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Modification of the effective-range expansion for
the So nucleon-nucleon state to include the effect
of the one-pion-exchange contribution (OPEC) by
means of the partial-wave dispersion relation' &'

or the fixed-angle dispersion relation' leads to
the prediction that the shape parameter, I', in

the expansion q cotta =-1/a+2req'-Pr ~q + ~ ~

is positive. This is also predicted by potentia1
models which include the long-range one-pion-
exchange potential (OPEP) and either an inter-
mediate-range attraction plus repu1. sive core' or
energy-independent boundary condition at inter-
mediate range' whose parameters are adjusted to
fit the effective range, ~~, and scattering length, a.
A more quantitative prediction is provided by in-
cluding the electrostatic repulsion in the partial-
wave dispersion relation' and using two additional

parameters to fit observed phase shifts at 95 and
310 MeV as well as a and xe', this calculation
gives P=+0.024. This prediction is of opposite
sign to that made by an energy-independent bound-

ary condition at intermediate range, '~' an energy-
dependent boundary condition' which fits the high-
energy (i.e. , up to 310 MeV) 'So phase shifts, '0~"

or hard-core potentials with intermediate-range
attractive tails, "which do not include the OPE
effect. Since the OPE predictions have been quan-
titatively confirmed in higher angular momentum
states, "and since the qualitative features of the
phase shifts empirically determined in the 100-
to 300-MeV range are in good agreement with
models based on the exchange of known bosons
and strongly interacting boson systems ("reso-
nances") between the two nucleons (for a, brief
discussion of these qualitative features and ref-
erences, see reference 11), it is important to
test the consistency of these descriptions with
the interaction in the S states as rigorously as
possible. This is particularly true since the mod-

els in best agreement with the high-energy scat-
tering experiments predict only 2 MeV of the ob-
served 8-MeV binding for the three-nucleon sys-
tems, '~ and the latter calculation is more sensi-
tive to the details of the S-state interactions than
the high-energy scattering. One of the few tests
available is the prediction of the shape parameter.
Since the effective-range expansion fails to con-
verge above 10 MeV, ' this test can only be made

by means of very low-energy nucleon-nucleon ex-
periments. Existing n-p data are not of sufficient
precision to yield definite conclusions. " In this
Letter we show that the recently reported experi-
ment on p-p scattering near the interference min-
imum at 0.3825 MeV" and the p-p differential
cross sections measured at 1.397, 1.855, 2. 425,
and 3.037 MeV" can be analyzed to yield a pre-
cise value of the shape parameter. This analysis
is only possible because the latter experiments
also yield a precise value for the J-weighted aver-
age of the 'P phase shifts, and because we claim
to have a sufficiently quantitative understanding of
the multirange character of the nucleon-nucleon
interaction to use this value to predict the indi-
vidual 'Po..., phase shifts.

The energy at which the minimum in the p-p 90'
cross section occurs is claimed by Brolley, Sea-
grave, and Beery" to have been determined to
better than +200 eV, and the energy at which the
minimum occurs is given by Gursky and Heller"
as 0.3825 MeV. This value is preliminary, but
even if the final result should differ by 200 or 300
eV, none of the conclusions drawn below would be
affected. In the absence of vacuum polarization
effect, this would imply a 'So phase shift of
0.25408+ 0.00020 rad at precisely that energy',
the uncertainty is assigned by assuming that the
minimum actually was at 0.3823 (or 0.3827) MeV
and then computing the phase shift to be expected
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at 0.3825 MeV. The value of the phase shift and
the uncertainty are independent of the value of the
scattering length, but require a knowledge of the
effective range. However, within the extreme
limits on r assigned below (BC and CFS, defined
below), both the value and the error are unaffected
by the value of r to the quoted accuracy. Heller'
has included the vacuum-polarization amplitude in
the calculation of the phase shift from the energy
of the minimum, and for the phase shift referred
to the electric (i.e. , Coulomb plus vacuum polar-
ization) amplitude gives" 60 =0.2550 rad at
0.3825 MeV. %e have confirmed this value by
an independent calculation, and the uncorrected
value quoted above also agrees (see reference 18,
Fig. 7). The corresponding phase shift referred
to the Coulomb amplitude is, in the notation of
r eference 18, Eo = 508 + v, = 0.25317 rad = 14.5055'
+ 0.0125'. Ne have also checked that this value
is independent of nuclear scattering in higher an-
gular momentum states to the quoted accuracy,
using the I' waves computed below.

