i2

-54 500 x10"

1581 x 10&2

eq cond
= qexp+ qlatt(1

+3200 x10'2(~ 50 Vo)

-270 x10~2

195 xl0&2

values of VoV(FF), as well a.s the values of the
electronic specific heat y on which these are
based, and of K~ are listed in Table I. Table I
also lists the values of the experimental quadru-
pole coupling in these metals and the values of the
lattice contribution to the EFG that were used to
derive the conduction electron contribution,
eqcond. In the cases of In and Sc we have taken
the sign of eqezp to be that which makes the sign
of eqcond the same as that of eqF . Finally, we

show in Table II the comparison between the two
quantities that, according to (5), should be equal.

As is clear from the entries in Table II, the
agreement between ZeqF and eqcond is relatively
poor. This disagreement is, however, to be
expected since we have very simply assumed that

the average quadrupole moment per conduction
electron at the Fermi surface is the same as the
average quadrupole moment over the entire con-
duction band. However, in all cases the discrep-
ancy is in the right direction, since we should
expect that the non-s character of the conduction
electron wave functions at the Fermi surface will
be greater than the average non-s character over
the whole band.

Another source of overestimation of ZeqF can
be due to a possible contribution to E~ resulting
from g-factor anisotropy. ' This adds to the right
side of (2) a contribution (g~~ -gz)Kiso/g„where
Ezso is the isotropic Knight shift. For white tin,
such a contribution appears to be negligible ac-
cording to an observed g-factor anisotropy of
roughly '

(qadi
-gi)/go = 0.0014

which gives for a contribution to 3&ax only
-0. 001% compared to the experimental value of
0. 07%.

In conclusion, we have shown that for P-tin the
lattice and conduction electron contributions to
the EFG are of opposite sign and that the sign of

eqcpnd is the same as that of eqF. Furthermore,
the value of E~, and hence of qF, appears help-
ful in establishing the sign and an upper limit for
eqcond. More realistic approximations for gy
and the band structure will be needed in order
to achieve better quantitative agreement between
eqF and eqcon
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In a recent Letter Hutchings and %oU' have re-
ported on the paramagnetic resonance of Yb'+
impurities in thulium aluminum (TmAlG) and
thulium gallium (TmGaG) garnets. The Tm'+
ion's lowest multiplet, 4f"'H„has in these crys-
tals a singlet ground state' separated from the
next excited state by 30 to 60 cm '. Therefore,
at sufficiently low temperatures these two gar-
nets will behave similarly to their diamagnetic
counterparts, and permit the observation of para-
magnetic resonance of other impurities. As in-
dicated in reference 1, such resonances will ex-
hibit effects due to exchange interactions between
the impurity and the neighboring Tm ions. The
parameters of the spin Hamiltonian that describes
the electron paramagnetic resonance (EPR) spec-
trum of the impurity will have contributions aris-
ing from the exchange interactions. The struc-
ture constants exhibit significant variations be-
tween the various garnets, and so do the spin-
Hamiltonian parameters for most impurities. In
reference 1 the exchange contribution to the g
tensor of Yb'+ in the Tm garnets was isolated by
comparing the g values measured in these with
values obtained by interpolation for a hypothetical
diamagnetic host with the same structure as the
Tm garnet. Such a procedure gives acceptable
results because the variations in the g values in
the diamagnetic garnets are smooth functions of
the structural parameters.

The 'S ground state of Fe'+ has, in most dia-
magnetic hosts, an isotropie g tensor, with a g
value essentially equal to that of a free spin. Any

exchange contributions to it can therefore be
immediately isolated. Exchange contributions to
the other spin-Hamiltonian parameters of Fe'+
in the Tm garnets are also expected and may be
isolated by the interpolation procedure of refer-
ence 1. In addition, the Fe'+- Tm'+ exchange in-
teractions may bring about' a two-phonon spin-
lattice relaxation process for Fe'+ involving lat-
tice oscillators with energy essentially equal to
the Tm'+ crystal field splitting. This effect
would appear as an exponential temperature de-
pendence governing the Fe'+ relaxation, having
an activation energy equal to the Tm'+ splitting.

A study of the Fe'+ EPR spectrum and relaxa-
tion in a series of garnet hosts has indeed re-
vealed the presence of all above mentioned ef-
fects in TmGaG and TmAlG.

There are two chemically inequivalent sites
available for the Fe'+ impurities. For dilute
solutions in the gallium garnets a strong prefer-
ential substitution at the a (octahedral) sites is
observed; the concentrations of Fe'+ at the a
and d (tetrahedral) sites are about equal in the
Al garnets. Consequently, in TmGaG we were
not able to detect a,ny lines that could, with cer-
tainty, be ascribed to Fe'+ in d sites. A com-
plete octahedral Fe'+ spectrum was observed in
all crystals. It is qualitatively similar for all
samples including that of the Tm garnets. Com-
plete tetrahedral spectra were only found (with
the available frequencies and field range) in the
diamagnetic hosts. However, we did observe a
set of lines in TmAlG which exhibit tetrahedral

284