The vacuum polarization correction for the en-
ergies and angles of the measurements made by
Dahl, Knecht, and Messelt" has been computed
by Durand' and more precisely by Heller, ~ which
latter calculation shows that the published" val-
ues are accurate enough for the current purpose.
I have further refined these calculations by using
the 8 and I' phases determined below, and the l &1
scattering predicted by OPE, but obtain negligible
corrections to the published values. We also find
that the l & 1 scattering predicted by OPE is some-
what smaller than the statistical uncertainty in
the data at the highest energy, so although includ-
ed, it has little effect on the analysis. It is a.n-
ticipated from the work of Breit and Hull~ that
the OPE prediction for P waves will not be quan-
titatively reliable even at these low energies, and
w'e find in fact that no value of Ko allows a reason-
able fit to the data if the P waves are taken from
OPE. The difficulty is that even though the
squares of the phase shifts are almost negligible,
the negative Coulomb interference term propor-
tional to" z2 = 5i 0+3~& x+ 5~j 2 predicted by OPE
is an order of magnitude too large. If we allow
z, to be a free parameter in the least-squares fit
and fix 5, 0 and 6y y at values in a range that de-
parts no more than 50'fp from the OPE predictions,
we find that z2 is quite precisely determined, but
that Eo varies by several times the statistical un-
dertainty due to the experimental errors. De-
tails of these results, and the accuracy of triple
scattering experiments needed to give an empiri-
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cal determination of Eo at 3 MeV, will be dis-
cussed elsewhere.

Lacking the spin-dependent scattering experi-
ments needed for a direct determination of E„we
rely on the following theoretical argument. Al-
though centrifugal shielding in the P states is not
complete, we still expect OPE to be more impor-
tant than the shorter range contributions to the in-
teraction. Since the OPE prediction gives phase
shifts less than 1', we expect such small phase
shifts to be calculable from the Born approxima-
tion, in which case the various contributions are
additive; further, we are at low enough energy to
consider only central, tensor, and (L.5) spin-
orbit interactions. ince the Po y 2 phase shifts
have the OPE tensor signature (+-+) below 210
MeV rather than the spin-orbit signature (--+),
and the 'E, ~ 4 have the OPE tensor signature at
all energies where they are measured, we are
confident that the spin-orbit force is short-range.
As the 'I' phases are considerably closer to OPE
at 51 MeV 4 than at 147 MeV, we feel justified in
neglecting the L.5 interaction at 3 MeV, and keep-
ing only the OPE tensor term so far as the J-
dependent part of the interaction goes. In the ad-
ditive approximation, z, depends only on the cen-
tral part of the interaction, but z, we have already
noted can be directly determined from experiment.
Hence we assert that a good quantitative approxi-
mation for the P waves below 3 MeV is given by"

6~ O=z, /9+ 5& (1+7) )(26~ 0~ -36, ,~+6, ,~)/18,

6, , =zz/9-5& (1+q')(26, 0~-36, ,~+6, ,~)/36,

6, , =z,/9+ 8'(1+q')(26, ,"—36, ,~+6, ,~)/36, (1)

where 5 J are the usual OPE prediction and
&'(1+ ) the usual P-wave Coulomb penetration
factor. Quantitative justification of this model
in terms of the multiboson exchange interpreta-
tion will be given below. The values of Eo and z,
determined from the data of Dahl, Knecht, and
Messelt" under this assumption for the P phases,
and the values of the I' phases themselves, are
given in Table I.

Since the values of Eo just determined still con-
tain the physical effects of vacuum polarization,
one final correction is needed before we can com-
pute the effective-range parameters. Since we
wish to compare with calculations made ignoring
vacuum polarization, we use the correction to
t- qcotKo+Q

=2zg/(e "-1), ri=e /a'v
2 2pn 2

lab'
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Table I. Value of the So phase shift Ko assuming that the interference minimum is at 0.3825 +0.0002 MeV, and
values of Ko and the J-weighted P phase shift s2 =bi t) + 36i i +56i 2 determined by a least-squares fit to the3 E E E, E
data of Dahl, Knecht, and Messelt, b using the vacuum-polarization correction computed by Durand, P phases giv-
en by Eq. (1), and l & 1 scattering predicted by OPE.

Lab energy

(MeV) Ko
E

0.3825
1.397
1.855
2.425
3.037

14 .5055' +0.0125'
39.232' + 0.015'
44. 266' + 0.021'
48.287' +0.014'
50.943' +0.020'

-0.105' + 0 .055'
-0 .045' + 0 .085'
-0.076' +0.060'
-0.018' + 0.077'

0.2414'
0.4017'
0.6073'
0.8604'

-0.1457'
-0.2083'
-0.3163'
-0.4332'

0.0258'
0.0367'
0.0531'
0 ~ 0842'

See reference 15 and 17.
See reference 16.
See reference 19.

2 2
q=2qrt 2 1/p(p +rt ) -0. 57721 -1nt),

-p =1

2 2 2
q =M T /Mec

p lab

computed by Foldy and Eriksen ' rather than the
model-independent expansion of 50 =Ko - 7 ~ given
by Heller. " Since only the part of the Foldy cor-
rection from outside the range of nuclear forces
(LQ) has appreciable energy dependence between
0.35 and 3 MeV, this introduces a model-depend-
ent correction in a which is certainly less than the
total inner Foldy correction (+0.018 F), snd does
not affect the value of ~ or I' to the quoted uncer-
tainty. The results of the least-squares fit to the

phase shifts of Table I so obtained are compared
with the shape-dependent effective-range expan-
sion (SD) and the prediction computed from the
Coulomb-corrected partial-wave dispersion re-
lation (PWDR) mentioned in the first paragraph'
in Table II and Fig. 1. For comparison with the
n-P case we also give the shape-independent ap-
proximation (SI), boundary condition model (BC),
and Cini- Fubini-Stanghellini approximation to the
fixed-angle dispersion relation ignoring Coulomb
effects (CFS) (for explicit formulas and notation,
see reference 11). We see that the prediction is
precisely confirmed to high accuracy, and falls
between the shape-independent approximation and
the calculation (CFS) which includes the OPE ef-
fect but ignores the inner Coulomb correction and

Table II. Least-squares fit to 6 q cotKo+ Q = 0 using the values given in Table I and the vacuum-polarization cor-
rection computed by Foldy and Eriksena; this correction contributes a model-dependent term of 0.018 F to a, but
does not give any model dependence to r orI'. The models are as follows: BC, B=(B+qtt)/(1 Bt), t=(1/q}tanqr-;
SI, H=A+Rq; P%'DR, solution of partial-wave dispersion relation with Coulomb and OPE effects, fitted to phase
shifts at 95 and 310 MeV, and with a and r adjusted to fit this data; SD, H =A+Aq +Sq; CFS, H =A+Rq +Cq /(1
+Dq ) with D =[2-f M(~v2+4A-Rj/t1-f M(~v2+A)j, C=-(1-&D)(2v2-2R+4A), f hf=G m o/4MP. Note that SD has
three degrees of freedom, but all others have only two, and have the same errors as given under SI in the table.

Model BC SI P%DR SD CFS

Parameter values in
neutral pion units

B = 0. 163076
r = 0. 794875

A= 0.186996
R = 0.939514

A = 0.186763
R = 0.953191
S = -0.16161

A = 0.186703
R = 0.955884
S = -0.18285

A = 0.186366
R = 0.976131
C = -0.45470
D = 1.43918

a {Fermis)
re (Fermis)
P
X2

% probability

-7. 8009
2.687

-0. 036
20. 64

Less than 0. 1

-7. 8163 + 0. 0048
2. 746 +0.014

0
5.46

14.9

-7.8259
2. 786
0.024
1.74

63.3

-'7. 8284 + 0.0080
2. 794 + 0.026
0.026 + 0.014

1.71
43.6

-7.8426
2. 853
0.0612
5.67

13.5

L. L. Foldy and E. Eriksen, Phys. Rev. 98, 775 (1955).
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FIG. 1. Since the various predictions and experi-
mental errors are barely distinguishable on a conven-
tional effective-range expansion plot, we give instead
the difference between 82@cotKO+ Q and the constant
term ASI= -1/a, divided by the c.m. momentum squared.
Empirical values of Ko are given in Table I, and the pa-
rameters of the models in Table G.
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the short-range repulsion, as anticipated; the pure
boundary-condition model is cleanly excluded, and
this would still be true if the error in the 0.3825-
MeV point were 50/ larger than we have assigned.
We therefore have achieved a quantitative confir-
mation of the OPE effect in the 'So state for the
first time, and have made the discrepancy in the
three-body calculation'4 more puzzling than ever.

The large departure of the empirically deter-
mined values of z, from the OPE prediction (see
Fig. 2), and the failure of z2 to exhibit the qz de-
pendence usually expected for a I' wave at low en-
ergy, raise a question as to the adequacy of the
approximation used in Eq. (1), which must be re-
solved. Since the 'P phase shifts are dominated
by tensor and spin-orbit contributions in the en-
ergy region (50-300 MeV) where they are individ-
ually determined, we have little direct information
about the central 'P interaction which determines
z, and consider first the (central) interaction in
the singlet states. This is dominated by a short-
range repulsion (evidenced by the change in sign
of 'So at 310 MeV), an intermediate-range attrac-
tion (evidenced by the failure of OPE to give enough
attraction to fit the 'So effective range if the scat-
tering length is fitted, the rapidly increasing de-
parture of D2 from OPE with increasing energy,
and the less rapidly increasing departure of 'G4
from OPE with increasing energy). The repulsion

FIG. 2. Values of z2=6~,0+ 36&,~+54~, 2 given in
Table I are compared with the predictions of a three-
range potential model. The short-range repulsion is
assumed to have a range corresponding to the cu mass
of 5.Sm, and is varied between 0.3 and 3 times the
strength of the intermediate-range attraction. The in-
termediate-range attraction is assumed to have a range
corresponding to 2 or 4m~ and the strength adjusted for
a best fit. The long-range repulsion is computed from
the central part of OPE with G2=14 and m =135 MeV.
Coulomb correction is made by multiplying by the pene-
tration factor. Values of z2 for the Hamada-Johnston
and Yale potentials computed by P. Signell are shown
for comparison, as is the plane-wave OPE prediction
with and without the Coulomb correction.

is readily understood as due to the e (neutral-
vector) meson, and the intermediate-range attrac-
tion as due to a ~-7t S-wave resonance or strong
correlation of some sort. The latter, correspond-
ing to the exchange of a zero-spin particle, will
persist unchanged in the SP states, and although
the interaction due to the u is spin dependent, it
will remain repulsive in these states, while the
weak OPE attraction in the singlet states will
change to a still weaker repulsion only 1/3 as
strong. Ne thus predict that the central interac-
tion in the ~P states will be predominantly a short-
range repulsion, an intermediate-range strong at-
traction, and a long-range but very weak repul-
sion. Due to centrifugal shielding, we can expect
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an approximate cancellation between the weak long-
range repulsion and the intermediate-range attrac-
tion at very low energy, but a predominantly at-
tractive interaction at somewhat higher energy.
Since we have just seen that z, is in fact close to
zero and negative below 3 MeV, and since it is
large and positive at 50 MeV, ' this qualitative
prediction of the multiboson exchange model is
brilliantly confirmed. To remove any last doubts
a.bout the peculiar behavior of z„ I have computed
it at the four energies in question using a short-
range repulsion, intermediate-range attraction,
and the (known) OPE long-range repulsion. Fit-
ting only a single strength parameter to the four
values of z„and choosing a wide range (2-4m„)
of values for the effective mass of the system re-
sponsible for the attraction, and ratios of interac-
tion strength between the intermediate- and short-
range interactions differing by a factor of 10,
gives the five barely distinguishable predictions
shown in Fig. 2. Since the range of values used
more than covers those used in a similar model
by Ramsay" at much higher energy, we feel that
the behavior of z„at first sight peculiar, has
been completely explained. To justify the neglect
of the spin-orbit term below 3 MeV, we have ex-
tracted the tensor and spin-orbit parts from phase
shifts at the energies of interest kindly computed
for us by Signell 7 using the Yale and Hamada-
Johnston'9 potentials. In both cases we find
(a) that the tensor term departs from the OPE
tensor contribution given in Eq. (1) by less than
10@, and (b) that the L 5 contribution is less
than 10% of the tensor contribution. These small
departures from Eq. (1) have no significant effect
on the values of Eo or z, given in Table I. Ne
conclude that our treatment of the low-energy I'
waves is quantitatively reliable for the purposes
of the current analysis, and that the values of z,
so obtained give still another check of the self-
consisteney of the multiboson exchange descrip-
tion of the two-nucleon interaction.
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FIG. 1. Boson pole contribution to E& 2 self-mass.

The purpose of this Letter is to calculate the
sign of the (K,o-K,o) mass difference in a model
based on the following two assumptions: (1) that
the mass difference arises from the one-particle
"pole" terms in the K»0 propagator, and (2) that
the relevant two-point coupling constants which
occur in the expression for the mass difference
can be related by means of the octet version of
the unitary symmetry scheme due to Gell-Mann
and Ne'eman. Ne find that these assumptions
predict a heavier K, . Other consequences of the
model are discussed. These include the processes
K -m++e +e, K, -2y, and the question of the
violation of the ET= —,

' rule in the K2 -m++n +r
decay.

The recently discusseds~~ pole-approximation
model consists in the assumption that the (K, -K,')
mass difference arises from the self-mass contri-
butions associated with the boson pole diagrams
(Fig. 1). Let us first consider the contributions
of particles belonging to the pseudoscalar octet,
i.e. , those of wo and go. Ne require the "weak"
two-point vertices to satisfy CI' invariance. These
states can then contribute only to the self-mass of
K2, the resultant expression for the K, self-mass
being f 2

K

In (1) f„and f& are suitably normalized constants
which measure the strength of weak vertices K,

and K, -g, respectively. mK, m~, and

m& denote the masses of the corresponding par-
ticles. To relate f„and f, we now assume that
the weak vertices transform as the matrix ele-
ments of a component (T~') of a rank-2 tensor.
Following Okubo' we may then write

T,' =a,AB'+am(AA)~,

where As"s are the generators of SU~ and the
term (2) satisfies the n, T= —,

' rule. The constants
a, and a, occurring above are not independent,
but related by CI' invariance as

=3aj =~2
From (2) and (2) we easily obta. in the desired re-
lation'

f =(~&) 'f . (4)
n r

Equations (1) and (4) together with the insertion
of observed mass values predict a negative self-
mass of K, and hence a heavier K, .

Vfe must now emphasize that the above conclu-
sion regarding the sign of the (K, -K,0) mass dif-
ference will be meaningful only if the m and g
contributions are indeed dominant. From the ob-
served rates of K 2 decay, & 2 decay, and muon
decay and with the neglect of certain strong inter-
action effects, Baker and Glashow' have estimated
f to be fv =4X10 'mK'. If we accePt this esti-
mate, then from (1) and (4) we find 5m =10 ' eV
in contrast to the experimental value' hm =10 '
eV. However, this estimate of f~ could be in er-
ror by a factor of 10 as already discussed by
Oneda et al. ' If this is indeed so, the ~' and g
contributions would then be of the right order.
The effect of such a large f„will have other ob-
servable consequences. These are as follows:

(1) K+- w++e++e decay. —This decay mode of
the K meson is possible even without the existence
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